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Abstract

The assumption of rank preservation is important for causal interpretation of quantile treatment
effects, but it is commonly believed that this assumption cannot be tested due to the missing data
problem of causal inference. In this paper, we propose Hausman-type tests to test unconditional rank
preservation under unconfoundedness when covariates are available. One key advantage of our tests
is that the powers can be intuitively detected by figures. The basic idea is that unconditional rank
preservation implies conditional rank preservation but the converse is not true, so significant difference
between two statistics with one preserving conditional rank and the other preserving unconditional rank
is an indicator of rank nonpreservation. In other words, we are testing rank preservation across covariate
values rather than within a covariate value. We develop both parametric and nonparametric tests for
both the overall quantile treatment effect and the quantile treatment effect on the treated. Since the
asymptotic null distributions are nonstandard, we suggest to use the exchangeable bootstrap in the
parametric tests and simulation in the nonparametric tests to obtain critical values. We illustrate our

tests on data from the National Supported Work Program.
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1 Introduction

Quantile treatment effects (QTEs), as an alternative of average treatment effects, have attracted much
attention in recent developments of program evaluation; see Abbring and Heckman (2007) and Yu (2014) for
a summary of relevant literature. Let Y; and Y be the potential outcomes under the treatment status and
the control status, respectively; then the QTE is the quantile of Y7 — Y}, which involves the joint distribution
of Y7 and Yy. However, due to the fundamental problem of causal inference (Holland, 1986), i.e., Y7 and Yj
cannot be observed simultaneously, the QTE cannot be point identified generally. Instead of studying the
quantile of differences of Y7 and Y, Lehmann (1974) and Doksum (1974) suggested to study the difference
of quantiles of Y1 and Yy, which requires only the marginal distributions of Y; and Yy and so can be point
identified. This solution is built on a key assumption - the ranks of Y7 and Y, are the same; we label this
assumption as the rank preservation (RP) assumption. Although the marginal distributions of Y7 and Yj
have their independent roles in treatment effects evaluation, e.g., testing stochastic dominance, it should
be emphasized that only under the RP assumption, the difference of quantiles of Y7 and Y, has a causal
interpretation. This paper is about testing this key assumption.

It is commonly believed that the RP assumption cannot be tested. This is partially true because Y;
and Y; cannot be observed simultaneously neither can their ranks. Due to this missing data problem, it is
hard to judge whether the rank is preserved (see, e.g., Heckman et al., 1997). Figure (1| illustrates this point
intuitively. In Figure|l] the solid points represent observables, the circles represent unobservables, the arrows
match the identities of Y and Y7, and supp(Y;) =supp(Yy) = {0,1, 2,3}, where supp(Yy), d = 0,1, is the
support of Y;. Obviously, given the same data set, the rank can be preserved, unpreserved, or unpreserved for
the population but preserved for the treated. Nevertheless, we show in this paper that when covariates are
available, as in most applications, we can test whether the rank is preserved in the population or among the
treated under unconfoundedness. In other words, our tests are unconditional tests rather than conditional

tests given each covariate value because the latter tests are not possible from Figure

Rank Preserved Rank Unpreserved Rank Preserved for the Treated
Yilo ° o ° o ° o ° o ° o °
Yy e o . o ° o . o . o ° o
0 1 2 3 0 1 2 3 0 1 2 3

Figure 1: Rank can be either Preserved or Unpreserved or Only Preserved for the Treated: Yy € {0,1,2,3}

We first in Section 2 explain the role of the RP assumption in treatment effects evaluation. It turns
out that combined with unconfoundedness, the RP assumption can fully determine the joint distribution of
(Y1,Yo, D), where D is the treatment status. More importantly, the RP assumption is not only sufficient but
necessary for the quantile of the impact distribution Qy, _y,(-) to be identified solely from the difference of

marginal quantiles Qy, (-) — Qy, (+), where for a random variable Y, Qy (7) means its 7th quantile. Further,



even if Qy, v, (7) can be identified from Qy, (-) — Qv, (-), it need not equal Qy, (1) — Qv, (7).
We then in Section 3 overview our testing ideas. To facilitate our discussion, we introduce some notations

here. By the Skorohod representation, we can represent
Yy = Qq(UX|X),d=0,1,

where Qq(7|z) is the 7th conditional quantile of Yy given X = z, and U] is the rank variable of Yy for the
subpopulation X = z. UJ represents some unobserved characteristic of Yy|x=,, e.g., ability or proneness,
and UJ ~ U(0,1) for any = € supp(X), where Yy|x—, represents the Yy values for the subpopulation
X = mﬂ Here, U need not equal Ui if the conditional rank is unpreserved. We can also represent Y, in
the unconditional form,

Ya = qa(Ua),

where g4(7) is the 7th unconditional quantile of Yy, and Uy ~ U(0,1) is the rank variable of Ydﬂ In other
words, we sort individuals among the whole population rather than within X = x. Given these notations,

we can state the null hypothesis of RP for the whole population as
H() : UO = U1

and the alternative hypothesis as
Hy : Uy # Uy,

where the equality and inequality are understood to hold only almost surely.

Suppose X is a set of observable covariates with support supp(X). If the ranks of Y7 and Y} are preserved
for the whole population, then the ranks must be preserved for any subpopulation X = z, 2 €supp(X). The
converse is not true, i.e., if the ranks for any subpopulation X = x are preserved, the unconditional rank
need not be preserved. This is the basis of the tests developed in this paper. As argued above, the RP within
the subpopulation X = z (or the conditional RP Uj = UY) cannot be tested, so any violation of RP we can
identify is only the violation across different subpopulations rather than within any subpopulation. Actually,
if we maintain conditional RP, then we can show that the unconditional RP is equivalent to RP across X
values. Given this observation, we construct a Hausman-type test statistic. Specifically, we construct the
counterfactuals of Y in the treatment status under Uy = U; and under U§ = U7, respectively. The former
is valid under both Hy and H; while the latter is valid only under Hy, so significance of their difference is
an indicator of the violation of Hy. Moreover, we can show that the population version of our test statistic
equals zero if and only if the rank is preserved across X values. We further extend this testing idea to test
RP for the treated.

Note that our null hypothesis is refutable but nonverifiable; see Breusch (1986) for a general discussion and
Kitagawa (2015) for a recent example of this kind of hypothesis. In other words, if the null is rejected, then
we are sure that the unconditional rank is not preserved; while if the null is not rejected, the unconditional
rank may or may not be preserved (of course, the reason of nonpreservation must be attributed to within-X
nonpreservation rather than across-X nonpreservation).

Our test statistic involves estimators of the counterfactuals of Y{ under Uy = U; and under Uj = U{. In
Sections 4 and 5, we provide parametric and nonparametric estimators for these counterfactuals, respectively.

Both parametric and nonparametric test statistics are third-order degenerate V-statistics under Hy, but

!Note that Yy|x—, is a conditional random variable. Since X is not independent of Yy, this notation is different from the
potential outcome Yy when X is exogenously assigned as z, which is usually denoted as Y.

2Be cautious that U3 # Ug|x =z because the latter generally does not follow the U(0, 1) distribution. Ug|x—, includes more
information than U7 because it also includes the relative location of an individual in the whole population.



their null asymptotic distributions are different. The parametric test statistic follows a mixed chi-square
distribution asymptotically, while the nonparametric test statistic is asymptotically normal with a positive
mean. The critical values for the former are hard to obtain, so we suggest to use the exchangeable bootstrap
to get them. The convergence rate to normal distribution in the latter statistic is slow, so we suggest to
use the simulation method to obtain its critical values. We also show that our bootstrap and simulation
schemes are valid. In Section 6, we extend our tests in Sections 4 and 5 to test RP among the treated.
Section 7 includes some further discussions on our tests, e.g., overidentification interpretation of our tests,
modifications, alternative forms, and extensions. Section 8 provides some simulation results, Section 9 applies
our tests to a dataset from the National Supported Work Program, and Section 10 concludes. To save space,
we relegate some discussions to two supplementary materials S.1 and S.2. S.1 contains the proofs that are
not given in the main text and the associated lemmas, and S.2 contains some discussions that we do not
want to expand in the main text.

We close this introduction by discussing some recent related literature on RP testing. First, we distinguish
two terms - rank invariance and rank similarity (RS). These two terms are introduced by Chernozhukov
and Hansen (2005) to identify the QTE when endogeneity is present. The rank invariance assumption is
our RP assumption, and the RS assumption is a weaker version of the rank invariance assumption. The
term "rank preservation" is borrowed from Firpo (2007), where the author studies the estimation and
inference of the unconditional QTE and unconditional quantile treatment effect on the treated (QTT) under
the "unconditional” RP assumption and unconfoundedness, so the tests developed in this paper can serve
as pretests to Firpo’s estimation. On the other hand, Chernozhukov and Hansen (2005) show that the
"conditional" RS assumption is enough to identify the marginal quantiles of Y7 and Y in the presence of
endogeneity. To verify the conditional RS assumption, a parallel paper by Yu (2016) proposes two tests
where, unlike in this paper, no covariates are required. These tests can serve as pretests to Chernozhukov
and Hansen’s estimation. Recently, an independent paper by Dong and Shen (2015) tests "unconditional"
RS under both unconfoundedness and confoundedness (i.e., endogeneity); see also Frandsen and Lefgren
(2015) for a regression-based implementation. Note that the unconditional RS assumption is weaker than
the unconditional RP assumption and is stronger than the conditional RS assumption. Since "unconditional"
RS is tested, covariates are also required as in this paper. As argued above, to have causal interpretation for
unconditional QTE, rank preservation or rank invariance is a must. So these authors are testing a weaker
version or an implication of the required condition, which is definitely interesting but different from the goals
of this paper and Yu (2016)E| Since the motivations and testing procedures of this paper and Yu (2016) are
different from those of these authors, our results are more complements than substitutes to theirs.

Some notations are collected here for future reference. The letter d is always used for indicating the
two treatment statuses, so is not written out explicitly as "d = 0,1" throughout the paper. supp(X) for
a random variable X denotes the support of the distribution of X. The capital letters such as X denote
random variables and the corresponding lower case letters such as x denote the potential values they may
take. For two random vectors, Y and X, Y|x—, is the random vector Y restricted at X = x, Fyx is the
joint cumulative distribution function (cdf) of (Y, X), and Fy|x is the conditional cdf of ¥ given X. For
three random vectors, X, Y and Z, X | Y|Z means X is independent of Y conditional on Z, where "L"
denotes independence (c.f., Dawid, 1979) and variables to the right of “|” are the conditioning variables. 7
with a subscript or superscript is a compact subset of [e,1 — €] for some € > 0. p(-) is the propensity score.
fa(*), Fa(+) and gq4(-) are the unconditional probability density function (pdf), cdf and quantile function, and
fa(]), Fa(-|") and Qu(+|-) are the conditional pdf, cdf and quantile function, respectively. fq, Fy and gq with

3They did not consider the unconditional rank similarity for the treated. Their tests can serve as "weaker" pretests to
the QTE estimation of Firpo (2007) under unconfoundedness and the QTE estimation of Frolich and Melly (2013a) under
confoundedness.



a superscript ¢ represent the counterparts of fg, F;; and gq for the treated. ®(-) and ¢(-) are the cdf and pdf
of the standard normal distribution. ~» and ~- signify the weak convergence and the weak convergence in
probability, respectively, and objects with a superscript * indicate the samples or estimators based on the
bootstrap measureﬁ VW is short for van der Vaart and Wellner (1996), HIR for Hirano, Imbens and Ridder
(2003), CFM for Chernozhukov, Ferndndez-Val and Melly (2013), and DH for Donald and Hsu (2014).

2 The Role of Rank Preservation in Treatment Effects Evaluation

To understand the role of rank preservation, we neglect the covariates X and assume Y is continuously
distributed in this section to ease the discussion. Recall that the potential outcome approach of Rubin (1974,
1978) augments the observed data (Y, D) by two potential outcomes (Y7, Yp). Since Y = DY; + (1 — D)Yp,

Fy (y) = Fy,1p (y[1) p+ Fy,p (y[0) (1 — p),

which is a mixture distribution of Fy,|p (y|1) and Fy,p (y|0), where p = P (D = 1). In other words, the
distribution of Y is determined by that of (D,Y7,Y)), so the "net" randomness in this framework comes
from (D,Y1,Yp). The joint distribution of (D, Y7, Ys) is

(1)

FY17Y0,D (yl’y07d) =

Fev, voyp (1, yol1) p, ifd=1,
Feyv, vo)ip (y1,%010) (1 =p), ifd=0,

The unknown in Fy, y; b (y1,%0,d) is the conditional distribution F(y, v,y p (¥1,%0/d). By Sklar’s theo-
rem, Fiy, vy)p (Y1, %0ld) = Ca(Fy,|p(y1ld), Fy,|p(yold)), where Cy(-, ) is the copula for Fiy, v;)p (y1, yold).
Fy,|p(y1]1) and Fy,|p(y0]0) can be identified from the data, so the unidentified are Cq (-, -), Fy,|p(y1/0) and
Fy,1p(yol1)-

The combination of unconfoundedness and rank preservation settles down the ambiguity in Cy (-, "),
Fy,1p(y1]0) and Fy,|p(yo|1). Recall that unconfoundedness assumes (Y1,Yy) L D, i.e., Fiy, vo)p (1, %0][1) =
E(y, vo)/p (Y1,90]0), which implies Fy,|p(y110) = Fy,ip(v1]1), Fyyp(%oll) = Fy,p(y[0) and Ci(-,-) =
Co(-,-). To be more precise, Fy,|p(y1|0) = Fy,p(y1]1) comes from Y1 L D, Fy,p(yoll) = Fyyp(%0l0)
comes from Yy L D, and Ci(+,-) = Co(+,) comes from the independence between D and the relationship of
Y7 and Yp. So the marginal distribution of Y1, Fy, (y1) = Fy, | p(y1|1)p + Fy,1p(%1]0) (1 — p) = Fy, p(y1]1) =
Fy,|p(y1]0), and similarly, Fy,(yo) = Fy,|p(%o|l) = FYO‘D(yO\O) As a result, unconfoundedness implies

Fyv, v,,0 (yl,ymd) = C(FY1 (91)7FYo(yo))pd (1 —p)l_d = Fy, v, (ylayo) P(D= d) )

where C (-, -) is the common copula. So the only unidentified in Fy, v, .p (y1,%0,d) is C (-,+); this is where
rank preservation plays the role. In one word, unconfoundedness is about the relationship between D and
(Y1,Y0), while rank preservation is about the relationship between Y; and Yj and does not involve D.
Rank preservation implies C (u1,up) = min (u1,ug), i.e., Y7 and Yy are comonotone random variables.
Although other copula functions can be employed to identify Fy, v;.p (¥1,%0,d), min (uq,up) is very special

in the sense of the following proposition.

Proposition 1 Under unconfoundedness, the distribution of the treatment effect, Fy, _y, (-), can be identified

1Recall from Section 2.9 of VW that Z* ~> Z in a separable normed space (D, d) if SupnepL, (p) 1E* [MZ})] — E[Z]] 2.0,
where BL1 = {h: D — [0,1]| |h(z) — h(y)| < ||z — y|| for all z,y}, and E* is the expectation with respect to the bootstrap
measure conditional on the original data.

’This implies Fy (y) = Fy, (y)p + Fy, (y) (1 = p).



solely from A (1) = Qy, (-) — Qy, (+) if and only if C (uy1,up) = min (u1,ug) or the rank is preserved.

Proof. For a general copula, denote CUI‘UU (u1]ug) as the conditional distribution of U; = Fy, (Y1) given
Up = Fy, (Yo). Then Fy, v, (y fo fo (Qv; (u1) — Qy, (vo) < y) dCy, v, (ua|uo) duo

Sufficiency: If the rank is preserved, Cu, v, (u1]uo) is a point mass at ug, so Fy, _y, (y fo ) <y)dr.
Necessity: If the rank is not preserved, the identification of Fy, _y; (y) requires the knowledge of C’U1 U, (u1|uo)
(i.e., the mapping of ranks under the control and treatmed statuses) and also Qy, (-) and Qy, (-) separately.
[

To illustrate the unidentifiability of Fy,_y, () by A(:) without RP and how it can be identified by A (+)
under RP, consider the joint normality case of (Y1, Yp).

Example 1 Suppose (Y1,Yy) ~ N (11, %), where
0 2
M=< )andE:( 71 p01200>.
0 pPo100 o
Consider three cases. (i) 02 = o2 =1. If p# 0, then

R ) = P - To<y) = L),

while A(T) =0 for any 7, i.e., Y1 — Yy is a point mass at zero. Unless p=1, ® (m> cannot degenerate
to1(y>0). (i) 03 =4 and 03 = 1. If p# 0, then

FY1—Y0(y):P(}/1_YOSy):(I)<\/5y_W)7

while A(T) = z,, where z, = ®~1(7) is the Tth quantile of a standard normal. Unless p =1, ® (\/ﬁ) #*
fo T)<y)dr. If p=1, Qv, v, (1) = A(7). (i) 02 =1 and 03 = 4. If p # 0, then

Fy, v,(y) =PM1 =Y <y)=9 (\/ﬂw)v

while A(T) = —z,;. Unless p = 1, <I>( ) #+ ®(y) = f 1(A(7) <y)dr. Evenif p =1, Qv,—v, (1) =
—A(T) # A(7).

Case (i) with p =1 is the constant treatment effect case, where Qy, _y,(-) can be identified from A(T) for
any 7. Case (ii) with p =1 has a variable treatment effect, and Qy,_y,(7) can be identified as A(T). Case
(iii) with p = 1 also has a variable treatment effect, but Qy,_y,(T) cannot be identified as A(7). In short,
even under RP, Qy, —v,(7) need not equal Qy, (1) — Qy, (1) unless Qy, (1) — Qy,(T) is an increasing function

of T.

