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Abstract

Precise measurement of the forcing variable in regression discontinuity designs is critical to precise
evaluation of treatment effects. Such evaluation can be sensitive to measurement errors, which are preva-
lent in many applications of regression discontinuity designs. The present paper studies identification
of treatment effects using local polynomial estimation in the presence of measurement error. The main
findings are as follows. In sharp designs, when the measurement error is fixed, the treatment effect can
be identified in some special cases if the treatment is based on the contaminated forcing variable, but
cannot be identified if the treatment is based on the error free forcing variable. If the measurement error
is local to zero, the treatment effect can be identified with a small extra bias and without efficiency loss
if the treatment is based on the contaminated forcing variable; the treatment effect can be identified
with efficiency loss and a large bias if the treatment is based on the error free forcing variable and the
treatment status can be observed; the treatment effect cannot be identified if the treatment is based
on the error free forcing variable and the treatment status cannot be observed unless the measurement
error is extremely small. The results are extended to fuzzy designs. Monte Carlo results confirm the

theoretical analysis.
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1 Introduction

Regression discontinuity designs (RDDs) are quasi-experimental designs where treatment is determined by
whether an observed forcing (running or assignment or selection) variable crosses a known threshold. As
shown in Hahn et al. (2001), in the left and right neighborhoods of the threshold, the treatment is assigned as
if in a randomized experimental design. So the individuals marginally below the threshold represent a valid
counterfactual for the treated group just above the threshold. Given that a genuinely randomized design
is rare in social science, RDDs have received much attention since their introduction by Thistlethwaite and
Campbell (1960). See Cook (2008) for a history of RDDs in three academic disciplines; see Imbens and
Lemieux (2008), van der Klaauw (2008) and Lee and Lemieux (2010) for excellent reviews on up-to-date
theoretical developments and applications.

As emphasized by Lee and Lemieux (2010), the key element in RDDs is that treatment is determined
solely by the forcing variable. In consequence, precise measurement of the forcing variable is critical to all
empirical applications of RDD methodology. As stated in their Section 7.1,

"even if there is perfect compliance of the discontinuous rule, it may be that the researcher
does not directly observe the assignment variable, but instead possesses a slightly noisy measure
of the variable. Understanding the effects of this kind of measurement error could further expand
the applicability of RDDs".

A prototypical example of RDDs with measurement error is the pretest-posttest design in compensatory
educational programs considered in Goldberger (2008); see also Matsudaira (2008). In that example, pupils
are selected to take a compensatory program based on whether the forcing variable crosses the threshold.
So the treatment is the program, and the outcome is the posttest result. The forcing variable can take
two forms. In the first form, it is the pretest result. So the forcing variable can be observed by both the
program designer and the econometrician. In the second form, it is true ability, so the pretest result is only
a contaminated measure of the forcing variable, and can be precisely observed only by the program designer;
the econometrician can only observe a noisy measure. In either case, we are interested in the treatment
effect on pupils with true ability just above the threshold relative to those whose ability is just below the
threshold. So the usual estimates must contain some bias for the true treatment effect since some information
is unavailable to the econometrician. Even in the classical application of RDDs in U.S. house elections by
Lee (2008), there can be measurement error. In that example the forcing variable is the democratic vote
share margin of victory, the treatment is to be the incumbent party, and the outcome is the next election
result. The closer the two parties’ contesting powers, the more likely there will be a measurement error on
the true ballot counting process — consider, for instance, the presidential election between Kennedy/Nixon
or Bush/Gore. But as argued in Lee (2008), the data in such elections are critical to evaluate some kind of
average treatment effect, and of course are critical in evaluating the true treatment effect - the treatment
effect based on the true ballot counting process. More examples can be found in Pei (2011) where he
emphasizes that measurement errors may most likely arise when the forcing variable is based on survey data;
see Bound et al. (2001) for a summary on measurement error in survery data.