Now, we turn the way around - first impose the RP assumption and then the unconfoundedness assump-

tion. It is better now to decompose Fy, v,.p (¥1,%0,d) as

Fy, vo.p0 (y1,90,d) = Fyiyv, (y1,%0) Ppivi,ve (dly1,%0)

PE(yv, ,vo) D (Y1,Y0]1) fd=1
PF(y, vo) 10 (W1,90|D)+(A=p) Fiy; vy p(y1,50[0)7 L a& =1,
C(Fy, (y1): Fyy (v0)) (1= 2) Frvy vy (010 10) -
itd=0,
PE(y; ,vo) 1D (Y1,90(1)+(1=p) F(vy vy p(¥1,90(0)




where the second equality uses Bayes’s rule. The RP assumption reduces C'(Fy, (y1), Fy, (yo)) to min (Fy, (y1), Fy, (v0)),
while the unconfounedness assumption reduces F(y, v,)p (41, %0[1) and Fiyv;, v,y p (¥1,%0[0) to Fiy, vy) (y1, o)
such that Ppy, v, (dly1,%0) = Pp (d) = p (1 —p)' .

We close this section by a delicate distinction between unconfoundedness and rank preservation. In
Matzkin (2003) and Imbens and Newey (2009), a key identification assumption is Y = h(D,U), where
h(D,U) is strictly increasing in the scalar error U for any value of D, and U L D. To simplify our
discussion, suppose D is binary. This assumption is implied by unconfoundedness but does not require rank
preservation. To see why, note that by the Skorohod representation,

Y = h(D, DU, + (1 — D)Uy),

ie., U = DUy + (1 — D)Uy, where Uy ~ U [0,1]. Since U involves D, it seems that U and D cannot be
independent unless assuming U; = Uy so that D disappears in U. This is not the case thanks to the special
form of U as a function of D and the identity of the distributions of U; and Uy. First, given D = d,
Y = h(d,Uq), so h(d,-) is strictly increasing in the second argument. Second, Fyp(uld) = Fy,|p (u|d), so
if Yo L D, Fy,p (uld) = Fy, (u) = u does not depend on d, or, U L D. Here we require only Y3 L D and
Yo L D rather than (Y7,Yp) L Dﬂ In other words, the assignment of D is allowed to depend on the rank
correlation between Y7 and Y. Also, rank preservation does not play any role here. If only rank preservation
is imposed, then Uy = Uy = U and Y = h (D, U). Although the monotonicity condition is satisfied, D may
depend on U. An archetype of Y = h(D,U) is Y = A=! (DB + U) as in Horowitz (1996), where A (-) is an
unknown, strictly increasing function, and U L D. This model imposes both unconfoundedness and rank

preservation.

3 An Overview of Testing Ideas

We introduce more notations to facilitate our discussion. Define

Y1(Uo) = Q1(Fo(go(Uo)| X)|X),

which is the counterfactual Y; of Yy = qo(Up) when the conditional rank is preserved (i.e., UsX = UiY).
To see why, note that Fy(qo(Up)|X) is the conditional rank UsX of qo(Up), so if Ut = UiX, then Y1 (Up) =
Q1(Ui*|X) = Yi. It is clear that unless the conditional rank is preserved, 371 £ V1. }71 can be treated
as a monotone rearrangement of Y; within each X value according to the rank of Yj, so is only a partial
rearrangement of Y7; whereas

Y1(Uo) = (Vo)
is the full rearrangement. }71 #* Y, unless the unconditional rank is preserved. Note here that }71(U0) need
not be unique for a given value of Uy because X |y, may be a genuine random variable. We therefore define

Q(r) = E [V(Uy)|Uy = 7| .

Of course, if X|y, is a point mass, i.e., the Uy value can uniquely determine the X value, then }N/l(UO) is
uniquely defined and Y3 (Up) = 1 (Up).
Y; # Y is the basis of our tests. The rough idea is that if the unconditional rank is not preserved,

6To be more precise, we require only Uy L. D and Ug L D since the value information in Y7 and Yy has been embodied in

h(--).



full monotone rearrangement and partial rearrangement of Y7 according to Uy will generate different results.
Especially, the full rearrangement quantile ¢; (Up) is a further monotone rearrangement of 171(U0) (across
different X values), so is different from Y;(Up) if the unconditional rank is not preserved. In other words,
the powers of our tests come from the rank nonpreservation across different X values rather than within

each X value.

3.1 Motivating Examples

We in this subsection use two examples to illustrate that when the unconditional rank is not preserved,
Vi # Y. Suppose X follows a Bernoulli distribution with the success probability 1/2, and Yy = X + ¢
with € independent of X. We assume the rank is preserved conditional on X, but the unconditional rank
is not preserved. In this case, let Y1 = (2 —a)X +a-¢, a € (1,2], where a = 1 corresponds to the case
with rank fully preserved, and a = 2 corresponds to the case with rank fully unpreserved. In Example
e ~ U(0,1) and in Example [3| ¢ ~ N(0,1). Note that Y5 in Exmaple [3| follows a mixed normal distribution
unconditionally.

Example 2 In this example, Y1(Uo) = ¢1(Up) since Uy can uniquely determine X. It can be shown that

qo(t) = 21,
2ar, ifo<rT<i-—3,
Qa(r) = ar—a/2+1, iff-l<7r<3-1
2at1 4 2 — 2a, if%—%§7'<1,
and
~ ) Z2ar, if 0 <71 <0.5,
ql()_{2a7+22a, if 0.5 <71 <1,

The three lower panels of Figure 3 show the three functions when a = 1,1.5 and 2, where we also show the
support of Yy|x=x for x = 0,1 and d = 0,1 in the three upper panels. Obviously, when the unconditional
rank is not preserved, qi(7) and q1(7) are different. Note here that when a = 2, qo(7) = q1(7), but the rank

is mostly unpreserved.

From Example [2| we can base our test on

T, = E (@i (Folao(Uo) | X) 1 X) — 1 (Uo))’] (2)

where the subscript o is for "oracle". Under Hy, Q1(Fy(q0(Up)|X)|X) = q1 (Fo(qo (Up))) for any value of Uy
and X|y,, so T, = 0. Under Hy, Q1(Fo(qo(Uo)|X)|X) # q1 (Fo(qo (Up))) for some Uy and X|y, values, so
T, > 0 which generates power.

In Example [2| ¢1(7) is not monotone when a € (1, 2] while ¢;(7) is strictly increasing, so we expect T, to

be strictly positive. Actually, this result is generally true.

Proposition 2 Suppose qo(T) and q1(T) are strictly increasing measurable functions on [0,1], and g1 (7)
and Q1(Fo(qo(T)|x)|z) are bounded almost surely for T € [0,1] and x € supp(X). If there exist regions Ty
and 1§ in [0,1], each of Lebesgue measure greater than § > 0, such that for all T € Ty and 7' € T] we have
that (i) 7" > 7, (i1) ¢1 (1) > q1(7") + € and (iii) g1 (") > q1(7) + € for some € > 0, then T, > 0.

Proof. From Part 2 of Proposition 1 of Chernozhukov et al. (2009), we know

B |(@(U0) = a1(U0))’] > B @ (Uo) - (Uo))?] 2 0,



n Y Y
Yo X=0 X=1 Yo X=0 X=1 Yo X =0 X=1
0 1 2 0 1 2 0 1 2
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Figure 2: qo(7),¢1(7) and ¢1(7) in Example [2f when a = 1,1.5 and 2

where @, (7) is the rearranged ¢ (7). By Jensen’s inequality, for each 7 € [0, 1],
@ () = a1(7)” < B [(Qi(Folao(Uo)|X)|X) = a1 (Uo))*| Uy = 7]

As a result,
0 < B [(@(00) — a1(00))*] < T,

|
This proposition provides an intuitive method to detect rank nonpreservation. In practice, we can plot an

estimate of ¢1(7) and g;(7) and check whether they have significant differences on some region of .
T, is actually more powerful than the situation stated in Proposition [2| Even if ¢1(7) is monotone and
close to q1(7), T, will still have power because T, is based on Y7 rather than g;. Example [3|illustrates this

point.

Example 3 For 7 € (0,1), qa(7) = F; (1), where

Fo(y) 0.5@(y) +0.5@(y — 1),

F(y) = o.5q>(%)+o.5<1> (3’_(2_“)>

Given Uy = 7, X can be either 0 or 1. By Bayes’ rule,

P(X =0/Uy=1) = P(Yy = (Zo(ng)i

0)P(X =0) _ ¢(q0(7))
P(Yo = q(7)[X = 0)P(X = |

X =DP(X =1)  ¢(q(r)) + ¢lao(r) = 1)’

) I
S
[
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Figure 3: qo(7), q1(7),q(7) and Y;(7) in Examplewhen a=1,1.5 and 2

It can be shown that
Vi(r) = aqo(7), if X =0,
aqo(T) +2 —2a, if X =1,
v ao(7) - Blan(r)) _, lago(r) +2 ~ 2a] 9(an(r) 1)
#(q0(7)) + ¢(qo(7) — 1) #(q0(7)) + ¢(qo(T) — 1)

Figure @ shows qo(7),q1(7),q1(7) and Yi(t) when a = 1,1.5 and 2. In this example, §,(t) is monotone.

q(r) =

When a = 1.5 and 2, although ¢, and ¢, are quite close, 171 and q1 are still far apart, which generates power.

3.2 Testing Ideas for the QTE

To rigorously state the testing idea implied in Examples [2] and [3] we first define rank preservation across
X values and decompose U; = Uy into within-X-value rank preservation U7 = U§ and across-X-value rank

preservation.

Definition 1 The ranks of Y1 and Yy are said to be preserved across X values if Fx|u, (z|u) = Fx |y, (z|u)
for Pxy almost sure (x,u), where Pxy is the common distribution of (X,Ur) and (X, Up).

Fx\u, (z|u) = Fx|y, (z|u) means that the unconditional uth quantile individuals in the treatment and control
statuses are distributed balancedly across X values. Our definition of RP across X values allows the common
support of (X,U;) and (X,Up) to be different from supp(X) x [0,1] as in Example [2l Tt also implies the
joint distributions of (X, U;) and (X, Uy) are the same. To see why, note that

Fxu, (u,z) = Fxu, (z|u) Fy, (u) = Fxu, (zlu)u = Fx |y, (z|w) Fy, (u) = Fxu, (v, ),

where the second equality is from the fact that the marginal distribution of Uy is uniform, and the third
equality is from Definition [I]

Suppose D does not affect X, or X; = Xom where X4 denotes a potential value of X if D is set to d;
then Fx |y, (z|u) = Fx|y, (|u) combined with U? = Ug implies Uy = Up.

"This is the "no feedback" condition of Heckman and Vytlacil (2005). Such X is often called "concomitants".



FXUo FXU1 ca=1.5 FXU1:a=2

1 1 1
0.83f
505 = 505
0.17f
0 0 0
0 1 0 1 0 1
X X X

Figure 4: Uy and U; are Unbalanced Across X = 0 and 1 in Example [2 when ¢ = 1.5 and 2

Theorem 1 If X; = Xy, then Uy = Uy almost surely if and only if UY = U§ for Px almost sure x and
Fxu, (z|u) = Fx|u, (z|u) for Pxy almost sure (z,u).

Proof. First note that the joint distribution of (X, Uy),

Fxu,(u,z) = Fy, x (ulz)Fx, (z) = Fy, x (ulz) Fx (z) = Fxu,(z|u)Fu, () = Fxju, (z|u)u, (3)
where the second equality is from X; = Xo. So Fy, x(ulz) = F’X‘Ifﬂ’;iw, ie., Fy,x(ulr) = Fy,x (ulz) if
and only if Fx |y, (z|u) = Fx |y, (z|u).

Second, note that U; = Uy is equivalent to U¥ = U§ and U|x—, = Up|x= for Px almost sure z.
Given that Iy, x (ulz) is the cdf of Ug|x=s, Ui|x=r = Up|x=s is stronger than Fy,|x (ulz) = Fy | x (ulz).
However, if U = Ug is maintained, then Fy, x(ulr) = Fy, x(ulr) implies Ui|x=, = Up|x=s. This is
because Fy,|x(ulz) = Fy, x(u|z) means the same (maybe unsorted) parts of Uy and Uy are allocated to
X =z, and Uy = UJ means these parts are then sorted, which is exactly the meaning of Uy|x=; = Up|x=2-

Combining these two points, we can conclude the result in the theorem. m
This theorem shows that if we maintain the following Assumption M, then testing U; = Uy is equivalent to

testing Fx|u, (z[u) = Fx|u, (z|u) or Fy,|x (ulz) = Fy,|x (u|z).
Assumption M: X; = X, Uf = U§ for Px almost sure x.

Figure [4] shows how the distributions of Uy and U; are unbalanced across X values when a = 1.5 and 2 in
Example [2| where the thickness of lines represents the magnitude of density.
From the discussion in the last subsection, we can use T, to test the RP hypothesis. A natural question

is whether T, exhausts the information in U; = Uy. The following theorem gives an affirmative answer.

Theorem 2 Under Assumption M, Fxy, (z|u) = Fxu, (z|u) for Pxy almost sure (x,u) if and only if
T, =0.

Proof. First, recall from Theorem |1} under Assumption M, Fxy, (z|u) = Fx|y, (z|u) or Fy, x (ulr) =
Fy, x (u|z) for Pxy almost sure (x,u) is equivalent to Uy = Up.

The necessity is obvious, so we concentrate on the proof of sufficiency. First note that Fy;, x (u|z) is the
value that Uj will take when Uyg|x—, = u. The opposite statement of Fy,|x (u|z) = Fy,x (ulz) for Pxy
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almost sure (z,u) is Fy,|x (u|lr) # Fy, x (u|z) on a Pxy, positive set of (z,u). Since Q1(Fy,|x (ulz)|z) =
q1 (w), Fu, x (u|z) # Fy, x (u[z) on a Pxy, positive set of (z,u) implies Q1 (Fy,|x (u|z) [z) # ¢1 (u) on this
set. Equivalently, F [(Ql(FO(qo(UO)|X)|X) -q (UO))Q] # 0. This contradiction implies the result to prove.
(]

A straightforward coroallry of Theorem [I]and [2]is that the test based on T}, is optimal in the sense that it
exhausts the testable implication of the data distribution. In other words, if T, = 0, then any other feature
of the data distribution cannot contribute to invalidate Hy further. Such an optimality problem is unsolved
in Dong and Shen (2015) and Frandsen and Lefgren (2015).

Corollary 1 Under Assumption M, if T, = 0, then there exists a joint distribution of (Y1,Yy, D, X) that
satisfies Hy and generates the joint data distribution of (Y, D, X).

Proof. From Theorem under Assumption M, T;, = 0 is equivalent to Fyy, | x (u|z) = Fy,|x (u|z) = Fy(u|z)
for Pxy almost sure (x,u). The joint distribution of (Y1, Yy, D, X) is

By, vo.0.x (¥1.90,d,2) = Fyy vo)p.x (1, vold, 2) p(2)(1 — p(z))' ~*Fx (2)
= Fiv, vo)x W1, 90lz) pa)*(1 — p(z))' "4 Fx(z),

and the joint data distribution of (Y, D, X) is

Fypx (y,d,z) = Fypx (yld,z)p(x)*(1 - p(x)'*Fx(z)
Fy,1x (y2)? Fyy x (yolz) = “p(2) (1 — p())' " Fx (x).

Since p(z) and Fx (x) are implied by the observable data distribution, we need only specify Fiy, v,y x (y1,%o|)
to generate Fy,|x (y1|r) and Fy,|x (yo|z) and satisfy Hy. From the proof of Theorem (1} Assumption M plus

Fy,x (ulz) = Fy, x (u|z) = Fy(ulz) for Pxy almost sure (z,u) imply Hg, so we can construct
Fivi vo)lx (1, yol@) = min (Fy, x (y1]2), Fyy x (yol)) »

which satisfies Fy, v,y x (y1,00[x) = Fy; x (y1]x) and Fiy, vy)x (00, y0|z) = Fyyx (yolz). =
Our formal test is based on a truncated version of T,

7= E [ (@1(Folao (U0)| X)1X) = a1 (U0))* 1(Uo € Ty)|

where 7, as mentioned at the end of Introduction, is a truncation set of quantile indexﬂ We truncate
the quantile index for three reasons. First, when the supports of Y7 and Yy are not bounded, e.g., Y is
the weekly wage rate, we can avoid the techincal difficulties in estimating extremal quantiles (see, e.g.,
Chernozhukov, 2005, and Chernozhukov and Ferndndez-Val, 2011). Second, it is commonly believed that at
extremal quantiles, the RP assumption is easier to hold. For example, the extreme rich (poor) tends to be
extremely rich (poor) after a social program. Third, if YV is censored at bottom or top as in, e.g., weekly
wage rate, we can avoid the contribution from point masses of censored quantiles to TE

T involves the joint distribution of (X, Uy) which is unobservable since Uy is unobservable. We attack
this problem in two steps. First, replace Uy by Fy(Ys); second, replace Yy by Y with an adjustment factor

8Note that 7o can include only a single (e.g., 0.5) or a few quantile indices (e.g., the middle four quintiles).
9If Yy is known to be censored at a "middle" quantile 7, we can also kick a small neighborhood of 7 out of 7g.
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1-D
1-p(X)

as suggested in HIR. Specifically,

T = B[QE)X) g (B (Y0) 1Y € W)

1-D
= F {1_,@() (Qi(Fo(Y[X)|X) — a1 (Fo (V)?1(Y € 370)} :

where Yy = {qo(7)|7 € To}. Objects such as ¢1 (Fo(+)) also appear in, e.g., Theorem 3.1 of Athey and Imbens
(2006), but they are estimating the quantile treatment effects under the RP assumption whereas we are
testing the RP assumption. Given the data {W;}_, with W = (Y, D, X), the sample analog of T is

1 n
== 1(Y; € Yo)I(X; € )
=1

{CAh (ﬁO(Yi|Xi) Xi) -q (ﬁ()(yi))}2v (4)

—p( Xi)

3

where the objects with hat are estimators of population counterparts. Allowance of truncating X; on a
compact set X Csupp(X) is for practical convenience. More generally, we can truncate (Y;, X;) € A, where
A need not be a cartesian product of two sets such as Yy x X. This general truncation scheme makes sense
in, e.g., Example [2| where there does not exist any product set on which (Y, X) has a positive density. Such
a general truncation scheme affects the asymptotics of T}, in a minor way, so we do not explicitly pursue it
in the main text. Note further that T, implicitly employs the joint distribution of (X, Y) because (X;,Y;)

is from the same individual 3.