There are some preliminary results on the estimation of treatment effects in this environment. To facilitate
exposition, we define some notations. Following Trochim (1984), when there is no measurement error, we

classify RDDs into sharp designs and fuzzy designs. In both designs, the outcome equation is
y=mq(z") + az (") D +e=m(z") +e,

where the forcing variable x* is some basic determinant of the outcome, D is the treatment status, € = g4



when D = d, and E[gq4|z*] = 0, for d = 0,1. The treatment effect is «, (z*) + &1 — g9. The difference
between the sharp design and the fuzzy design is whether D is a deterministic function of z* or not. If D =
df =1 (z* > m), then we get a sharp design; if D = p,(z*) + 5, (x*)dE + n, where E[n|z*] = 0, pr(z*) # 0
and 8. (m) # 0, then we have a fuzzy design. In both cases, we are interested in the average treatment effect
at * = m, that is, o, (7). If * is contaminated, we observe only = z* + u instead of z*, where u is
a classical measurement error independent of all other random variablesﬂ When there is a measurement
error in z*, the design is termed the nonequivalent group design (NEGD) in Cook and Campbell (1979). For
future reference, we use the following classification. "Case 1" refers to the sharp design where the forcing
variable is = (that is, D = d, = 1(x > 7)), "Case 2" is the sharp design where the forcing variable is z*
with the treatment status d observed, "Case 3" is the sharp design where the forcing variable is * with
d% unobserved, "Case 4" is the fuzzy design where the forcing variable is x, "Case 5" is the fuzzy design
where the forcing variable is z*, and the "Oracle Case" is the design without measurement error. A closely
related concern with Case 1 in the literature is the so-called heaping problem in z*; see, e.g., Almond et al.
(2010), Almond et al. (2011), Barreca et al. (2011a) and Barreca et al. (2011b). In a heaping problem, z* is
recorded in multiples of some basic unit. Our analysis provides a benchmark for understanding estimation
bias in random heapingﬂ Examples of Case 2 include de la Mata (2011), Hullegie and Klein (2010), Koch
(2010) and Schanzenbach (2009). The first form of the example in Goldberger (2008) and Lee (2008) both
belong to Case 1, and the second form of Golberger (2008) falls in Case 2. Case 3 is logically possible but
rarely happens in practice. We study it only because it is the building block of Case 5.

When there is a measurement error in z*, all the existing literature considers the sharp design with m(+)
and «; (+) being linear and the distributions of z*, ¢ and u being known (especially as Gaussian). The main
results in these special cases are summarized as follows. First, in Case 1, if a; (+) is a constant, then the least
squares estimator (LSE) of «,(m) obtained by regressing y on x and d, is unbiased although the intercept
and slope in m,(-) are biased. In other words, the bias introduced by measurement error is completely
absorbed in m,(-) and the unbiasedness of «,(7) remains as long as the treatment assignment is perfectly
controlled; see Cappelleri et al. (1991) and Goldberger (2008). Second, in Case 1, if the slope of a (+) is not
zero, then the LSE of a,(7) is biased but converges to the treatment effect at another point on the support
of z*; see Trochim et al. (1991). Third, in Case 2, the LSE of a,(7) by regressing y on = and d} is biased;
see Goldberger (2008). A rough picture of these results is that Case 1 is easier to identify than Case 2. For
the effect of measurement error in the average treatment effect framework, see Cochran and Rubin (1973),
Rubin (1977) and Battistin and Chesher (2009).

A nonparametric framework rather than parametric framework is now commonly used in RDD analysis.
Correspondingly, the local polynomial estimator (LPE) rather than the LSE is used in the estimation of . (7).
In the nonparametric framework, we extend the results in the above literature in three aspects. First, for a
fixed measurement error distribution, we re-analyze the identifiability of o, (7) in the nonparametric model.
Specifically, in Case 1, a,(m) can be identified only in some special cases, e.g., when a, (-) is constant, or
a (+) is linear and the conditional distribution of u given & = 7 is symmetric; in Cases 2 and 3, a, ()
cannot be identified without further information. Second, by formulating a local measurement error that
shrinks to zero with the sample size, we are able to sharpen the results in the first point. Specifically, in
Case 1, a;(m) can be identified, and compared to the Oracle Case, the LPE has a small extra bias but the

same variance. In Case 2, o, (m) can be identified, and compared with the Oracle Case, the LPE has a larger

1Such a measurement error is called a non-differential measurement error, see Carroll et al. (2006). There may also be a
measurement error in y, but it should be absorbed in e.

2The emphasis of the debate in the papers mentioned above lies in the sorting problem in heaping, that is, the nonrandom
heaping. Without further clarification of the heaping mechanism, it is impossible to identify treatment effects in a nonrandom
heaping.



bias and also a larger variance unless the measurement error is extremely small. In Case 3, a,(7) cannot
be identified unless the measurement error is extremely small. Third, we extend the analysis to the fuzzy
design. Specifically, () is easier to identify in Case 4 than in Case 5.