3.3 Testing Ideas for the QTT

Practitioners are often interested in testing only RP for the treated. Such a RP hypothesis can be less
stringent, i.e., even if the rank is not preserved for the whole population, it may be preserved for the treated.
The corresponding null hypothesis is

H UL =U,

and the alternative is
Hi: U # Uy,

where U, = F}(Y}) ~ U(0,1) is the counterpart of Uy for the treated, Y} = Yy|p=1, and F}(y) =
P (Yy <y|D =1) is the cdf of Y. Note here that U’ # Uy|p=1 because Ug|p=1 does not follow the uniform
distribution in general unless the assignment of D is random (i.e., p(z) is constant).

The testing ideas for the QTE can also be applied for the QTT; the only difference is that the population

under consideration is not the whole population but the treated. The counterpart of Assumption M is

Assumption M": X; = Xy, Ui = UL* for Py almost sure z, where U = Fi* (Y}*) ~ U (0,1) with
Fir (y) =P Yy <yl X =2,D=1) and Y}* = Yy|p=1,x=s-

Under Assumption M’, we can parallelly show that U{ = U if and only if Fx |y (z|u) = Fxy; (z|u) for
Pxy+ almost sure (x,u), where Pxy¢ is the common distribution of (X, Ut) and (X, Ug). Also, Fx |yt (z[u) =

Fype (z|u) for Pxy+ almost sure (z,u) if and only if

7! = B[ (@i (Fo(as (U5 PO1X) = o} (U5))*] =,

and the test based on T is optimal. Moreover, the intuitive method in Proposition [2] can be applied with
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qa(7) replaced by ¢4(7) and ¢;(7) replaced by
@i(r) = B [VH U =]

where Y{/(Uf) = Q1 (Fo(q5(UL)]|X)|X). As in T, we truncate the quantile index of T and apply the inverse
probability weighting scheme of HIR to get

T = B (@B UIX)NX) - a (U8) 10 € 7)| D = 1]
= E[(@(FRIX)1X) - df (F(%)))" 1% € Y5)| D =1]
= E{mll_p(])  (@(REIOIX) - (Fé(Y)))%(Yeyé)},

where Vi = {q¢{(7)|7 € 7' }. The sample analog of T" is

Tt :%il(yieyo) 1(X; GX)M

"N D& 1- p(X:) {@1 (ﬁo(Yi|Xi)|Xi> - (’ﬁ (ﬁg(Yi))r’ (5)

where as in T},, we allow truncation on X;.

In the following three sections, we will propose both parametric and nonparametric forms of p(+), 1:"\0 ), a (),
FLO), @ (), Fo(|) and @y (+]-). The parametric test parallels Bierens (1982), while the nonparametric test
parallels Hirdle and Mammen (1993). In practice, when the distribution of X is complicated, dim(X) is
large and/or the sample size n is not large, we suggest to use the parametric test; otherwise, when there are
only one or two continuous covariates and the sample size is large, the nonparametric test is preferable.

4 Parametric Test of Rank Preservation For the QTE

In the parametric setup, we estimate p(-) by

p(z) = A7),

|

where A(+) is a known link function such as the logistic cdf L(-) = exp(:)/(1 + exp(+)), and

—argmaxZDlnA( )+ (1—D;)In (1 — A (X))

=1

Fy(+) and ¢4 (+) are estimated based on the inverse probability weighted (IPW) method of DH. Specifically,

~ 1~ 1-D;
Fi = — 1(Y; <
~ 1<~ D
Fl(y = - = : 1 }/’L < Y),
where we can reweight Fy(y) and Fi(y) by n=' 3" | 1 5(;5) and n=t Y0 p()g) without affecting their

asymptotic properties Given that p(X;) € (0,1), Fi(y) is automatically (weakly) increasing with jumps

10This reweighting can guarantee that ﬁd(y) € [0,1]. T, and T can also be reweighted by n~?! > ﬁ;i([))(i.) and
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at Y1;’s. So we define
Qu(r) = inf {ylFi(y) = 7}

As to Fy(-|-) and Qi (+]-), our estimation scheme is based on the distribution regression (DR) proposed
by Foresi and Peracchi (1995) and extended by CFM. Specifically, we estimate Fy(y|z) by ﬁd(y|m) =
A (x’@d(y)), where for y € Vg,

Buly) = argmax 3" 1(D; = ) [L(Yi ) A (X}B) + 1(¥i > ) In (1 = A (X9)) 0

We estimate Qi (7|z) by inverting Fy(y|z). Because Fj(y|z) need not be monotone in y, following Cher-
nozhukov et al. (2010), we first monotonely rearrange it before the inversion. Note that for inversion, the
set of y values at which Fy(y) and 5 (y) are estimated need not be the same as ).

In summary, our test statistic is

T, = DAY € WK, € ) = [0 (8 (x71) %) —a ()]

S|

n
=

1

This is a Hausman-type test statistic because both @1 (A (X{gO(Yoi)) \Xz> and qy (ﬁo(YOi)) estimate the

counterfactual of Yp; in the treatment status under the null, but only Q; (A (X{BO(Yi)) |Xi) estimates it
under the alternative.

Before developing the asymptotic properties of T;,, we provide two comments on the construction pro-
cedure of T;, above. First, in estimating p(-), Fo(:|-) and F; (:|-), we use a parametric setup for the con-
ditional cdfs. As in HIR, we can use the Series Logit Estimator (SLE) to estimate p(-). Suppose the
power series are used. For K = 1,2,---, let R¥(z) = (rix(z),rox(z), -+ ,7xx(x)) be a K-vector of
functions. Let A = (A,---,\,)" be an r-dimensional vector of nonnegative integers (multi-indices), with
norm |A| = Z;Zl Aj, let (A(k))r—; be a sequence that includes all distinct multi-indices and satisfies
IAK)] < Ak +1)], and let 2* = I, x;” For a sequence A(k) the series rix(x) = ZB)‘(k) Similarly,
we can replace the regressors in @ by a transformation of x such as polynomials or B-splines. Our test in
this section can be extended to the case where the number of series terms K is fixed, but not to the case
where K — oo as n — oo due to technical complicationsEE As an alternative to the nonparametric series
estimator, we suggest to use the goodness of fit tests to control for the misspecification bias in p(-), Fy(+|-)
and Fy (|)1E| see the supplementary materials for more discussions and Horowitz (2011, p. 349) for a critical

view of this method. Second, the estimation of Fy(:|-) and Fy (-) can be based on other methods. For exam-

P(X;)(1—D; . . . . .
A %(X_)l), respectively; see more discussions in Sectlon
k2

' Note that ford =1, P(D =1,Y < y|X = z) = p(z)F1(y|z) and P (D =1,Y > y|X = z) = p(z) (1 — Fi(y|z)). So A (X!B)
and 1 — A (X!B) in equation @ should be replaced by p(X/v)A (X!8) and p(X}v) (1 — A (X/B)), respectively. However, since
v and [ are separable, we can estimate 8 by the objective function in without loss of generality.

12When X is continuous, r1x (x) is usually set as 1; when the support of X is finite, RK(:E) just contains indicators of all
points of supp(X) and K is fixed. Also from footnote 12 of CFM, the choice of link function A(-) has some freedom, e.g., probit,
linear, log-log and Gosset functions are all fine as long as K is large enough.

130f course, p(+) can be estimated by the SLE with K — oo, but because this section concentrates on the parametric test,
we use a parametric estimator of p(-) here. The next section will extend to the nonparametric form of p(-). Note also that even
if p(X) is correctly parametrized, the efficient estimators of Fy(y) require nonparametric estimates of p(+); see, e.g., MaCurdy
et al. (2011).

4 Nonparametric tests such as Hong and White (1995) and Hiirdle and Mammen (1993) in the classical specification testing
are based on the linear series and the kernel estimator, respectively. To my best knowledge, there is no literature on how to
extend the nonparametric test to base on nonlinear estimation procedures as in our case.

15Tn some special cases, the goodness of fit tests are not necessary; e.g., when X is discrete, a fully saturated linear model
does not involve any misspecification error.
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ple, go(-) and ¢1(-) can be estimated by the IPW method of Firpo (2007), and Fj (-) is then estimated by
inverting the estimator of q0(~)lE| Similarly, Fy(-|-) and Q1(+|-) can be estimated based on quantile regression
rather than distribution regression, or Fy(+|-) is estimated by distribution regression while Q1 (+|) is estimated
by quantile regressionm Furthermore, Fy () can be estimated by integrating Fy(:|-) rather than based on
the IPW method@ Our choice of estimation methods is based mainly on technical convenienceﬂ and by

no means indicates better performances in finite samples.

4.1 Asymptotics for T,

To derive the asymptotic distribution of T;,, we first impose the following assumptions.
Assumption U (Unconfoundedness): (Yp,Y:) L D|X.

Assumption X (Distribution of X): supp(X) C R” is compact.

Assumption Y (Distributions of Yy and Y7): (i) fo(y) is bounded, positive and continuous on ), where
Yo is compact. (ii) f1(y) is bounded, positive and continuously differentiable on ) which is compact and
contains an e-enlargement of the set {q; (Fo(y)) : y € Mo}

Assumption P (Propensity Score): p(z) = A (2'7,) for all x € X, where A is either the probit or logit link
function, and p(x) is bounded away from zero and one: 0 < p < p(z) <p < 1.

Assumption DR: (i) Fy(ylz) = A(2'84(y)) for all y € Vg and = € X, where A is either the probit or logit
link function, YgX is compact, and ), contains an e-enlargement of the set {Q1(Fo(y|x)|z)|x € X,y € Io}.
(i) fa(y|z) is uniformly bounded, and is uniformly continuous for (y,z) € YuX, fi(ylz) is continuously
differentiable in y, and fi(y|x) > 0 for (y,z) € Y1 X. (iii) the minimum eigenvalue of

Jd(y) =K 1(D - d))‘ (Xlﬁd(y))Q XX/

A(X"Baly)) (1 = A(X"B4(y))

is bounded away from zero uniformly over y € Yy, where A is the derivative of A.

We also consider the local alternative H? :

g, = U, forallz e X,
(1 =0y /Vn)p.(@) + (6,/vn) p(z),
(1= da/Vn)F(ylz) + (8a/v/n) §(yl2),

Pn()
Fl(y|x)

where pj, () satisfies Assumption P and F(y|z) satisfies Assumption DR, and UZ, is the counterpart of U%
under F?9. p,(z) and Fé(y|x) satisfy Q1(Fo(y|z)|z) — ¢1 (Fo(y)) = 0 for yx € Yo, but p(z) and F¢(y|z)
do not. This specification of local alternative is indirect but more intuitive than the direct specification
Fy,,1x (ulz) — Fy,, | x (u|z) = é(ul|z)/y/n because the unconditional rank Uy, can only be generated from
Fd(y|z). We impose the following assumption on the data distribution under HY.

1("Spociﬁcally, Go(t) = argming, n=1 Y0 | #(X)pT(Y q0), q1(t) = argming, n=1 Y1 | p(X )pT(Y q1) and Fy(y)
e+ f 1(go(7) < y)dr, where p_(u) = u-1(7 — 1(u < 0)) is the check function, and ¢ is a specified small positive number to
avoid estimating tail quantiles.

17Specifically, Fo(y\ ) = e+ fl € ’BO( ) < y)dr, and Qi(r|z) = z'B;(7), where By(r) = arg ming S Dy =
Do, (Vi — X!B,).

18Spe(:lﬁcally7 Fy (y)y=n"130r, B, (y|X3).-

19For example, the uniform consistency of the IPW estimator of g4(-) is not established in Firpo (2007) but the corresponding
result for the IPW estimator of Fy(-) is established in DH. Actually, because the former is numerically equivalent to the inverse
of the latter, uniform consistency of Firpo’s estimator of g4 (-) is implied by DH.
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Assumption LA: The joint distribution of W implied by the local alternative is contiguous to that implied
by p.(-) and FI(]-).

We provide a few comments on the assumptions above. First, unconfoundedness is a strong assumption
but extensively used in theoretical analysis and applications; see Imbens (2004) for a summary of relevant
literature. Second, the distribution of X can be either continuous or discrete. Also, the support of X
can be unbounded as long as we add E NX ||2} < oo in Assumption DR and specify X as a compact
subset of supp(X). Third, as noted by Khan and Tamer (2010), the assumption that the propensity score
is bounded away from zero and one plays an important role in determining the convergence rate of IPW
estimators. Fourth, Assumption DR is borrowed from CFM to guarantee the validity of uniform inference
for DR estimators. Fifth, our local alternative preserves the conditional rank, but violates the null through
perturbing the conditional distribution of (D, Yy, Y1). For future reference, define F(y) = E [F(y|X)], ¢%(-)
is the inverse function of F¥(y), Q%(-|z) is the inverse function of F(-|z), f&(-|z) is the density associated
with F9(-|z), and f2(-) is the density associated with F¥(-). The corresponding objects associated with §?
are similarly defined. Sixth, the requirement for the contiguity of the local alternative to the null is standard

in analyzing the local power. A sufficient condition for contiguity is that

sup  f(ylz)/ fiylr) < oo
(y,x): fd(y|z)>0

where §¢(-|-) is the conditional density associated with §¢(-|-). Intuitively, this would be the case when §¢
has lighter tails than F.

The asymptotic null distribution of T, is quite complicated due to the plug-in estimators p(-), @1 (-|-), Fo(-|-), G
and ﬁo(-). To facilitate the statement of the asymptotic distribution of T;,, define v = (y,z), and Z(v) as a
mean zero Gaussian process on Vo X with the covariance function

S(vi,v2) = E[Z(01)Z(v2)] = E[(Ye (W21, 91) = Wu (W 01)) (Ve (W, 22, 52) — Wu (W, 92))],

where
and
doW) = MeBo(n) o'y ) g = =R P (s ) x
BWe) = AB) T 004 (e A (X5 0) X
WWy) = TV <) =Rl
oo [P poox 8 [ | TR G
By = S <) =R
& S moox ] e [ | SR
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The terms associated with ¢, ¢y, %, and 1, are the contribution of Q1 (-|-), Fo(-|-),d1(-) and Fy(-), respec-
tively. The effects of p(-) on the influence function include two parts: (i) the direct effect, i.e., the effect
of p(-) that appears in T,,, which is asymptotically neglectable; (ii) the indirect effects, i.e., the effects of
p(-) in Fo(-) and Gy (-), are included in 1o and 1, as the terms associated with D — p(X). Define A;’s as
the eigenvalues of ¥(v1, v2); by Mercer’s theorem (see Lemma 1 of Bierens and Ploberger, 1997), there exist

orthonormal eigenfunctions ¢, (v) such that

/ 501, v2) 01 (v2) dps(v2) = Aigps (1)

where p(+) is a measure on Yy X' such that for any measurable set A in supp(YpX), u(A) = fAﬁpo dFy, x (ylz)dFx (x)m
Ai > 0 need not be distinct, and Y .o A; < oo.

Theorem 3 Under Assumptions DR, P, U, X and Y, the following statements hold:

(i) Under Hy,
nT, ~ Y X,

i=1

where x3,’s are iid x3 random variables, and \;’s are eigenvalues of S(vq,va).

(i) Under H{ and Assumption LA,

nly, ~ Z (b + & z) Z&Xu b2/)‘)

where the &; are id N(0,1), b; = [b(v du(v) with
byz) = O [3°(ylz) — F(ylo)] — 61 [§(QLFL(yl2)|2)|2) — F(yl)]
’ FHQLUEFL (yl)|)|x)
do [3°(y) — F2(y)] — 01 [§" (¢t (F2(y))) — F2(y)]
FH@(F2(y))) ,

and x3; (b2/X\;) ’s are independent noncentral x3 random variables with noncentral parameters b3 /\;.
Thus, for any ¢ > 0, P (nTn > C|Hf) > P (nT,, > c¢|Hyp), where the equality holds if and only if b; =0

for any 1.

(iii) Under the fized alternative Hy with plim, . T, > 0,

lim P (nT, >c,) =1

n—oo
for any sequence of random variables {c,, : n > 1} with ¢, = O,(1).

We provide a few comments on Theorem First, although T,, takes an average form, its asymptotic
distribution is not normal since T, is nonnegative for any n. Actually, from the proof of Theorem [3 T}, is
asymptotically equivalent to a third-order V-statistic. However, this V-statistic is degenerate because the

first term of Hoeffding projection is zero. We must rely on the second term of Hoeffding projection to obtain

20 4(-) is not a probability measure but a truncated measure on YoX since u(JoX) = fpo dFy, x (ylz)dFx (z) < 1, but

Mercer’s theorem can still be applied. p(y,x) is understood as p(Ayz) with Ayz = {(y,x) € YoX|y <y,x <z}. We can
actually normalize u(-) to be a probability measure; see the discussion in Section

17



a nondegenerate asymptotic distribution; this is why the mixed chi-square distribution emerges. Second,
the power comes from the perturbation of Fy(y|z) such that the conditional quantile and unconditional

quantile are not the same or Uo and U are distributed among X values in an unbalanced way. Specifically,

3% (ylz)—F) (y|= 7& “FY) ong SR (ylo)|2)|2)— FY (y|z) £ $Har (F2 () —F{(y)
FHQL(EFI(ylo)|2)[2) fl(ql(FO(y))) FHQLF? (ylo)[2)[x) I F @)
differences disappear in some sense after averaging over (y,z) € Yo X, our test will not have power. Third,

Of course, if these

letting ¢ in (ii) and ¢, in (iii) be the critical value of our test, then (ii) implies that our test is asymptotically

locally unbiased and (iii) implies that our test is consistent.

4.2 Bootstrapping the Critical Values of T,

The eigenvalues A; are necessary inputs to determine the critical values of T}, but they depend on the data-
generating process under the null and are hard to estimate@ To make our testing procedure more applicable,
we suggest to use the exchangeable bootstrap to obtain the critical values. We formally summarize the
bootstrap procedure in the following Algorithm B. First, let (w1, -+ ,w,) be a vector of nonnegative random
variables that satisfy the following Assumption EB. For example, (w1, ,wy) is a multinomial vector with
dimension n and probabilities (1/n,---,1/n) in the empirical bootstrap. The exchangeable bootstrap uses
the components of (wy, - ,w,) as random sampling weights in the construction of the bootstrap version of

the samples and estimators.

Algorithm B:

Step 1: Define

1 1-D
Fi(y) = — D wig—=cy 1% <),
n* =1 = pr(Xa)
~, 1 & D;
i=1 v

with .
7" = arg maXZwi [D;In A (X]y) + (1 —D;)In(1 - A(X/v))].
v

Then
Gi(r) = int {ylFi () > 7}

Step 2: Define

Fitgle) = A(«Baw).
Qilrla) = it {y|Fil) =7},

21Nevertheless, Bierens and Ploberger (1997) provide case-independent upper bounds of the asymptotic critical values of
the ICM test; Horowitz (2006) and Blundell and Horowitz (2007) consistently estimate the asymptotic critical values in two
specification tests. In either scenario, approximation of critical values involves estimation of the covariance function. In our
case, estimates of conditional density fi(:|-) and marginal density fi(-) are necessary inputs in estimation of X(-,-), which is
avoided in our bootstrap procedure.

18



where

Ba(y) —argmaxzwz i =d)[1(Y; < y)InA(X]8) +1(Y; > y)In (1 — A (X[B))].

Step 3: Define the bootstrap counterpart of T}, as

T (YEJ)()) (XZEX)

=L
n*

||‘M:

1-D;
1-p*(Xi)

[(Q1 (Frixolx:) - @ (Rvixoix)) - (@ (Fow) —a (Ron))] -

Step 4: Simulate T, B times to get {T*b}lj)E , for B large enough, and then reject Hy if nT;, > ¢} (cv), where
¢ (a) is the (1 — a)th quantile of {n*T*b}b , which approximates the (1 — a)th quantile of n*T}}, say,
¢t (a). Of course, we can also check whether the p-value B~! szl 1(n*T¥, > nT,) is less than « to

decide whether to reject Hy.

We now describe Assumption EB.

Assumption EB: (wq, -+ ,w,) is an exchangeable, nonnegative random vector, which is independent of the
data {W;}"_, such that for some € > 0,
2+e -1 -~ _ -1 '
E[w1 <oo,mn 211 w) —>1w n ZZ_ i

where £ signifies the convergence in the probability of bootstrap measure

By appropriately selecting (w1, - - - ,wy,), the exchangeable bootstrap covers many bootstrap schemes (besides
the empirical bootstrap) as special cases. For example, the weighted bootstrap corresponds to the case where
w1, ,wy, are iid nonnegative random variables with Ewi] = Var(wi) = 1, e.g., standard exponential. The
m out of n bootstrap corresponds to the case where (w1, -+ ,w,) is equal to \/7% times a multinomial
vector with parameter m and probabilities (1/n,---,1/n). The subsampling bootstrap corresponds to the
case where (w1, -+ ,wy) is a row in which the number m(n —m)~/2m~1/2 appears m times and 0 appears

n — m times ordered at random, independent of the data. See Section 3.6.2 of VW for more detailed
descriptions. Each bootstrap scheme is useful to a specific application. For example, in small samples with
categorical covariates, we might want to use the weighted bootstrap to gain good accuracy and robustness to
"small cells", whereas in large samples, where computational tractability can be an important consideration,
we might prefer subsampling.

The following theorem states the validity of the above bootstrap procedure.

Theorem 4 Under Assumptions DR, EB, P, U, X and Y, the following statements hold:

(i) Under Hy,

lim P (nT,, > ¢ (o)) = a.
(ii) Under H{ and Assumption LA,

lim P (nT,, > c,(a)) > .

n—o0

22This assumption can be relaxed a little bit as in (3.6.8) of VW.

19



(iii) Under the fized alternative Hy with plim, . T, > 0,

lim P (nT,, > c;(a)) = 1.

n—oo

(i) implies that under Hy, c%(a) -~ ¢(a), where ¢(a) is the (1 — a)th quantile of the asymptotic distribution

of nT,, and the randomness in the probability convergence includes both the randomness of the original
sample and the independent randomness of the bootstrap simulations (this also applies to other statements
in Theorem ' (ii) states that T,, using ¢ («) as the critical value is asymptotically locally unbiased. (iii)
is a corollary of Theorem |3 I(111 since ¢ (a) is bounded in probability under the fixed alternative. Finally, it

can be shown that the quantiles of

D, ) (@1 (Fsriixolx) = @ (Foilxa X)) = (@ (Fr () — @i (Fo(v:

1 n
ﬁgl(Yi € Wo)L(X; € X)W

can also serve as valid critical values of T},. This new bootstrap statistic is like the wild bootstrap statistic;

essentially, we do not bootstrap the measure p(-) here.

5 Nonparametric Test of Rank Preservation For the QTE

In the nonparametric setup, we estimate p(-), Fo(+|-), @1 (+|-) nonparametrically and Fy(-),qi(-) semipara-
metrically. Specifically, let K(-) be a r-dimentional kernel function having support on [—1,1]", h = h,, be a
sequence of bandwidth, and Kj(u) = K(u/h). Then for x € X and y € Yy

~ ()T Y (1= DY) 1Y < 9)Ku(X; — x)

Fo(ylz) = ;
(nhr) ™' S0 (1= Dy) Kn(X; — )

. (nh") " 0 DY < y)Kn(X; — )

Fi(ylz) = T :
(nh™)~ Z 1D Kp(X; —x)

@1(T|x) = inf {y\Fl(y|x) > T} .

The estimates of Fy(-) are the same as in the last section except that we use the SLE of HIR to estimate
p(+), where the number of series terms K — oo as n — oo. Of course, other estimators of p(-) such as the
local polynomial estimator (LPE) in Ichimura and Linton (2005) and the higher order kernel estimator in
Abrevaya et al. (2015) can also be used, but the SLE seems most convenient in practice. We provide a
few comments on our nonparametric test statistic. First, we estimate Fy(+|-) by the local constant estimator
(LCE) to guarantee that Fy(y|z) is monotone in y, which seems convenient to obtain the quantile functions.
Theoretically, the LPE or the LCE based on a higher order kernel can also be used although then ﬁd(y|x)
may not stay in (0,1) and/or be monotone in y in finite Samples Second, 1(Y; < y) in Fy(y|z) can be
replaced by G (y;? ) where G(+) is a kernel CDF such as the standard normal CDF, and hg may be different
from h. Third, we estimate p(-) by the SLE to guarantee p(x) € (0,1). Although the kernel-type estimator

can be used, it seems that the LPE or the LCE based on a higher order kernel must be used to control the
bias in semiparametric estimation, which may make p(z) out of (0,1) for some x values; see more discussions
in Donald et al. (2014) on why the SLE is preferred and how to specify the series when there are discrete
covariates.

Another specification in T}, is X'. We replace Assumption X by

23 Alternative estimators that can guarantee these two conditions can be found in Section 6.2 of Li and Racine (2007).
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Assumption X' (Distribution of X): (i) supp(X) = [[;_,[#15, z4;] is Cartesian product of compact inter-
vals; (ii) the density of X, f(z), is twice continuously differentiable, bounded, and bounded away from 0, on
X.

Since supp(X) is compact, we need to use a boundary kernel in the estimation of Fj;(y|z) when z falls in
the h neighborhood of a boundary point of supp(X). Also, a different bandwidth should be used when x
is near the boundary of supp(X). To avoid such complications in practice, we may let X' be a subset of
Xy = H;Zl[aclj + h,my; — h]@ In Assumption X', we assume X to be continuous, but our test can very
easily handle inclusion of discrete regressors as well. The nonparametric distribution function estimation
would simply include both types of regressors, either by doing a separate kernel regression for each discrete
cell, or by smoothing over cells as in, e.g., Li and Racine (2008). The rest of the test would then proceed

exactly as before.

5.1 Asymptotics for 7,

We first impose some assumptions on the kernel and bandwidth.

Assumption K (Kernel): K(:) is a nonnegative, bounded, symmetric, twice continuously differentiable

function, zero outside a bounded set, and [ K(u)du = 1.
Assumption H (Bandwidth): h — 0,nh"/Inn — oo, nh™2h* — 0.

In Assumption H, nh"/Ilnn — oo guarantees the uniform linear approximation of ﬁd(y|x) to be possible;
nh"/?h* — 0 guarantees the bias of ﬁd(y\z) to be asymptotically neglectable in T},. These two restrictions on
h cannot be satisfied simultaneously unless r < 8; if » > 8, our nonparametric test does not seem practical.
In theory, when r > 8, the LPE or the LCE based on a higher order kernel can be used. In this case, the
results in Kong et al. (2010) can be applied to guarantee the uniform linear approximation of ﬁd(y|x)

We next impose some assumptions on the propensity score and the conditional CDF of Yy, which are
relaxation of Assumptions P and DR in Section [.1]

Assumption P’ (Propensity Score): For all x €supp(X), p(z) is continuously differentiable of order s > Tr,
and p(z) is bounded away from zero and one: 0 < p < p(z) <p < 1.

Assumption Fd (Conditional CDF): (i) Fy(y|z) is twice continuously differentiable on X uniformly in
y € Vg4, where VX is compact, and Y contains an e-enlargement of the set {Q (Fo(y|z)|z)|z € X,y € W}
(ii) fa(y|z) is uniformly bounded, and is uniformly continuous for (y,z) € VuX, fi(y|z) is continuously
differentiable in y, and fi(y|z) > 0 for (y,z) € 1 X.

We finally impose some assumptions on the SLE of p(-) which are borrowed from HIR.

Assumption S (SLE): The SLE of p(z) uses a power series with K = an” for some a > 0 and r/4(s — 1) <
v<1/9.

As in Section we also consider the local alternative H?' :

Uy, = Uy, foralzedX,

pale) = (1= 8,/ Vo). () + (8,/Vnh' ) ola),
(1= ba/V/nbr ) Fiyl2) + (8a/ Vi /2) §(yl),

24Tf we let X = X}, then since X} converges to supp(X) as n — oo, the asymptotic distributions of our test statistics are
the same as when 1(X; €supp(X)) is used in the test statistic construction. Similarly, when boundary kernels are used as X; is
close to the boundary of supp(X), the asymptotic distributions are not affected because this part of data points are neglectable
asymptotically.

Fyi(ylz)
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where both p.(z) and p(z) satisfy Assumption P’, both F9(y|z) and §¢(y|z) satisfy Assumption Fd, and
UZ is the counterpart of U% under F¢. Fd(y|z) satisfies Q1(Fy(y|7)|z) — ¢1 (Fo(y)) = 0 for yx € Yo X, but
§4(y|z) does not.

To facilitate the statement of the asymptotic distribution of 7T;,, define

1
9y Uy, Xi) = mUéiKh(Xi —T),

0 1 1 .
(U Ul . X) = Gy (Uyz’X) ng(Fo(y|f)|m)9” (UQl(FU(?J'm)‘z)i’XZ)
e Uy Ugy (ki ylay )0 X f1(Q1 (Fo(y|z)|z)| =) ’

where
Uyi = Di [1(Yi < y) — Fi(ylX,)], Uy, = (1= Dy) [L(Y; < y) — Foly| X)) .

Note that g} is the influence function of vnh" (@1 (fo(y|:c)|z> - Q1 (Fo(y|x)|z)) uniformly for z € X,y €
Yo. The sample analog of gyz is

99,05, X Xi)

i Xi) — g2 (UL
(ng,ﬁ‘ X)) = Q1 (Foylo)|z)x )
@ (Rolole) A (Ql (Fo ylz) |$)'$)
where
1
0%, X;) = - UOK —x
9 X0 = ey 7y )
~1 _ 1 771 -
gyw(Uyz’X) = minKh(Xz ),
i) (nhr‘H) Z] 1 DKy (Y —y) Kn(X; — )
Y (nh) TS, D Eu(X; — )
with
(1 -pa) Fla) = —= 3" (1= D)) KX, — o), 5)fle) = 3. DyEA ),
0% = (1- D) [10v: <) - BolwlX)] O = Ds [1(1@- <y) - Fiwlx))|.
Define

E

) 2
Uy, . Yo, (ro(vix:)|%:)i
1-p(Xy) p(X5)
2
US Yoy (mo(uixo)lx:
1—p(X;) p(X;)

Theorem 5 Under Assumptions Fd, K, H, P', S, U, X' and Y, the following statements hold:

2
X dFYo|X(Z/|Xi)> X,

2 __ 1
a* = [y (fyo F1(Q1 (Fo (yIX1) [ X0 X,)?

— 1 . .
b= Jx [y, A mEXIIxE L Xi| dFy, x (y| X:)dX

(i) Under Hy,
nh"/*T,, — By, ~ N (0,07),
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where 02 = 2 [ K(v)*dv - a* with K(v) = [ K (u) K (v+u)du being the twofold convolution kernel
derived from K(-), and By, = h="/?K(0)b can be consistently estimated by

9 n N 1 n

~2 _ ~2 _ A~

Un = n2hr Zzwﬂ and by, = nhr/2 Zw]]
J=11#j Jj=1

with
1— D,
1 —p(X;)

~01 770 7l ~01 770 771
"IviX; (U}/ij’ U@l(ﬁo(yilXi)Xi)j,Xj> 9vix; (UYil’ U@1(ﬁ0(Yi|Xi)Xi)l’Xl> ’

’l/ﬁjl = n71 Zi:l 1()/1 € yo,Xi S X)

VU

As a result, the test based on the studentized test statistic 1 (w > za> has the significance

level o, where z, is the 1 — a quantile of the standard normal dz’stm’butz’on

(i) Under HY' and Assumption LA,

r/2 7
nh'’*T,, — By, ~ N (A)UQ) 7m ~ N (A 1)
o

U

where

A= [ by duty.z)
b(y,z) and u(y,z) are defined in Theorem [J(ii).

(iii) Under the fized alternative Hy with plim,,_, . T,, > 0,

r/2 7
lim P (W > cn> =1

n— o0 Un,

for any nonstochastic constant ¢, = o(nh'/?).

We provide a few comments on Theorem First, the effect of ¢; (ﬁo (y)) is asymptotically neglectable be-

cause as a semiparametric estimator it is \/n-consistent. From DH, the influence function of \/n (qu (ﬁo(y)) -q1 (Fo(y)))

uniformly in y € ) is
Yy(W) = Yy, () (W)

)= R
where
. 1-D D — p(X)
Py (W) = Tml(yﬁy)—Fo(y)+Fo(y|X)mv
1 _ D D —p(X)
Y, (W) = ml(ng)—Fl(y)—Fl(mX)W.

’ ! _1 ’
Comparing with the parametric case, E D(_);(}g)) Fo(y|X)X’] E [%XXI] X)‘;)((X'Y)U) in (W, y)

is replaced by Fy(y|X). In other words, the parametric case projects Fy(y|X) on the space spanned by
AMX vg)

(%) X along the orthogonal space spanned by i(j;'(}g)) X (see Chapter 3 of Ruud (2000) for the definition

25This is a one-side test because T}, is based on the L2-distance between Q1(Fp(Yp|X)|X) and q1 (Fo(Yo))-
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and characterization of projection along a subspace). Similarly, the parametric case projects Fj(y|X) on

the space spanned by 7 );(}g)) X along the orthogonal space spanned by ()(( W)U)X It is well known that

F4(y|X) is the projection of 1(Y; < y) on the space spanned by all functions of X that are square integrable,
so the parametric case projects Fy(y|X) further on a finite-dimensional space along some specific direction.
Second, as in Proposition 1 of Hérdle and Mammen (1993), nh™/2T;, has a positive bias By, = O(h™"/?)
because T, > 0 for any n. Third, different from Proposition 2 of Héirdle and Mammen (1993), the bias in
estimating ﬁd(y\x) will not contribute to the local power due to undersmoothing. This not only simplifies
the local power expression, but simplifies the simulation of critical values as discussed in the next subsection;
such undersmoothing techniques are also used in Blundell and Horowitz (2007) and Chernozhukov et al.
(2013) for similar reasons. Finally, in both Theorems [3| and [5 the asymptotic distribution under Hy in (i)
is a special case of that under the local alternative, and the consistency of the test statistics in (iii) is well
understood, so we will state only the asymptotic distribution under the local alternative in the RP tests for
the QTT in the next section.

5.2 Simulating the Critical Values of T,

As in the classical specification testing (see, e.g., Li and Wang, 1998), the convergence rate of T,, to the
normal distribution is quite slow (O(h™/?)). To approximate the critical value more accurately, the usual
literature suggests to use the wild bootstrap (see, e.g., Hirdle and Mammen, 1993). In our case, however, it
is hard to impose the null if a bootstrap scheme is used. As an alternative, we suggest to use a simulation

method to approximate the critical values. We formally summarize the simulation procedure in the following
Algorithm S.

Algorithm S:

Step 1: Define gy} as in (7)) with

m—1/2 1 ~01 70 77 .
(nh") " 59V, (UYLJ’UQl(Fo(YX) )J’XJ)

1(Y; <Yi)—Fo (Vi X,)] (1= D;)
[ i;‘”:l(l—Dol)Kh()J(l] Kn(X; — X;) (8)

X;)

A(Q(Fo(vilXa)|X:)|X3)

_[1(Y.7§ (FO(Y\X) ))—ﬁl(él(A
ey DiKn(X1—X5)

—
—N

)]Ps Kin(X; —Xi)}.

Step 2: Define

2
1 — D; —1/2 25 ,
E; (Yi € Vo, Xi 62()1—7()(1) (nh") IZ€ Mix, ( Ug (ﬁo(yi|Xi)|Xi)j7XJ> ;

where &; are iid N(0,1), independent of the original data.

B
Step 3: Simulate 75 B times to get {be} for B large enough, and then reject Hy if T}, > ¢ (), where
b=1

B
¢¢ (a) is the (1 — a)th quantile of {st}b=1 which approximates the (1 — a)th quantile of TS, say,

¢ (). Of course, we can also check whether the p-value B~! 25:1 1(T§b > T,,) is less than « to decide
whether to reject Hy.

The following theorem states the validity of approximating the critical value of T}, by the quantile of T5.
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Theorem 6 Under Assumptions Fd, K, H, P, S, U, X' and Y,

r/2mE Y,
P (M < z‘]—"n> —3(2)

sup

2€R Un,

where b, and 5, are defined in Theorem @(z}, and F, = {W;}_,.