In passing, we mention that the usual measurement error literature assumes the distribution of u to be
known from some validation data set, so a deconvolution estimator such as that in Fan and Truong (1993)
can be used to recover the original conditional mean. Such a setup is not applicable to RDDs since data
collection is usually conducted only once and no validation data set is available. In Case 2, Pei (2012)
provides some interesting identification results by exploring the convolution relationship of f, p with fi.p
and f,, but one of the key assumptions in this approach is that the supports of * and u are discrete and
bounded, which may restrict its applicabilityﬂ

The rest of the paper is organized as follows. In Section 2, we define the LPE with and without mea-
surement error. When the measurement error is fixed, Section 3 and 4 analyze the identification of a..(7) by
the LPE when z is the forcing variable and when z* is the forcing variable, respectively. Section 5 extends
the analysis to the shrinking measurement error case. Section 6 turns to the analysis of the fuzzy design.
Section 7 includes some simulation results and section 8 concludes. A word on notation: for a generic ran-
dom variable y and a generic random vector x, fy,(-,-) is their joint density, and fy,(-]-) (Fy2(:|-)) is the
conditional pdf (cdf) of y given x; for a generic random variable x, f,(-) (F;(+)) is the pdf (cdf) of x.

2 Existing Solutions in the Measurement Error Literature

Most solutions to the mismeasurement problem for the linear specification in econometrics depend on the
use of instrumental variables. Another solution to the measurement error problem is to find an independent
measure of the reliability of the variable, usually from a resampling approach. This solution can be given an
instrumental variables interpretation. Cov(z,z*) # 0 and Cov(z,u) = Cov(z,e4) = 0.

Reverse regression in Case 3.

Different from the literature, d;(m) is dummy, and is correlated with the measurement error in other
regressors. The setup here is more or less close to that of Mahajan (2006) and Lewbel (2007), but in their
case, other covariates are not mismeasured.

In Case 2, consider another estimator

where () is similarly defined as i, (7) but replacing d; (7) by df (7), and in m _(«), 1 — d; (x) is
replaced by (1 — d} (7)). In other words, we use treated individuals in both neighborhoods of 7 to estimate
m? (m), and controlled individuals in both neighborhoods of 7 to estimate m* ().

Consider two identification schemes. First, when there are not further auxiliary information, we provide
a partial identification result under the monotonicy assumption of Hausman, Abreveya, and Scott-Morton
(1998). Second, when auxiliary information available, we provide point identification of the treatment effect
and derive the asymptotic distribution of our estimator.

Hausman, Newey, Ichimura and Powell (1991, 1995) consider the polynomial setup. Ours is local poly-

nomial, also there is a bianry regressor.

3Pei also discusses identifiability when z* and w are continuously distributed with uw ~ N (0, 02). But this parametric
assumption on the distribution of u is restrictive and may be questionable in practical work. For example, in Goldberger
(2008)’s example, u must have a bounded support.



3 Local Polynomial Estimators

Suppose first that there is no measurement error in z*. Since Porter (2003), the benchmark estimator of
o (m) is the LPE. In the sharp design, it is defined as

a”(m) = m}y (r) —m= (), (1)

where m7 (m) is the LPE of m} () = Ely|z* = 7n+] and is determined by the minimizer @ in

mlﬂb nzkh CE — T d*( )[ _a—bl(l'f—W)_..._bp(x:_ﬂ)pf’ (2)

a,by,-

where p is a nonnegative integer, d; (1) = 1(z} > 7), kn (-) = £k (5), k() is a kernel function, and h is the
bandwidth. m* (7) is the LPE of m* (r) = Ely|z* = m—| and is similarly defined as m? (m) but substituting
dy (m) in by 1 —df (7). The most popular choice of p is 1, and the resulting LPE is called the local linear
smoother (LLS) which is popularized by Fan (1992, 1993). Under some regularity conditions, Porter (2003)
shows that

2 2
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where ar (1) = mi(r) — m*(x), B = hp+1a(1)+1§,7r)e’1f‘+ [y 1 0ps1(1 4 0p(1)) is a bias term, e =

(1,0,--- ’O)Ep+1)><1, o%(z*) = E [¢3]z*], d = 0,1, and
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with ’yJ = fo u)u! du, oJ fo k?(u)u’du, and r < q being nonnegative integers. In the fuzzy design,

the LPE of a (7 ) is deﬁned as ) — ( )
o mi (m) —m*
ay (m) = m (m) — p~

where p? () is the LPE of p* (7) = E[D|z* = m+] and is similarly defined as in with D; replacing

Yi. p*(m) is similarly defined as p* (7) but using D; in the left neighborhood of 7. Under some regularity

conditions, a} (m) is consistent and has an asymptotically normal distribution.