We provide a few comments on this simulation procedure. First, since the effect of ¢; (ﬁo (y)) is asymp-
totically neglectable in T}, we do not need to simulate its influence function Second, although we did

not explicitly impose the null in Algorithm S, the simulation procedure is valid. This is because when we

simulate ¢%L, the influence function of v/nh" @1 ﬁo ylx)|z) — Q1 (Fo(y|z)|x) ), we implicitly impose the
yx

null. Of course, if the original data are from the alternative, the probability limit of gn and U, may not
be the same as in Theorm i) because the distribution of W would be different. However, studentization
of TS ensures its asymptotic distribution invariant to the distribution of W just as in the studentization
of T,, in Theorem (1) Third, from the proof of Theorem |§|7 we can replace b, and 92 in the theorem by
W, = —in > fiﬁjj and 052 = 2 D1 it 5?512@?1, respectively. Then we need to modify T to

n

e -
=+ and compare it with
v

nh™/*T,—b,

v,

. Our formulation of the theorem avoids estimation of by, @21,3%
and @%2 Fourth, in nonparametric estimation of Fy(y|x) and Fy(y|z), all bandwidths are the same. We can
allow the bandwidth vectors ho in Fy(y|z) and hy in F(y|z) to be different without difficulty. The only
difference in Algorithm S is that the h in the first term in the brace of is changed to hg and the h in the

second term is changed to h;.

6 Testing Rank Preservation For the QTT

~,

Parametric and nonparametric constructions of p(-), @1 (-|-) and ﬁo(\) have been discussed in the last two

sections, so we concentrate on the construction of ¢t (-) and ﬁg() here. Following DH,
N 1 - P(X;) (1-Dy) N
b = = E S V(Y < ;
O(y) n gt 1— ]/j\( sz) ( = y) Po

~ 1 <& .
Fily) = nzDil(YiSy)/pla

i=1
where Py can be either n ™! Y7 | %&?i) orn~ !> " | D;, and py can be either n™' Y7 | D;orn™! >0 | p(X;).
For the parametric test, p(-) in F}(-) takes the parametric form in Section |4 and for the nonparametric test,
it takes the nonparametric form in Section |5} Note that ﬁf(y) is automatically (weakly) increasing with

jumps at Y7;’s, so we define
3i(r) = inf {y|Fi(y) > 7}.
To derive the asymptotic distribution of T}, we replace Assumption Y by the following Assumption Y.

Assumption Y’ (Distributions of Y and Y] on the Treated): (i) f{(y) is bounded, positive and continuous
on YV, where Y} is compact. (ii) f{(y) is bounded, positive and continuously differentiable on Y} which is

compact and contains an e-enlargement of the set {¢} (F{(y)) :y € Y}

26 Based on limited simulation results (using the setup in the second simulation of Section , the performance of TS with
W (W) also simulated is worse.
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6.1 Asymptotics for the Parametric Test

To facilitate the statement of the asymptotic distribution of T, define Z!(v) as a mean zero Gaussian process

n?

on Y{X with the covariance function
S v, v2) = E[ZH(v1) 2" (v2)] = E [(Ye (W, z1,11) — VL, (W,11)) (We (W, 22, 2) — L (W, 12))]

where W, is defined in Section [.1]

; i (Woy) — L (W, ¢t (B (y)))
Vo (Wy) = FEEw)
with
. 1 A(X ") , A(X ") 17 AX') D — p(X)
vh(Woy) = EUﬂ{E[l—MQf%@MWX}E{Mxxl:&X»XX XX 1-0)
p(X)(1 - D) t
WI(Y <y) - Fo(y)D} ,
Wy = EfD] (Y <y) - Fl(y)].

The terms associated with ¢ and 1, are the contribution of gt (-) and F{(-), respectively. Define Al’s as the
eigenvalues of X' (vy,v2), i.e., for orthonormal eigenfunctions ¢! (v),

/ﬁwmmﬁwﬁwmmzxdwm

where pf(+) is a measure on Y§X such that for any measurable set A in supp(YpX), p!(A) fAﬁth E([ ]dFyo‘X(y|x)dFX( )
and 50| A < 0.

Corollary 2 Suppose Assumptions DR, P, U, X and Y' hold. Then under H} and Assumption LA,

nTth(bwal\f) szxh(bt /X))

where the &; are iid N(0,1), \.’s are eigenvalues of t(vy,v2), bt = [ b (v v) dut(v) with
w@@:%WWW—@MM—%mewwmmm—wwﬂ_A%@—Mwﬂwwm
’ FHQLUEF(ylx)]x)|z) H(@t (F ()
and
AR = gy {000 - p.00) F1x0)) - 2B g . o 1)) |
gty B 00 (F01%) - FlX)] a = 0.1

and X3, ((bf)2 /)\Z) ’s are independent noncentral x3 random variables with noncentral parameters (bf)2 /AL
Thus, for any ¢ > 0, P (nT} > c|HY) > P (nT} > c|H}), where the equality holds if and only if b! = 0 for

2TIf define Az = {y € V§|(y,z) € A}, then p'(A) = E[P(Yp € Ax|X)|D =1]. p'(y,z) is understood as pf(Ayz) with
Aye = {(y,x) € Vi Xly <y, x < x}.
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any .

The contribution of the perturbation of F(y|z) to the local power can be similarly analyzed as in T},.
However, different from T},, the local power of T also depends on the perturbation of the propensity score.
This is obviously due to the further weight p(X)/E[D] in estimating F(y). To check the pure effect of p(-)
on the local power, suppose g = §; = 0. After some manipulation, we can show

b (y,x) - [ (ar (FY(y)) - Elp«(X)]?/6,
= Cov (p«(X) (FH@ (F' ()| X) — F2(y|X)) . p(X) — p«(X))
—Cov (p+(X), (p(X) = p« (X)) (FH (@' (F ()| X) — F(yX))) .

Recall that ¢, (FY (y)) = Q4(FY(y|z)|z) for = €supp(X| (Y] = y)) such that F} (g, (F* (y))|z) = F2(y|z) for
such z, so the power is contributed by the covariance difference which is due to z € (supp(X) \supp(X| (Y{ = y)))N
X. If supp(X) =supp(X| (Y{ =y)) for all y € V¢, then misspecification in p(-) will not contribute to the
power.

We can also show that the exchangeable bootstrap is valid for T'!. To be specific, define the bootstrap
counterpart of T as

=1 wiDi (X3)

@ (Fm\mxi) ~Q (Rixolx:) - (@ (Feon) —a (Row))]

o - Z wil(Y; € V) XA L)

where Ff(-|-) and Q7 (-|-) are defined in Section and F!* () and @* (-) are defined as follows:
Dt I~ P (X)(1-D; 1o
Fr - S0l 1S
i=1

with p* defined in Section and
@t () =inf {y |Fl"() = 7}
with

i ]_ n 1 n
Fi*(y) = EZWiDil(}/i <y) -~ ZwiD
i=1

i=1

Define ¢f(«) as the (1 — a)th quantile of {n*TﬁZ}{il, which approximates the (1 — a)th quantile of n*T*,
say, cit(a), and then reject Hf if nT). > ¢t (), where T} is the bth resample of T* and B is large enough.
Alternatively, if the p-value B~} szl 1(n*T% > nT}) is less than a then reject H{. The validity of bootstrap
here can be parallelly stated as in Theorem [}, so omitted for simplicity.

6.2 Asymptotics for the Nonparametric Test

We state the asymptotic distribution of 7} without proof since the proof is similar to that of Theorem
We first define the counterparts of a® and b in Theorem |5 as

2
Uy; _ Ué?l(FO(?AXi)lXi)i
1-p(Xi) p(X3)

Ugi UCl? Fo(y1Xi)[X4)i ? Xi
(s - “etegmonear )" e agam, oixpax

E

2
Xi] p(X:) dFy0|X(y|X )) dx;,

2 _ 1
()" = Jx (fyé F1(Q1 (Fo (9] X:) | X1) | X2 )2

B

t 1
b= ‘[X fyé F1(Q1(Fo(y|X:)|X:)|X5)
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Corollary 3 Suppose Assumptions Fd, K, H, P, S, U, X' and Y' hold. Then under HY' and Assumption
LA,

; 2\ nh"2T: — b, Al
nh /QTﬁ—BZwN(At,(at) )T wN(U 1)

where (o)° = 2 [ K (v)2dv - (a')® with K (v) defined in Theorem @(2), and B} = h~"/?K(0)b* can be consis-

tently estimated by
412 2 < 2 -~ RN
6 = 2N (@) and b= LS,
j=1

J=11#j
with
5 1 " B(X:) (1= Di)
i = 1(Y; e yt)l(Xi e X) =
it >im1 Di Zi:l 0 1 —p(X;)
~01 770 771 ~01 770 771
"IYiX; (Um’Uél(ﬁomxnxi)fXj) 9vix; <U%17U@1(ﬁomXi)lxi)z’Xl) :
and

Al = /bt(y,fc)zdut(yvm)

with b (y,z) and p'(-) defined in Corollary @ As a result, the test based on the studentized test statistic
r/2 ti'l;t
1 nh A’Zt“n
v

> za> has the significance level o, where z, is the 1 — a quantile of the standard normal
distribution.
As in T,, the effect of % (ﬁg(y)) is asymptotically neglectable. From DH, the influence function of
Vi (@ (Fow) - ¢t (Fi(y) ) uniformly in y € V§ is

Uy (W) = gt (g (W)

B 71727
where
o) = g {20 Dy <)+ 0 228 - rip),
Gy = E’[Dm[l(ygy)—Ff(y)}-

The only difference between the asymptotic distribution of T? and T, is the weight p(X;)/E [D] in B} and
(6%)” which is inherited from the definition of zit(-).
We can also simulate the critical values of T as in Section More specifically, define

n (X — L ry—1/2
T = s~ S 1(Yi € VUK € ) PG00 | (nhr) ™2 4o

n
Jj=

2
~01 770 {7l )
1£jg}/"’X”’ <(U}/"’j’U@l(ﬁo(Yi|X¢)|X¢)j’X]))] ’

and adjust Algorithm S correspondingly, where ; and ﬁg}ﬂ are defined in TS. The validity of simulation here

can be parallelly stated as in Theorem [6] so omitted for simplicity.
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7 Discussion

We in this section provide more comments on our tests. First, where is the power of our tests from? It turns
out that our tests are in fact overidentification tests. From the proof of Theorem [2| Uy = U; implies the

following moment conditions,

Qv,1x (Fyy|x (90 (Uo)|z)|z) — 1 (Up) = 0,2 € supp (X).

Obviously, if supp(X) includes only a single point, then Qy,|x (Fy,x(q0(Uo)|z)|z) = Q1 (Fo(q0(V0))) =
Q1 (Up) by definition and no testing power is possible. So the power of our RP tests for the QTE comes from
the overidentification information which originates from multiple (more than one) values of X. Similarly,
Ut = U} implies Q1(Fo(gh(Ud)|z)|x) — ¢t (U}) for  €supp(X). If supp(X) includes only a single point, then
Q1 (Fo(gh(U)|z)|z) = ¢ (FE(gb(UE))) = ¢4 (U¢) and no power can be achieved.

Second, we discuss some modifications of our tests. Recall that the reweightings % in T and

%15&) in T" are used to generate the distribution Fy(-) and Fj(-) respectively, but they may in-

duce inverse effects in practice since p(X;) in T, and T may be close to 1. To avoid such effects, we
can replace both reweightings by 1 — D without changing the essential aspects of our tests; especially,
supp(YpX) is still recovered. The differences in the asymptotic distributions are (i) u(-) in Theorem
is redefined as p(A) = fAﬂpo(l — p(x))dFy, x (y|x)dFx (z) and p'(-) in Corollary [2| is redefined as
ut(A) = fAmyéX(l — p(x))dFy, x (y|z)dFx (x) for any measurable set A in supp(YpX); (i) the integrands of

a? and b in Theorem 5| are multiplied by 1 — p(X;), and 2%) ) in (a t)z and b of Corollary I are replaced by

lDl
1 —p(X;); (iii) J%ig(l) in @wj; is replaced by 1 — D; and 21=1 jop p(f )p((lX? D in @t 1 is replaced by :=2i. In
bootstrapping critical values, 11%%() in T is replaced by 1 — D; and . sz@ (X )(SX? i ip TrtL* is re-

placed by 1=Li. In s1rnlulaDt1ng the critical values, A( < 3 in T¢ is replaced by 1 — D; and oy ﬁ(i{i)ﬁ((l);i?i)

in T1 is replaced by . Another m0d1ﬁcat1on is to normalize u(-) and pf(-) as probabllrty measures.

For example, in T;,, we can replace L by 1/2;;1 1(Y; € Yo)1(X; € X)li%iggi), and in T, replace ﬁ

i

by 1/2?:1 1(Y; € VH)1(X; € X)%(lx?). As a result, in the asymptotic distributions of 7;, and T,

w1 (+) and pt (+) are replaced by their normalized counterparts, and the bootstrap (simulation) procedures are
adjusted correspondingly.

Third, we discuss a few alternative forms of our tests. For this purpose, we first state the following
corollary of Theorem [2]

Corollary 4 Under Assumption M, Fxy, (zlu) = Fxu, (z|u) for Pxy almost sure (x,u) if and only if
E [(Qo(Fi(a (U0 X)1X) = a0 (U1))°] = 0 or B [(Fi (@ (Uo) 1X) = Folao(Up)| X))?| = 0, where Uy can be
replaced by U;.

Proof. The proof for this corollary is parallel to that of Theorem [2] so omitted here. m

The first equivalent statement E [(Qo(Fl(ql(U1)|X)|X) —qo (Ul))ﬂ = 0 implies that our RP tests for
the QTE can base on

T’ = B [D(Qu(F(YIX)IX) =0 (R LY € W),

where Y1 = {q1(7)|7 € 71} with 77 being a truncation set of quantile index, and the HIR weight % is
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replaced by D as suggested in the second comment above. Similarly, the RP tests for the QTT can base on
2
T = B [D (Qo(F(Y|X)1X) - gb (F/(1)))*1(Y € M1)],

where Vi = {¢}(7)|7 € T{!}. Their sample analogs T}, and T} can be constructed similarly as 7T}, and T},
Although T and T” are theoretically equivalent (when no truncation is involved), the sample sizes in their
truncation sets may be different, which may affect the finite-sample relative performance of T' and 7. As a
result, we can base our RP tests for the QTE on max {T},, T} } to robustify power in finite samples. Note that
to make T;, and T, comparable in magnitude, it is better to use normalized T,, and T}, as mentioned in the
second comment above. By the continuous mapping theorem, the asymptotic distribution of max {T,,, T}, }
is the maximum of the corresponding asymptotic distributions of T}, and 7T, which are correlated. The
;) used in T}y and
T (TS and TS') are the same to accommodate the correlation between T,, and 7). Similarly, we can base
the RP tests for the QTT on max {7}, T }.

From the second equivalent statement E {(Fl (q1 (Up) |1X) — FO(qO(U0)|X))2} = 0, one may suggest to

base our RP tests for the QTE on

bootstrap and simulation procedures are adjusted correspondingly; only note that w; (£

5-/ / (Fy (a1 () |2) — Fo (g0 (w) [2))?] dudFx (z),

whose sample analog is

Su= 23 [ (@ )10 - Follo () 150)

where 7 is a truncation set of quantile index. Since S, involves the basic ingredients of T, Fy (-|) and
qa (+), its asymptotic distribution can be derived based on the techniques used in deriving the asymptotic
distribution of T;,. Similarly, the RP tests for the QTT can base on

5= [ [ B[ G 1) R (6 01))] duaFs o),

whose sample analog is

5 = iz /T (R@ ) 1X0) — Fo@ () 1X0) du.

where 7 is a truncation set of quantile index. We do not suggest to use S, or §fL in practice for two reasons.
To simplify discussion, we take §n as an example and similar comments apply to §fL (i) it is not easy to
intuitively detect the quantile indices at which the null is violated especially when the distribution of X
is complicated. To see why, note first that F (g1 (u)|z) = PYV1 <q1 ()| X =2) = P(U <u|X =2x) =
Fy, x (ulr) and similarly, Fy (qo (u)|r) = Fyyx(ulz), so S is comparing Fy,x (ulr) and Fy, x (u|z) for
u € [0,1] and x €supp(X). From ({ . we can plot Fx |y, (z|u) versus Fx |y, (z|u) as functions of u to detect
the violated quantile indices, where Fx|y, can be estimated from {(XZ, Fd(Y))}i_1 by noting that Fd(Y)

unconditional rank of Y; under the treatment state d. However, if the distribution of X is complicated (e.g.,
dim(X) is high and/or supp(X) is large), we need to draw many pictures to detect the violation of Hy; also,
it is not easy to integrate the information in all these pictures. On the contrary, as shown in Proposition
we can draw one picture (at most two if 77 is also used) to detect the violated quantile indices. (i) S

implicitly assumes that U; and Uy have the same support (which includes 7 as a subset) for all X values.
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Under Hy, U;|x=. and Uy|x=, have the same support, but need not share a common area for all X values;
under Hy, U|x—, and Up|x=, may not even have the same support; see Figurefor an intuitive illustration.
One implied technical difficulty here is that F} (g1 (u) |x) and Fp (go (u) |x) can take extreme values such as
0 and 1, which makes the asymptotic arguments quite hard. For example, in Example [2] Fj (g0 (0.5)|0) =1
and Fy (go (0.5) |1) = 0. Actually,

1
B[R (a2 00)13) = Falao@))°] = [ [ 17 () e) = o (a0 () o) P (ule)aPx 2)

RIS

//01 E [(Fl (a1 (u) [2) — Fo (g0 (u) \x))ﬂ dudFx (z)

unless Uy L X, so S is implicitly using this extra assumption To incorporate the joint distribution of
(X,Uy), as in T, we replace qo(Up) by Yy in F [(Fl (g1 (Up) |1X) — Fo(qo(U0)|X))2} and truncate Yp to get

S

B |(Fi (0 (B (Y0)) 1X) = Fo (0] X))* 1(¥o € )|
[ 1-D

T—p(X) (F1 (q1 (Fo (V) |X) — Fo (Y]X))? 1(Yp € yo)} ~

Parallely, we can base the RP tests for the QTT on

s [H0 1D

B0 Ty (@ (B 00) 1) = By (V1)) 1(v € y(g)} .

It is easy to notice the similarity between S and T and between S* and T*.

Fourth, the testing ideas in this paper can also be extended to test some forms of conditional rank
preservation. As mentioned in the Introduction, the rank preservation within each X value cannot be tested.
However, if we want to test rank preservation in a coarser partition of X values, e.g., for each X; value with
X7 being a subset of X, we can still apply our testing ideas and base the RP tests for the QTE on

B [(1 = D) (@QuE(YX)[X) = Qu (Bo(Y |X1)|X1)” 1Y € )]
and base the RP tests for the QTT on
E[(1- D) (QuFo(Y|X)[X) - @ (F(¥]X1)|X1)) 1Y € V)] .

where the formulas for Fy(y) and ﬁj(y) can still be used to estimate Fy(Y|X; = z1) and Fi(Y|X; = 1)
except that the data employed are restricted to the X; = z; stratum; see, e.g., Abrevaya et al. (2015).
However, it seems that unconditional quantile treatment effects are the most popular in practice, so it may

be enough to consider only unconditional rank preservation tests for empirical purposes.

8 Simulations

In this section, we use two simple examples to illustrate the performances of our RP tests for the QTE and
QTT. Suppose the relationship between Y; and X is the same as that in the example of Section [3.1] i.e.,

287f the measure FUO‘X(~‘$) and the uniform measure on [0,1] are dominated by each other for any z €Esupp(X),
then ffolE [(Fl (q1 (u) |z) — Fo (go (u) |m))2] dudFx (z) is also a valid test statistic. So the key point here is whether
supp(Up|X = z) = [0, 1] for any = €supp(X).
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Yo=X+¢ Y1 =(2—a)X +a-e To satisfy unconfoundedness, let D = 1(X +n > 0), where X, n and € are
independent of each other, n ~ N(0,1), and € ~ N(0,1). We will consider four a — 1 values, 0,0.3,0.6 and
0.9, indicating the null, small, medium and large local alternatives, respectively.

For the parametric tests, let X ~ Bernoulli(0.5). Because X is binary, the parametric estimation of
p(-), Fo(:|-) and F; (+|-) in Sections[d]and [6.1]does not include misspecification error; choice of the link function
A (+) is irrelevant.

For the nonparametric tests, let X ~ U[—1,1]. The kernel function is set as the quartic kernel K(u) =
12(1 — u?)?1(|u| < 1). The bandwidth is set as in the conditional mean estimation in Section 7.3 of Cher-
nozhukov et al. (2013)@ As suggested at the end of Section we use different bandwidths, hg and h, for
Fy(-|-) and Fy(-|-), respectively. Take h; as an example. Now, the data used in estimation are {Yi, X; 3,
such that the associated D; = 1, where n; = > ; D;, and we assume the first n; individuals are treated.
Then

1/5

T ~ 2/7
hl = hl,ROT X 81 X 1nq

xng

where 57 is the square root of the sample variance of the X; and ﬁl, ROT, is the rule-of-thumb bandwidth for
estimation of my(z) = E[Y;|X; = x, D; = 1] with studentized X;, as prescribed in Section 4.2 of Fan and
Gijbels (1996). The exact form of hy ror is

1/5

5 Jwi(z)da =1/

nt S (P E)) w ()

h1 ror = 2.036

where )Z'i’s are studentized X;’s, ﬁL§2) (+) is the second-order derivative of the global quartic parametric fit
of mq(x) with studentized X, 5? is the simple average of squared residuals from the parametric fit, and
w1 (+) is a uniform weight function that has value 1 for any X; between the 0.10 and 0.90 sample quantiles
of X;. The factor n}/ % % nfz/ 7 s multiplied in h; to ensure that the bias is asymptotically negligible due
to undersmoothing. In simulating the critical values, the bandwidths used in §2x and E;x are hg and hq,
respectively, and the estimation of fi(y|z) is based on the algorithm kde2d.m of Botev et al. (2010). In
estimating the propensity score and the parametric Fy(+|-), A is set as the probit link function to avoid
model misspecification and the probit fit is conducted by the matlab function glmfit. To improve the power
of nonparametric tests, we set X = supp(X). The simulation study in Miiller (1991) shows that a bandwidth
without boundary adjustment works well, and we therefore use the same bandwidth for both interior and
boundary points.

In both experiments, we consider six test statistics for the QTE and five for the QTT, respectively.
As suggested in the second and third comments of Section [7] in the RP tests for the QTE, we con-
sider T,,, T, ,max {T,,,T,} and the no-p(X)-reweighting counterparts; in the RP tests for the QTT, we

: t it
consider T, T,

max {7, T} and the no-p(X)-reweighting counterparts, with T the same as its no-p(X)-
reweighting counterpart. As suggested in the third comment of Section all test statistics (i.e., Ty, TV, T, T
and their no-p(X)-reweighting counterparts) are normalized to make them comparable. J; and V! are cho-
sen as [7;(0.1),G,4(0.9)], where G,(7) is the 7th sample quantile of Y; with D; = d. 500 replications of both
experiments with sample size 400 and 1000 are considered. In bootstrapping or simulating the critical values,
the repetition number B = 399 for n = 400 and B = 199 for n = 1000. The significance level « is set at 5%.

Our simulation study is limited due to computational cost since a bootstrap or simulation cyle is embedded

291deally, the bandwidth in ﬁd(y|x) should depend on y but selecting bandwidth in this way is too burdensome. Other methods
such as cross-validation is too time-consuming. Chernozhukov et al.’s method is designed for the local linear conditional mean
estimation. The purpose to use their bandwidth here is only to get the right rate such that undersmoothing is assured.
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inside a Monte Carlo cycle.

n 400 1000

a—1 0 03 06 09 0 03 06 09
T, 0.028 0.298 0.732 0.924 | 0.052 0.720 0.988 1.000
T 0.012 0.252 0.660 0.874 | 0.032 0.686 0.986 1.000
max {T,,, T} 0.008 0274 0.726 0.922 | 0.036 0.708 0.988 1.000
T, (no-p(X)-reweighting) | 0.024 0.330 0.748 0.932 | 0.046 0.754 0.990 1.000
T 0.010 0.242 0.634 0.844 | 0.034 0.676 0.986 1.000
max {T,,, T} 0.008 0.28%8 0.740 0.932 | 0.034 0.726 0.990 1.000
T! 0.028 0.328 0.744 0.938 | 0.052 0.726 0.990 1.000
TY 0.008 0.238 0.624 0.836 | 0.034 0.676 0.984 1.000
max {T, T 0.008 0.300 0.740 0.936 | 0.032 0.710 0.990 1.000
T! (no-p(X)-reweighting) | 0.028 0.374 0.770 0.946 | 0.050 0.762 0.992 1.000
max {T, T 0.014 0.368 0.768 0.946 | 0.042 0.758 0.992 1.000

Table 1: Power of Parametric Rank Preservation Tests for the QTE and QTT

n 400 1000
a—1 0 03 06 09 0 03 06 09
T, 0.022 0.108 0484 0.782 ] 0.016 0474 0.970 0.998
T 0.022 0214 0.608 0.850 | 0.020 0.574 0.986 1.000
max {T,,, T"} 0022 0.116 0482 0.782 | 0.014 0476 0.970 0.998
T,, (no-p(X)-reweighting) | 0.020 0.168 0.566 0.836 | 0.026 0.530 0.968 1.000
T 0.012 0.196 0.608 0.842 | 0.006 0.500 0.964 1.000
max {T,,, T"} 0.014 0.168 0.564 0.834 | 0.014 0.530 0.968 1.000
Tt 0.018 0.060 0.358 0.646 | 0.006 0.350 0.904 0.992
TY 0.014 0.150 0.476 0.758 | 0.006 0.408 0.924 0.998
max {T¢, T 0.006 0.064 0.358 0.646 | 0.002 0.348 0.904 0.992
Tt (no-p(X)-reweighting) | 0.046 0412 0.830 0.948 | 0.044 0.812 0.998 1.000
max {T¢, T 0.036 0.394 0.828 0.948 | 0.030 0.804 0.998 1.000

Table 2: Power of Nonparametric Rank Preservation Tests for the QTE and QTT

The simulation results for parametric RP tests are summarized in Table 1. From Table 1, the following
conclusions can be drawn. First, all tests perform satisfactorily well, which matches the prediction of
Theorem 2] and Corollary [} as expected, the size and power when n = 1000 are better than those when
n = 400. Second, when n = 400, the sizes of all tests are smaller than the nominal level, so our tests
are relatively conservative when the sample size is smallm This means that when the tests reject, it is a
strong signal that the rank is not preserved. Third, T}, (T%) performs relatively better than T} (T}), and
the performance of max {T,,, T} (max{T}%,T}) is in-between (closer to the better one), no matter p(X)
is included in reweighting or not. Fourth, no-p(X)-reweighting counterparts perform a little bit better than
the original tests. Fifth, the powers of the tests for the QTE and for the QTT are similar. The simulation
results for nonparametric RP tests are summarized in Table 2. The first, second and fourth conclusions from
Table 1 can still be applied here; actually, even when n = 1000, there is still the under-sized problem. The
third and fifth conclusions can be adjusted as follows. Third, T/, (T') performs relatively better than T;,

30 Conservative size is not nonstandard in the literature, see, e.g., Bierens and Ploberger (1997) for misspecification testing,
Wang and Zivot (1998) for inferences in the weak instruments case, and Abadie (2002) for the stochastic dominance tests.
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(T?), and the performance of max {T},, T/} is closer to the worse one (except the no-p(X)-reweighting tests
for the QTT). Fifth, the powers of the tests for the QTE are better than those for the QTT when p(X)
is included in reweighting but worse when p(X) is excluded. Based on these simulation results, we provide
two general suggestions to practitioners: (i) use no-p(X)-reweighting forms of our tests; (ii) conduct both
T, (Tt) and T! (TY) to check the sensitivity of our tests.

9 Application

We apply our tests to the dataset from the National Supported Work Program (NSW). This dataset was first
analyzed by LaLonde (1986) and later by Heckman and Hotz (1989), Dehejia and Wahba (1999), Imbens
(2003), Smith and Todd (2001, 2005), Firpo (2007) and Abadie and Imbens (2011) among others. We refer
to LaLonde (1986) for detailed descriptions of this dataset. We actually use only subsamples of LaLonde’s
original sample, termed "RET74 subset" and "PSID-1" in Dehejia and Wahba (1999). RE74 subset contains
an experimental sample from a randomized evaluation of the NSW program with 185 individuals treated and
260 untreated. PSID-1 contains the experimental participants in the RE74 subset and a non-experimental
comparison group with 2490 individuals from the PSID. Summary statistics can be found in Table 1 of
Abadie and Imbens (2011). Because the composition of covariates is quite complicated, we apply only the
parametric tests to check rank preservation.

The outcome of interest Y is the earning in 1978 (in thousands of 1982 U.S. dollars). The treatment
status D is an indicator for participating in the job training or not. As to the specification of X, we follow
the suggestion of DH. Specifically, for RE74 subset, X can be two configurations: (i) a constant, age and the
squared age; (ii) a constant, age, age squared, dummies for black, hispanic, married and high school dropout,
and earnings in 1974 and 1975. For PSID-1, X can be three configurations: (1) same as configuration (ii) in
RE74 subset; (2) configuration (ii) plus education, squared education, squared earnings in 1974 and 1975,
and the interaction term between the dummy for black and the dummy for unemployed in 1974; (3) same
as configuration (2) except that the interaction terms are replaced by marital status with earnings in 1974
and marital status with the dummy for unemployed in 1974.

In RET74 subset, because the treatment is randomly assigned, Assumption U is satisfied for any covariates
X. Under random designs, there is no difference between T' and 1%, so we apply only the rank preservation
tests for the QTE to RE74 subsetE Also, we do not need to adjust the difference in the covariates distribution
of the two groups, i.e., p(X;) in i (-) can be replaced by n=* Y7 | D;. 35.4% Y{,’s are zero, so we specify
Yo as [q0(0.4), go(0.9)] which includes 130 Yy;’s; 24.3% Yi;’s are zero, so we specify Vi as [¢1(0.3), ¢1(0.9)]
which includes 112 Y3;’s. Because both Y and Y7 have a point mass at zero, distribution regresssion is a
more suitable method to estimate @ (+]-) and Fy(-|-) than quantile regression. For PSID-1, we apply only
the test for the QTT since the non-experimental comparison group is essentially different from the treated
group. The range of F}(Yp) is [0.358, 1], so we specify V¢ as [¢5(0.4), ¢5(0.9)] which includes 332 Yp,’s, and
specify V¥ = Y;. In bootstrapping the critical values, the repetition number B = 399.

As suggested by the simulations in Section 8] we use the no-p(X)-reweighting normalized tests and check
both T,, (T%) and T}, (T}). The results are summarized in Table 3. For RE74 subset, neither configuration
of X rejects the null, so we report only the results for the second configuration (which is more general)
for simplicity. For PSID-1, the algorithm for specification (3) is not very stable, so we believe the results
from specifications (1) and (2) are more reliable. Since the results for these two specifications are similar,

we report only the results for specification (2) here. Two general conclusions are (i) we cannot reject rank

31Note that D 1 (X,Yp, Y1) does not restrict the relationship between X and (Yo, Y1), so Fy (-|X) need not equal Fy (-) and
our tests still have power.
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preservation for the QTE in RE74 at the 5% level; (ii) we can reject rank preservation for the QTT in PSID-1
at the 5% level. In other words, the QTE in the application of Firpo (2007) has a causal interpretation,
T/

n?

while the QTT does not. More specifically, the p-value for T, is smaller than that for the p-value for
max {1}, T} stays in-between, and all p-values are much larger than 5%. On the other hand, the p-value for
T} is larger than that for T, the p-value for max {1, T} is equal to that for T because T? is much larger

than T, and all p-values are smaller than 5%. These results match those in the simulations of Section

Datasets RE74 PSID-1

Test Stat. | p-value | Test Stat. | p-value
T, (T%) 8.10 0.68 64.76 0.045
T! (TY) 3.28 0.93 23.03 0.030
max {T,,T"} (max {T}, T}) 8.10 0.74 64.76 0.045
T, (7o =10.75,0.9]) 12.48 0.52

Table 3: Parametric Rank Preservation Tests for the QTE in RE74 and for the QTT in PSID-1

RE74: RP test for QTE PSID-1: RP test for QTT
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Figure 5: qa(7),Ga(7), Ya(r) in RE74 and q¢4(7), ¢4 (7), Y} () in PSID-1

The testing results of Table 3 are intuitively illustrated in Figure [5] The upper-left panel of Figure
shows ¢1(7),d1(7) and Y1(7) in T}, and the lower-left panel shows qo(7), Go(7) and Yo (7) in T, where gq(7) is
estimated by a local linear smoother. Similarly, the upper-right panel shows ¢ (), ¢ (r) and Y{(7) in T and
the lower-right panel shows ¢ (7),d5(r) and Y{(7) in T. From Figure |5} g4 and g4 are close in RE74, while
¢} is lower than ¢! and ¢, is higher than ¢ in PSID-1. In RE74, ¢;(7) is lower than ¢;(7) for 7 € [0.75,0.9],
but this part of information is dominated by the similarity of ¢;(7) and ¢1(7) at other values of 7. To check
whether rank preservation can be rejected for this range of 7, we conduct T, with 7y = [0.75,0.9]. The
p-value is indeed smaller than that of T,, with 7y = [0.4,0.9], but is still much larger than 5%. Also, there is
more randomness in Yy(7) than in Ga(T), but all the randomness seems due to finite sample variations rather

than violation of rank preservation. From the right two panels, we can understand why both T} and T} are
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much larger than max {T},, 7).} and why T} is much larger than 7. In summary, such figures can provide
information that is buried in our test statistics, e.g., why the test statistics tend to be large, and which part
of 7 values contributes to the power.

Finally, let’s reemphasize that our testing results should be interpreted cautiously. First, the non-rejection
of rank preservation in RE74 may be due to the low power when the sample size is small as illustrated in the
first simulation of Section |8} Second, our tests are checking whether the rank is preserved across covariate
values, so non-rejection of the null does not exclude the possibility that the rank is unpreserved. However,
our testing results indicate that if the rank were not preserved, the only possibility is that the rank is not
preserved within some covariate values. Third, although the sample size of PSID-1 is so large that the
rejection of rank preservation is quite conclusive, it is still possible that the powers of our tests originate
from the violation of unconfoundedness because Y comes from an observational comparison group rather
than a random design.

10 Conclusion

Rank preservation is important for causal interpretation of quantile treatment effects. In this paper, we
propose unconditional rank preservation tests for the QTE and QTT under unconfoundedness. Our tests
are Hausman-type tests which are based on the observation that if the unconditional rank is preserved then
the conditional rank is preserved but the converse is not true. One key advantage of our tests is that the
powers can be intuitively detected by figures. We propose both the parametric and nonparametric tests.
Since the asymptotic null distributions are nonstandard, we suggest to use the exchangeable bootstrap in
the parametric tests and simulation in the nonparametric tests to obtain critical values. We apply our tests
to a dataset from a job training program.

The testing ideas in this paper are not easy to apply to test rank preservation when unconfoundedness
fails. For example, in the LATE framework, we may want to test whether the unconditional rank is preserved
for the compliers (e.g., to give a causal interpretation for the unconditional quantile treatment effects under
endogeneity in Frolich and Melly (2013a)). However, our tests require the knowledge of the identity of a
subpopulation while the identity of compliers cannot be identiﬁed@ Another interesting problem that is not
solved in this paper is the power-optimal testing procedure of rank preservation; note that the optimality in
Corollary [I] is different from power optimality. Although the simulation studies in Section [§] provide some
information on the relative performance of a few tests in finite samples, power-optimal tests in large samples

remain a challenge.