When there is a measurement error u in x*, only x = z* 4w is observed. As mentioned in the introduction,
there are two ways to assign treatment, based on either z or z*. In the sharp design, if the forcing variable

is ¢, then D = d, =1 (x > m) is always observed. The LPE of «, () is

where m. (7) is the LPE of m () = Ely|x = 7+], and is defined as the minimizer @ in

min %zkh(:ci—ﬂ)di(w)[y—a—h( ) e — by (s — )] (5)

abr,e by

where d; (7) = 1 (z; > 7), and all other functions and variables are defined in (2)). m_ () is similarly defined
as my () but replacing d; (w) with 1 — d; (). If the forcing variable is z*, we consider two cases. In Case



2, the treatment status df (7) can be observed. In this case, it is natural to estimate a (7) by

a(m) = my () —m-(m),
where m (7) is similarly defined as m (7) but replacing d; (w) by d; (7) d} (), and in m_(7), 1 — d; (7) is
replaced by (1 —d; (7)) (1 — df (7)). In other words, we use treated individuals in the right neighborhood of
7 to estimate m? (), and controlled individuals in the left neighborhood of 7 to estimate m* (). In Case
3, df () cannot be observed, then we have to estimate a, (7) by a(n).

In the fuzzy design, we assume the treatment status can be observed, otherwise the causal effect cannot

be identified even if z* is not contaminated. If the forcing variable is x, assume D = p,(x) + 5, (z)d. + 7,
where En|z] =0, pr(z) # 0 and 8. (7) # 0. Now, the LPE of a, (n) is

( (6)
where p4(m) (p—(w)) is an estimator of p4(w) = E[D|z = 7+] (p—(7) = E[D|z = 7—]) and is similarly
defined as in but replacing y; by D; (1 — D;). When z* is the forcing variable, as in the case without
measurement error, D = pr(z*) + B, (z*)d: +n. We still use a () to estimate o (7).

The goal of this paper is to check whether the LPE can identify «, (7) in different cases. For future
reference, we define some basic density or conditional density functions and state some properties of them.
Suppose the joint density of (z*,e4) is f2 (2, ¢€), then the joint density of (x,eq,u) is fg*g(m —u, ) fu(u),
and the joint density of (z,g4) is ffg T s)fu( Ydu, d = 0,1. Also, the joint density of (z,u) is
fa+(x — ) fu(u) and the marginal density of x is fu(z) = [ for (@ — u) fu(u)du. Note that

J fire @ —u.e) e, ] [eftalo s) defl)d

/E[sd\x* =z — f]J; ( )f:((s)) du = /E[sd\x* =2 — u] fyo(u|z)du = 0,

where the second equality is from Fubini’s theorem, and the last equality is from the assumption that
Elegqlz*] = 0.
In the measurement error literature, it usually assumes that Eleq|z, 2*] = Eleq|z*] = 0 (rveferred as the

Eleqlz] = €

assumption of nondifferential measurement error by Mahajan (2006)), which implies Fleqlz] = 0. This
assumption excludes the placebo effect and implies that the measurement error is not driven by the unob-
served benefit. Bound, Brown, and Mathiowetz (2000) provide instances when such an assumption is likely

or unlikely to hold; see page 540 of Lewbel (2007) for futher discussions.

ST T fule — 2 da fo (%) d

Pr+h>z>mz" <m) =

4 The Forcing Variable is x

If the treatment is based on z, y = m,(2*)+a, (¢*) dz+e. In the LPE a(7), M () and m_ (7) are estimating
m4 () and m_ (), respectively. The question is what m4 (7) — m_(x) is identifying. As discussed at the
end of section 2, E'[e]z] = 0, so we need only concentrate on E[m,(x*)|z] and Ela, (x*) |x].

Note that

E[m(z")|z] = E[mz(z — u)|z] = /mﬁ(x — ) fulz (u|z)du = My (z)



is continuous if both m(-) and f,,(u|-) are continuous. So if we define

e(2) = Elas(a")a] = [ (o = w)fup(ule)du, ™
then
my(7) = m_()

= Emg(z")|z = 7+] — Elmz(z*)|z = 7—] 4+ E [az (z7) |z = 7+]

= /aﬁ(w — ) fylz (u|T)du = @ ()

o a(7m—u fac|u(7r|u) w)du — a(m—u fw\u(ﬂ|u)

- [ onlr = s B ot~ S
where the second equality is from the continuity of ar(-) and fy,(ul-). So my(7m) —m_(m) is a weighted

average treatment effect with weight f“'JL“ E:‘)u) which is directly proportional to the likelihood that the realiza-

tion of x corresponding to u will be close to the threshold 7. If we interpret u as the unobserved component
of the outcome in Lee (2008), then from his Proposition 3, a (7 — u) plays the role of y(r+,u) — y(7—, u),
where y (z,u) defines the relationship between y and (x,u).