32Tn the case of one-sided noncompliance (see, e.g., Frolich and Melly, 2013b), we can test rank preservation for the treated
(or equivalently, the treated compliers) because the identity of this subpopulation can be identified. See also Dong and Shen
(2015) and Frandsen and Lefgren (2015) for testing unconditional rank similarity for the compliers and Yu (2016) for testing
conditional rank similarity when unconfoundedness fails.
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Supplementary Material S.1

S.1.1 Proofs

Proof of Theorem [3l
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where f1(-) is the density associated with F1(-). As a result,

Vi (Qn(F(ylz)|z) — ¢, (F (1))
= Vn[Qu(F (ylz)|z) — QL(F, (ylz)|z) + QL(Fy (y|z)|z) — QL(FY (y|z)|z)]
—vn [ay (F(y)) — ¢:(F)(y)) + q*(FO( ) = ai (F2(y))]
do [§°(ylx) — F2(yla)] — 61 [§1(QLF(y|x)|x)|x) — F2(y|x)]
fHQLFY(ylz)|z)|z)
60 [3°(y) — F2(y)] — 61 [ (at(F2(v))) — F2(v)]
fH@(F(y))

Q

by, x),

where ~ means a higher order term is omitted. From the analysis on pages 1133-1135 of Bierens and
Ploberger (1997),

i 2
ndy, ~ Z <bz +eiv )\z) ;
i=1
where the ¢; are iid N(0,1), and b; = [b(v) ¢, (v) du(v). The second part of the result follows from
Corollary 1 of Bierens and Ploberger (1997).

(iii) This result is because from the analysis in (ii),

2

ot ~ | L}ﬁ S (% (W5, ,9) — T (W5,9)) + Vi @u(Folyla)le) — a1 (Folw))) | iy, ) = Opfm).

J=1

Here, ¥, and ¥, may be different from ¥, and ¥,, due to the misspecification in Hy, and n=1/2 Z ( e (Wj,z,y)—
0, (Wi, y)) ~ Z(y, x), where Z(y, x) is a tight mean zero Gaussian process which is equal to Z(y, z) un-
der Hy. [u(-) is a finite measure on Yo X’ which is equal to u(-) under Hy. [ [(Q1(Fo(y|z)|z) — ¢1 (Fo(y)))? diily, z) =
lim, . Ty, > 0. So nT}, is dominated by [ [v/n (Q1(Fo(y|z)|z) — q1 (Foly )))]2 dpi(y, z) which is O(n).



Proof of Theorem We first define £ (F) as the space of real-valued bounded functions on the index
set equipped with the supremum norm ||-[|y« (), and define C(F) as the space of continuous function on F.

(i) From Corollary 5.4 of CFM, the bootstrap is valid for Fy(-|-) in £ ()1 X), and is valid for Fy(:|-) in
£ (VpX). Also, the validity is joint for (ﬁ1(|),ﬁ0(\)) From Lemma E.3 of CFM, the bootstrap
is valid for Fy(-) in £° (V) and Fy(-) in £ ())) as they are Z-estimators. Q1(Fy(-|-)|-) is Hadamard
differentiable at (Fy(+]-), Fo(+|-)) tangentially to C'(JhX) x C(YoX), so by Theorem 3.9.11 of VW, the
bootstrap is valid for Q1 (Fy(-|-)|-). Similarly, since g1 (Fy(-)) is Hadamard differentiable at (Fy(-), Fy(-))
tangentially to C'(;) x C(J), the bootstrap is valid for gy (Fy(+)). Note also that the bootstrap validity
for Q1(Fo(-|-)|-) and q1(Fo(+)) is joint.

To show the bootstrap is valid for T},, we apply a generalized version of Proposition 7.27 of Kosorok
(2008)@ Specify in Proposition 7.27 that

Xolx) = ot [(Q1 (Bwlole) - @ (Bowlo)ie)) - (@ (s w) — @ (Bow))]
Gulya) = iwil(Yi € M)I(X; € X)%1 X, < 2,Y; <),
and then

n*T; :/XTL(va)dG’rL(y7x)~

By a multiplier Glivenko-Cantelli theorem (e.g., Lemma 3.6.16 of VW),
Guly @) 7= uly,x) in £ (D).

By the continuous mapping theorem,
X, (y, ) ~ Z(y, )% in £2° (Vo).

So by Proposition 7.27 of Kosorok (2008),
Wty 5 [ 2.0 duty.a)

as desired. It follows that c (o) = c(a) + 0p(1) under Hy, where ¢(«) is the (1 — a)th quantile of
> Aix3;. This implies that nT;, and nT;, — (¢}, (o) — c(a)) converges to the same limiting distribution

as n — 00, and hence we have that P (nT,, > ¢ (a)) = a + o(1).

(ii) By Corollary 2.1 of Bickel and Ren (2001, p. 97), the bootstrap is valid for (131(|), ﬁo(-\-)>, (ﬁl(), ﬁo()>
and G, () if H{ is contiguous to Hy, and thus the arguments in (i) can still go through to show that
¢ (a) = c¢(a) + 0,(1) under H{. By Theorem (ii), the result follows.

(iii) Under a fixed alternative, X, (y,z) ~ Z(y,z)? in £ (VoX) and G, (y, ) £, w(y,x) in £2° (Y X),

where Z(y,z) and Ji(y, ) are defined in the proof of Theorem (iii). So n* T} ~ [ Z(y, )2dj(y, z),
and thus ¢} (a) = Op(1). As a result, for any ¢ > 0, there exists a constant M such that P(c} (o) >

33Proposition 7.27 of Kosorok (2008) is stated as follows: Let Xp,Grn € D[a,b] be stochastic processes with X, ~ X and
Gn -2 G in Dla, b], where X is bounded with continuous sample paths, G is fixed, and Gy, and G have total variation bounded
by K < co. Then [ X,1(5)dGn(s) ~ [{) X(s)dG(s) in Dla,b].



M) < e+ o(1). Using elementary inequalities, we also have that
P(nT, < ¢y (@) = P(nT, < cp(@), ¢ (a) < M)+P(nT, < ¢, (@), ¢, (a) > M) < P(nT,, < M)+P(c,(a) > M).

From Theorem [3{iii), we know that P(nT, < M) = o(1), and thus P(nT, < c};(e)) < €+ o(1), which

implies the statement of the theorem since € can be chosen arbitrarily small.

=
Proof of Theorem [Gl

(i) From Lemma 1 and 3, we can show that
nh'/?T, = hv/? z L(Y; € Yo, Xi € X) 1K

(")~ Glgtx) ( Oy (VIR/RF)) + 0y(12) = =260 (W) + 0p(n=/2)] + 0,(1)

2
= h/? Ell(Y € Yo, ("hr/z Z 9%:x, (U35, Ugy, (o (vi | x0) | X )j,Uj,Xj))>

2
+ hT/Q Z 1(}/1 €W, X; € X) 1i;&1) (711 ‘ 1\I/;%(W])> +0p(1)
j=

i=1

+ 2072 3 1(Y; € Mo, Xi € X) iR [ Z %, UY,5: UG, (myviixo x0 Ui X ))] [i 2. ‘I’%(WJ)]
i=1 j=1 j=1

=J1+ Ja+ J3+0,(1)

where the o0,(1) in the first equality acccounts for the replacement of p(X;) by p(X;), the 0,(1) in the
second equality accounts also for the O,, (\/W ), O,(h?) and 0,(n~'/2) terms in the first equality,
and g9} and WY are defined in the lemmas. By Assumption H, the O,(h?) term is o,(1). Since the
O, (W) term is 0,(.J;) by Assumption H and the o,(n~/2) term is 0,(Js), so we need only
show that J; = Op(1) and Jo = O,(1). By the proof in Theorem =72 ]y = 0,(1), s0 Jy = 0,(1).
By the Cauchy-Schwarz inequality, h="/2J5 < C\/h="/2J1h="/2J5, so J3 = O (v/J1J2). As will be
shown below, J; = O,(1), while Jo = 0,(1), so J3 = 0,(1). The remaining is to show that J; = O,(1)
and find the asymptotic distribution of J;. It turns out that J; is a third-order degenerate V-statistic.

Note that

n n n

N = e 2 2 Z 1(Yi € Yo Xi € X) T 55599 x, UV, 55 U, (rovaxy i X D9Vx, (U Ud, (v x0 1x00 K1)

i= 13 1=

- nzhr/2 Z#ll(y € Vo, Xi € X) (gf )gY}Xi(U%j’Ué?l(FO(YJXi)lXi)j’Xj))g%Xi(U%ﬁl’Uél(FO(YilXi)\Xi)l’Xl))
i#j

+ e 21 ; 1(Y; € Yo, X; € X) 2 ([))( ix, (UY, UQl(Fg(Y|X x50 K ))? + 0p(1)
=1 j#i

= Ju + Jiz +0p(1),
where the 0,(1) term includes the summands with subscripts j # [ but either j or [ equal to ¢ (which
can be shown to be O, ((nhr/Q)il)) and the summands with subscripts ¢ = j = [ ((which can be
shown to be O, ((nhT)fg/Q))). As long as we can show J; —— N(0,0?), and Jia — By, = 0,(1), the

result follows.



To show Jy; 4, N(0,02), we will apply Lemma B.4 of Fan and Li (1996). Note that

n
3) -
n
= e ”<3) 2, P (VWi Wil

1<i<j<i<n

where

1-D;
1 —p(Xy)

9ix, (U35, U, (moviix o1 x50 X)) 9% x, (U305 U, (ko (v x50t X1))

Py (Wi, W;,Wy) = > 1(Y; € Vo, X; € X)

3!

with ) ., extending over 3! = 6 different permutations of ¢, j, . Define P,,(W;, W;) = E [P,, (W;, W;, W}) [W;, W].
Then

1 1
PTL(Wj’m) = Q/Qy:c(UyﬁUQl(Fo(y\mﬂz)j?X ))gym(Uylv UQl(FO(y\w)W)l’Xl))d:u(y7x) (9)

Hence,

2
E[P}(W;,Wi)] = 4E [(fgm U8 Udy (myolorterss XD (U8 U, ooy X0V (9, ) }

1 2
I ! vs, Ve (s Ye(m(ixlx):
—AE Yo fl(Ql(Fo(y\szu)\x;f)|X_;+)2f(xu)2 1-p(X}) p(X3) 1-p(X}) p(X})
K (u) K (Xl iy u) Froix WIX2) F(XI (XY € X)dydu
2
ff 1 Uy UQl(Fo(y\Xj)lxj)J‘ Uy Uéh(Fo(yIXj)\Xj)’
~ 4f Yo f1(Q1(Fo(ylX;)I1X;)[X;)%fF(X;)? \ 1-p(X)) p(X;) 1-p(X;) p(X;)

K (u) K (X525 4 ) fig i (01X) F(X)1(X; € X)dydu
dFpy|x(Dj,Y;|X;)dFpy|x (D, Y11 X1) f(X;)dX; f(X1)d X

9 2
I 1 v, Yau(ro(uix)lx)
R 4h”ffo Yo f1{Qu(Fo(ylX;)IX)IX;)?F(X;)2 \ 1-p(X;) p(X;) dFpy|x(Dj,Y;|X;)
K(u) K(U + u) fYO‘X(y‘XJ)f(XJ)dyd’LL
f(X;)?dXdv
9 2
" v, Yai(muixyix)s
— (ffyo FlQr R T T (117&-) ) Wx XAy x (D, il X5) | dX;
[ K(v)?dv
Ul 2 ?
AP (T2 1 Uy, Q1 (Fo(yIX;)]X;)i
= 40" [ K(v)dv [ <fyo ARG %, ? © <1p?3<j) O J) X dFYolX(y|Xj)> dX;
=4h"o?2,
where in the second equality X} = X; +uh, and K(v = [ K (u) K (v+ u) du. By tedious calculation,

we can show

P, (Wi,Wj,Wl)ﬂ <0, E [Pn (WZ-,Wj,VVl)Q}/Zlh”ofL —o(n),

nSh
EL(E[Pn(W,- W) P (W, Wi ) | Wi, Wi )2 |40 B[Py (W, W1)*]
o

— 0,



so by Lemma B.4 of Fan and Li (1996),

Ji1 ~ N (0,07),

2
n
3
0% = 22 4p"2713%(3 — 1)%02 = 202.

nSh"

where

To derive the probability limit of Ji2, we need only calculate its mean and check its variance shrinks

to zero. For simplicity, calculate the mean only:

1< 1 - D, )
gz 2 0 Vi € Vo, Xy € X) oy — 0 9 U¥ Vo i o 1x0 X))

i=1 j=1

_ 2
= h/ /E gyz yg»UQl(Fo(y\z)|x)g> i) }du(y, x)

% ! Uy “e(m(uixy)|x;) 2
/ /yE F(Q1 (Folylx x| xm)? fxm2 \ 1= pX}) p(X}) e
Frolx WX F(XHUXY € X)) dydu

0 Ul A\ 2
BT/ 1 ij T (Fo(ylX;)IX5)g K (u)?
/X// Yo f1(Q1( FO(ZJ|X')|X‘)|X')2 f(X;) <1_p(Xj) p(X;) ) )
fyoix (W X;)dydudFpy| x (Dy, Y5 X;) f(X;)dX;

2
— 1 Uy; Ug.(FoulX,)IX,)i
= h*r/2K(0)/ E Y iR ) X | dFyy x (9] X;)dX
x v f1(Q1 (Fo(ylX))IX))] X;) 1-p(X;) p(X;) 7Tl 7

— By

Q

By Lemma 4 and 5, 0? and By, can be consistently estimated by 92 and En, respectively.

(ii) Note that

nh'/2T,

= hr/? 2 1(Y; € Yo, Xi € X) 2
=1

(@1 (Favili) - QU = (@ (Fo30) = ak () + (QU(F(VIX)IX) — (Foevi))]’
= hr/? Z 1(Y; € Vo, X; € X)L

1- p(X)

(X)
2

- +0P(1)a

(W) + (Qu(F(Yil X)) |X0) — a5, (F(Y)))

1
n 2

.
it:

TR ,Z 9ix: (U35 Uy, 5y (v ) 1050 X))

where U;Lid is similarly defined as U;Z- but replacing Fy(y|X;) by F(y|X;), and Wit (W) is similarly
defined as W(W;) but replacing Fy(y|X;), Fa(y) and p(X;) by Fi(y|X;), Fi(y) and p,(X;). nh/?T,
includes three terms: the squares of 930/1 x,» the squares of QL — ¢}, and the cross term. By similar
arguments as in (i), we can show that the first term has the same asymptotic distribution as under the
null, where Assumption LA guarantees that the asymptotic variance and the bias By, are the same as
under the hull. Also, the cross term can be shown to be o0,(1) by checking that its mean converges to



0 and its variance shrinks to 0. So the local power is only determined by

1-D;

1-D; 2
1 —p(X;) .

W2 1Y € Vo, Xi € X)

i=1

[(QuE (Vi X0 X0) = g (FU(YD)))] (10)
By similar calculations as in the proof of Theoremii), we can show converges to [ b(y, z)*du(y, ),
where b(y, z) is defined in Theorem [3{(ii).

(iii) Under Hy, following the analysis in (ii), nh"/?T;, minus the term can be approximated by N (By,, 0?),
where By, and o2 are defined using the distribution under H;, but the fact that B, = O(h’r/z) =
o(nh™/?) and o? is finite remains. Note that the term is O,(nh™/?) under H; so it dominates
nh™/2T, and the result follows.

[

Proof of Theorem [} Note that ® (z) is a continuous function. By Polya’s theorem, it suffices to show
r/2mE 7

P (w < z|.7-'n> . @(z)) =0, (1).

for any fixed value of z € R,

nh'/?T§

1 e 1 — 1-D;
~ o EL=D 1Y €Vp X € X)———

e 2 2 58 21 S XS0

~01 770 77l ~01 770 77l
FIYix ( Yﬂ"Uél(ﬁo(mxi)lxi)j’Xj> gYix; (UYil’Uél(ﬁomlxi)lxi)l’XJ}

1 & . 1 = o ¢ I o
RS s> Gy Y USyt ks
=1 =1

J=11#j 1<j<I<n
— 3 3
= J7+J;3,

where Ufl,jl = 2¢,£&,W;/nh"/?, J¢ is a second-order U-statistic as a function of ¢, and &; conditional on the

-~ * £ * .
original data. To prove the result, we need to show that J2E — b, ~ 0, and g—l ~ N (0,1). We will use

Proposition 3.2 of de Jong (1987) to prove the result. For this purpose, we need to show that

G = S [USh] = o, (D).

i j>i
_ « [rr€2 pre2 €2 €2 €2 62 ] _ -4
G = ZZ Z E [Un,ijUn,il + Un,jiUn,jl + Un,liUn,lj] = 0p (%) J
i g>il>g>i
_ * 178 3 § § 3 3 3 3 3 £ € 3 _ ~4
Gv = Z Z Z Z E |:Un,ijUn,ikUn,ljUn,lk + Un,ijUn,izUn,ijn,kl + Un,ikUn,ilUn,ijn,jl} =0p (vn) :
i >0 k> >0l k> >
where E*[] = E [-|F,,] is the expectation conditional on the original data, and
~2 — E* 3 2 _ 2 = ~2
Un = (']1) = o 2> Wi
=1 15

It is straightforward to show that
* 2\ —1 * —1 * r
Gr=0p ((” h ) )a 11 = 0p(n™"), Gy = Op(h").

Since 92 = O, (1), the result follows immediately.



It remains to show that J2E —En 50, B* {Jg] = Em and Var* (J2§> = 0p(1), which completes the proof.
[
Proof of Corollary We briefly describe the key steps of the proof given that it is similar to the proof
of Theorem [3l

t 1 & t ﬁ(Xi)(l_Di) A (& ~ (1t 2
nT, = ﬁ ; 1(Y; € Vy)1(X; € X)—l — (X)) [\/ﬁ (Ql (FO(Yé|Xi)|Xi> —q (Fo (Yi)>>]
~ Lot S e e U [ 3 (e ) -t (i)
IR TR < P, P(X)(1-D) | 1 < XY - U (WY, 2
~ Eﬁ; L(Y; € Y)UX: € X) = %) %; (V. (W, X3, Y;) — W (W, V7))
2
~ % / % jz::l (\ch (Wjax7y) - \Iltu (Wja y)) dlu’t(ya 513)

~ /Zt(y,x)Qdut(yw),

where the asymptotic expansion of gt (ﬁg(Y;)) is similar as that in the proof of Theorem |3| combined with
Lemma 2. By Mercer’s theorem, the weak limit can be expressed in the form as stated in the corollary.
Under HY, we need to calculate v/n (Qn(F(ylz)|z) — ¢t (F'(y))). For this purpose, we must under-

n

stand F(y). Recall that p,(z) = (1 — §,/v/n)p«(x) + (6,/v/n) p(z), so

R = B2 <] - B[ 2 E )]
[ ) G k) )
w E.[DI 1 (0,//m) B [o(X) — p.(X)]

N N
= r)+ B (600 - 5.00) 1Y) -

BISE .00 (301X) ~ F201)))

= Fly)+n12A%(y),

[F2(ylz) + (80/vn) (8°(ylz) — F2(ylw))] dFx ()

Efp(X) — p«(X)]
E.[D]

E [p*(X)Ff(leﬂ}

_|_

and
Ely) = En [%n(éﬁ 1(v; < y)}
= R+ S B o0 - 0oy i) - HE g coripo] |
R .00 (3 01X) - F01X)))
= Fl'(y) +n ' PAR().
As a result,

18R (@(7)

o (7) =0 (7) i)

10



In summary,

Vi (Qu(Fo(ylo)le) — g, (F,)' ()

= i@y — o2 BRI P oo [$ (k) — F2iyle)
Vi |Qu(E la)le) QR E D) QL E ) [)
_ | At g0t _n—l/zAlt(Qit(Fft(y))) n-1/2 A¥(y)
(‘1* (W) it (Fo(y)) T fit(qit(FSt(y))))]
00 [8°(ylz) = Fi(ylo)] — 01 [§1(Qu(FY (ylo) ) |z) — Fo(ylo)]  Af(y) — Af(ar (' ()
FQLUE () [0)]a) T (g1t (FO(y)))

S.1.2 Lemmas

Lemma 1 /n (ﬁd(y) - Fd(y)> = % > a(Wi,y) + 0p(1), where 0,(1) is uniform in y € Yy.

i=1

Proof. Note that

Vi (Folw) = Fo») = 5 = (58510 < )~ Folw)
- —D; - o~ (_1-D;
- %5 (PB510% <y) - 58510 <)) + & by (F58510% <) - Fow))
n n
_ V(P(X:) —p(X; -D,
= % ; ((175((1)( ))(1p§;( )))) (1—D;) 1(Y; < y)) + % Lzz:l 17p(X1)1(Y2 <y) - FO(ZJ))

where the last equality is because

Vi (P(Xi) = p(Xi) = MXF)X;vn(@ =)

= MX!vo) XIE MNX vo)H(X vo) X X'

Z (XJ'YO)X +0p(1)

Jj=1

%\H

where 7 is between 7 and vy, H(-) = A(-)/{A(-) [1 — A(-)]}, and 0,(1) is uniform in ¢ given that supp(X) is
compact. By Hoeffding’s projection of U-statistic (see, e.g., Arcones and Giné, 1993),

o 2 3 (G (0 DO 10 < 0)B X0 HX30) XX (D = p(X) H (X0
=L éE [% (1= D) 1(Y; < y)ENX'v)H(X o) XX (D; *p(Xj))H(X]/"Vo)Xj’ Wj] + 0p(1)
- TgE [P, (1— D) 1(Y; < y)X!] BN 90 H(X 50) X X] ™ (D = p(X;)) H(X)70) X, + 0p(1)
-3 : B 353 Ry lX) X' BN 30) H(X70) XX] 7 X; 25725 B2 0, (1),

11



where 0,(1) is uniform in y € Y. In summary,

WWps) = el <9 - B
A(X') , A(X')? 17 A& ) D; - p(X;)
E [1—p<;<>F°(y'X)X} P L(X)(l—%(xnm} ) 1%,
Similarly,
v (Wy,y) = D; 1(Y; <y) - Fi(y)
1 'E p(Xj) Jj = 1

_E[MX'%)%'X)X,}E{ A(X") ))XX,}‘IX A(Xj70) D; — p(X;)

p(X) p(X)(1 - p(X (X)) 1-p(X;)

Lemma 2 \/n (ﬁé(y) — Fé(y)) = ﬁ S YL(Wj,y) + 0,(1), where o,(1) is uniform in y € V5.

Jj=1

Proof. Recall that
~ 1 <& (X;) (11— Dy) N
It = = E SV VY < ,
O(y) n P 1— ﬁ(Xz) ( = y) Po

. 1 n N
Fiy) = nZDil(YiSy)/ph

i=1

=
=
@
=
@
=)
I

=)
I

z\
i 3
—

S

. n (PERD) (vicy)  pryED
\/ﬁ( S(y)—Fé(y)) =7 X ( R -

_ s E[D}m’fi),;(ﬁ’ffll(mg ~PoFi (y) E[D]
n =1 poE[D]
Lo E[D}(’“i‘i);;*ji”1<YiSy>—E[D1F5(y> (o~ E[D)) F (v) E[D]
=mX BT
~ S (B(X)(1-D; Fiy) 1 ¢
~ wtovn X (P10 < v) — FIDIF()) - 58 3 (D= BID),

where the last equality is from Slutsky’s theorem. We derive the asymptotic expansion for the first term by
the Z-map technique of CFM. n=1 "7 | %&?‘Jl(ﬁ- < y) as an estimator of E[D]F{(y) is defined by the

moment conditions
(A(X'y) = D) H(X'y)X

AENAD) (v < y) — E[D]F{(y)

E =0.

The derivative of this Z-map with respect to (v, E[D]F{(y)) evaluated at the true value is

=F

El( AX o) H (X 79) X X' 0 )

A(X'v)(1-D)
(e m R G

(A(X’%)H(X’%)XX’ 0 )]

X'
1(,p(’;?))F0(y|X)XI -1

12



so by Lemma E.3 of CFM,

n FoY) . — .
5 2 (B0 < ) - BIDIR W)
= X' -1 X! D;—p(X;
L3 B3 Ry X)X | BINX o) H(X 7o) X X' 7! X, A0 0) BopCX)

(AKX D;
o= > (AEBRG=RIY; <) - BIDIF()) + 0p(1).

In summary,

n ’
= sl an 2 { B [ {50 R X) X' | BINX 30 H(X 70) X X' X; 205000 Biop(X)

+ACEG=1(Y; < y) - EIDIF{(y) — Fily) (D — BID) } + 0,(1)
= 5 2 Uh(W5) + 0,(1).

.
Il
-

F!(y) does not involves the estimation of p(-), so its asymptotic expansion is the same as that in Theorem
6.2 of DH. m

Lemma 3 Under Assumptions K, H, P and Fd, p(z), Fy(y|z) and Q; (ﬁo(y|x)\x) have asymptotic linear
expansions uniformly iny € Y4, x € X,

Bz) = pl@) = (k) Gulg,) (140, (Vinn/nh7) )
Fo(yle) = Fo(yle) = (nh") ™ Gulgh) (1+ 0, (v/Inn/nh")
Bi(yle) — Fi(yle) = (nh") " Gulgh) (1+ 0, (vinn/nh7) ) + 0,(h2),
Q1 (Foylole) = Qi (Fo(ylo)le) = (nh") 2 Gulgh) (1+ 0y (Vinn/nhr)) + 0, (h2),

where )
5z) = (nh") " 32521 DK (X; — )
—1 n
(nh') Zj:lKh(Xj_z)
and
1
(Ui, Xi) = —%~UKp(X; — ),
9 ( ) T () n( )
1
U, X)) = UK, (X; — ),
eV X0 = =y iy )
1
UlX) = ———ULKL(X; — 1),
gya:( Yo ) hr/zp(x)f(x) Y1 h( .’L‘)
0 1
Iyz — 9Q (Fo(y|x)|z)=
o ,Ul X, _ Y Q1(Fo(y 7
9 Ui Uaumiulooin X0 = 350 i) o)
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Proof. We first check p(z). Uniformly in z € X,

_ (") S (D)~ p(X) En(X; ) (k") S, (X)) — ple)) Kn(X, — )

pla) —plw) = (nhr)*lzy L K(X; — ) (nht) S Ka(X; - )
- ;{gnh ZUKh — ) + O,(h?)
_ Wl Z —2) (140, (Vinn/ah?)) + 0,(n%),

where O, (h?) in the second equality is the bias (uniformly in z), and O, (\/ln n/ nh’”) in the third equality

is the uniform approximation rate of f(z) by f(m) (see, e.g., Lemma B.1 of Newey, 1994).
The proof for Fy(y|x) is similar; take Fj(y|z) as an example.

F1<y|x><nhr>‘1z L DKy (X — )
(nhr) ™' S0 DiEL(X; — @)
(nh") " 20 D [1(Y; < y) — Fi(yla)] Kn(X; — )
(nhr)‘lz D Kp(X; — )
<nhf>*lz;;1D»[m<y> Fy (yla)] Kn(X; — x)/(nm)“zmh(Xj—x)
(nhr) ™' Y DKW (X — x)/ (nhr) T 0 Kp (X — )

p(x) 1 ZD (¥ < y) = By X)) Ki(X; — ) (1+ 0, (Vinn/nhr ) ) + Op(h%)

Fi(ylz) - Fi(yle) = Fi(yle) -

nh’” ZUl Kn(X; —x) (l—i—Op (\/lnn/nhr>) + O, (h?),

where the second to last equality is from a similar analysis as in p(x) and the last equality is from the
approximation rate of p(x) by p(z). If we write Uyli as [D;1(Y; <y) —p(X,)Fi(y|X;)] — Fi(y|X;)U;, then
the first term is attributed to the variation in the numerator of Fj(y|z) and the second term is attributed
to the variation in the denominator.

Finally, we analyze the approximation of Q; (ﬁo(ykc)\m)

Q1 (Folole) - @i (Bo(ylo)le) = Qi (Foylole) = @i (Fowla)le) + Q1 (Follo)lz) — Qi (Fo(yla)la)

By Hadamard differentiability of Q1(+|-) at F1 (Q1(:]")|), we have

Q1 (ﬁo(y|x)\ac) - (ﬁo(y|x)|x) ~ _fl (Ql (ﬁotmx)'x)’x) (ﬁl (Q1 (ﬁo(y|x)|x>‘x) - R (Q1 (ﬁo(y|x)|x)‘x))
1
_f1 (Q1 (Fo(ylz)|x)| z)

— (k)2 90, (R i) o)a X 2
= (k)G <f1<Q1<Fo<yx>|x>|m>>(”O”(“ i) + Onlh),

Q

(71 (@1 (Boylo)lo) @) — Fi (@1 (Fo(yle) )] 2))

where the first approximation is from the definition of Hadamard differentiability, the second approximation

is from the uniform consistency of Z?’O(y|x), and the equality is from the approximation of F} (y|z) by ) (y|z).
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Similarly,

0

@ (Roile) -1 (Rouiele) = ()G, <f1 CRETTEE] x>> (140, (Vinn/al)) +0,(0%),

Combining these two results, we finish the proof. m

~2
Lemma 4 v; = n2h7 Zl ge: w2 b LN , where Wj; is defined in the main text.
J j

Proof. We need only to show that v2 =

o Z > w 25 02, where wjp =n~ 1Y a;j is the same as

J=11#j
wj; =n~'>"" | @;; but replacing all hat estimators by their true values, because the difference between 02

and v2 is 0,(1). As usual, we need show that F [vfb] — 02 and Var (v%) — 0. For simplicity, we only check

the former.

E [UZ/Q] = [ /hr = n2hr ZZE @ij1Qk;1)
i=1 k=1
n2hr ZZE QijlQkj

where [ # j # k # i, and the last approximation is because the rest terms contribute only o(1) to E [vi / 2].
Now,

Elagiar] /h" = E[E [a;|W;, Wi] E'lag;|W;, Wi]] /" = E [(Pn(ij Wz)/Q)z} /W — a2,

where the first equality is due to the independence between W; and Wy, given W; and W, P, (W,;, W) is
defined in (9), the convergence is from the proof of Theorem [fi), and 02 = 02/2. m

n

Lemma 5 b, — By, = nhl,/2

~ p ~ . . .
wj; — By, — 0, where w;; is defined in the main text.

Proof. As in the last lemma, we can replace w;; by w;; =n~! Z?Zl a;;j; without affecting the probability
limit of b,,; denote b, = (n hr/2) D Wij = (nghrﬂ)_1 D ie1 2 j—y @ijj- Since the sum of the terms with
i =jis 0p(1), by = b], + 0,(1) with b}, = (n 2hr/2)71 D izt 2z @ijj- We only show E [b),] — B, — 0 since
it can be shown that Var (b)) converges to 0. Note that

E[by] ~ E [ai;;] /0™ = ’fr/z/ [gyz(ij’UQl (Fo(yla) ) X4) ]d“(y’ ) ~ By

from the proof of Theorem [f]i).

Supplementary Material S.2

Because our parametric test statistics are constructed under the parametric specification of propensity score
and conditional cdfs, the power of our tests may come from the model misspecification and the size may not
match the nominal level. We suggest here to combine our parametric tests with the goodness of fit tests to

alleviate the effects of model misspecification.
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Our goodness of fit tests for p(-) and Fy(+|-) are based on Andrews (1997) and Rothe and Wied (2013).
The former takes the Kolmogorov-Smirnov (KS) form and the latter takes the Cramer-von Mises (CM) form.

For simplicity, we describe the KS-type statistic only:

KS, = +/m sup }ffn(xi)—ﬁn(xi) +n sup ‘ﬁ;(m,xi)—ﬁ;(y;,x,-)
X, eX (Yi,Xi)eyIX:Dizl
VR swpHNYL X)) - B X))

(Yi,X:)€YoX:D;=0

where
NI(X; < o), (11)

H,(z) and F,(z) are estimating H(z) = P(D = 1, X < z) without and with the parametric restriction;
similarly, ﬁg(y,x) and ﬁff(y,:c) are estimating H¢(y,z) = P(D = d,Y < y,X < z) without and with
the parametric restriction. If there is no misspecification, H(z) = F(z) and H%(y,z) = F%(y,x), where
F(z) = E[I(X <2)A(X'y)] and Fi(y,z) = E[1(D =d)1(X <2)A(X'B,(y))]. To see why, note that
without misspecification,

Hiy,z) = P(D=d,Y <y,X <)
= E[P(D=d,Ys<ylX)1(X <)
= Ep(X)AX'B4(y)1 (X < z)]
= E[(D=d)UX <2)AMX'By(y))] = F(y, ),

where the third equality uses unconfoundedness and P (Y; < y|X) = A(X'S,(y)). Similarly, we can show
H(xz) = F(z) if without misspecification. In summary, this test is to check whether the joint distributions
of (D, X) and (Yy, X) are correctly specified.

The bootstrap can be used to obtain the critical values of KS,,. Specifically, the following Algorithm G
can be used.

Algorithm G:

Step 1: Draw a bootstrap sample {X*,1 <14 < n} with replacement from the realized values {X;,1 < i <

Step 2: For every 1 < ¢ <n, put D} as a simulation from the Bernoulli distribution with success probability
A(X}'5). For every ¢ with D, = d, put

Y=

3

EyNUr|X7), i BN (U1X7) € Ya,
Yis, otherwise,

where (D;x, Yis) is the (D;,Y;) corresponding to X in the original sample, {U},1 <i < n} is a simu-
lated iid sequence of standard uniformly distributed random variables, and Fy(-|-) is defined in Section

4l

Step 3: Use the bootstrap data {(Y;*, D}, X}),1 <i<n} to compute estimates ﬁ,’; ﬁ,’; I/-jg* and ﬁ;f*
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exactly as in , and compute the corresponding bootstrap realization of the test statistic:

KS, = +/n bup ’H — F(X)|+vn sup ‘Hl* (Y;, X;) — B (Y5, X))
(Y, X:)EV1 X:D; =1
+/m s ’ﬁ’g*(}@,Xi)—Fg*(Yi,Xi) .

(Y3, X)€Y X:D;=0

« B
Step 4: Repeat Step 1-3 B times to get {KSnb}b , which approximate the bootstrap distribution of the

test statistics, and use the (1 — a)th empirical quantile of { b} p—; [0 approximate the asymptotic

critical value.

Since the bootstrap distribution in Step 2 mimics the distribution of (D,Y’) under the null, the bootstrap
procedure above is valid even though the data might be generated from an alternative distribution. If the
original data set is too large, we can use subsampling to approximate the distribution of K.S,.

Eventually, in the parametric RP tests, we construct two test statistics, KS,, and T}, (or KS,, and T).
The size of the joint test is less than the sum of the sizes of the two tests. By choosing the two sizes
appropriately, we emphasize tests of misspecification or rank preservation. For example, when the total size
« = 0.05, the misspecification size axgs = 0.01 and the rank preservation size a7 = 0.04 imply that we focus
on testing rank preservation.

Finally, as mentioned in Section [d] the parametric specification allows functions of X; as covariates, so
we need a benchmark specification of the covariates for the misspecification test. Of course, we hope the
model is correctly specified so we can concentrate on the rank preservation test. Suppose the candidate
covariates are a subset of series sequence; then we need only select the number of series terms, K. As
in Firpo (2007), we suggest to use Hall (1987)’s likelihood cross-validation to choose K in estimating p(-)
and use least squares cross validation of the conditional mean estimation to choose K in estimating Fy(-|-).

Specifically, in estimating p(-), the benchmark K is chosen as the minimizer of

n

OV(K) = 37 [Dilog %, (X0) + (1~ Di)log(1 — 75,(X,))]
i=1

where p%,(X;) is the SLE of p(X;) based on K series terms and with the ith data point deletedﬂ in

estimating Fy(y|z), the benchmark K is chosen as the minimizer of

CVy(K) = > (Yi—mf (X))

’i:Di:d

where ) _;(X;) is the linear series estimator of E[Y|X, D = d] based on K series terms and with the ith
data point among D = d deleted.

If dim(X) is too large or the distribution of X is too complicated (e.g., many discrete covariates in X
such that each cell contains few observations), we can test whether the marginal distribution of (D, Yy, Y7)
predicted by the specification matches that calculated directly from the data. In this case, the test statistic
is modified as

sup | HL(Y) - FLOG)| + v sw [ HS(YV) - B
YieV1:Di=1 Y;:€YVo:D;=0

34The K based on C'V(K) can also be used in the semiparametric estimation of p(-) in Section
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where .
Hy(z) =n 'Y Dy By =01 Y A(X1A),
=1

Hil(y) =n~" 30, 1(D; = d) 1(Y; <),
El(y.2) = n~' L, 1(D: = d) AX[Ba(y)).

The bootstrap procedure is adjusted correspondingly.
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