We are interested in the cases where @, (7) = o (7). Suppose o (z*) is smooth enough, then a (7 —
u) & ax(r) — o (m)u + 2o (m)u* to the second-order polynomial. If both o/ (7) and o (w) are zero,
and a,(m —u) = ap(r), then @, (r) = o, (7); that is, in the common treatment effect case, o, (7) can be
identified. Cappelleri et al. (1991) and Goldberger (2008) show this result in a very special case as mentioned
in the introduction. Here, we show this result in the general setup where m,(x*) is not necessarily linear and
the distributions of 2* and u are not necessarily normal. If o/ (7) # 0, o/} (7) = 0, and f,|,(u|7) is symmetric
about zero, then @, (m) is also equal to a; (7). In these two cases, although E[y|z] may be different from
m(x), the jump size at m remains. If o/(7) # 0, because E[u?|x = 7] > 0, it is hard to imagine when @, ()

will equal o, (7). The following two examples provides more intuition on the identification of a. (7).

Example 1: Suppose o, (z*) = ag + a12*, then
Qr(x) = / (o + a1z — u)) fuz(ulz)du = g + a1 — g Elulz],

where —ay Ffu|z] is an extra term introduced by measurement error, which is equal to zero iff oy = 0

or Efu|lz] = 0. If E[u|z] takes a linear form such as in the case where both u and z* are normally dis-
tributed, then E[ulz] is the linear projection of w on z, and Eul|z] = — (1 — p) Elz] + (1 — p) x, where
Var(z™)

P = Var )t vVart) is the reliability coefficient. In consequence,

ar(z) = ag+ a1 (1 —p) Elz] + parx = oy + aq x,

where E[z] = E[z*] when Efu] = 0. The estimate of the interaction effect oy is biased by a factor pﬁ

Similarly, if m,(z*) = By + 2%, and E[ulz] is linear in z,

Ww(ﬁ«”) = B0+ 54 (1 - P) E[x} +pBiz = Bo + B1$~

4The term "interaction effect" is used in the literature, e.g., Trochim et al. (1991), to refer the fact that the treatment effect
is a function of z* rather than a constant.




As in the usual analysis of measurement error, the attenuation effect appears: ’51‘ < |B1]- In summary,

Elylz] = Bo + g1$ + (ao + a1z) dr
(50 +51z> Lz <)+ [(EO + a0> + (Bl + al) :c] 1(z > 7).

If we regress y on z, d, and zd,, we can recover f3,, B, &g, and ;. If p were known, then o and oy can

be recovered from the spurious regression in an obvious way:

o . - _1-
o = ?17a0:040—041(1—p)E[x] =qp — 0y

2 Bl

In the general case, m,(-) need not be linear, so the usual linear regression of y on « and d, can introduce
bias to a, (m) even if a, (+) is constant. Trochim et al. (1991) noticed the harm of misspecification of
my(+), but did not dig further. Because nonparametric techniques are usually used in the RD analysis, the
misspecification problem in m,(-) can be successfully conquered.

The left two panels of Figure [I| show Ely|z] and Ely|z*] when oy = 0 and oy # 0, respectively. In both
panels, z* and u are normally distributed. z* ~ N (2,1) and u ~ N (O, %), so the reliability coefficient
p = 0.7. In the common treatment effect case, ag = 5, = 1, and a3 = B, = 0; in the variable treatment
effect case, ap = By = 0, and ay = 5; = 1. In both cases, 7 = 1, and «, (7r) = 1. In the upper-left panel,
although E[y|z] gets flatter than Ely|x*], the jump sizes at 7 are the same. In the lower-left panel, the jump
sizes at m may not be the same, but the jump size of E[y|x] at 7, @, (7), is equal to a,(-) evaluated at a
different point 7. It is easy to show that @, (7) = a,(7) with T = E[z] — p(E[x] — ), which is equivalent to
the formula (4) in Trochim et al. (1991). This means that the estimated treatment effect at 7 is the true
treatment effect at

7 = Elz] — p(E[x] — 7).

Figure [2[ shows why T # 7. When p = 1, that is, there is no measurement error, E[x] — p(E[z] — 7) = w. Of
course, when p = 1, u = 0 almost surely, and @ (z) = [ ar(z — u) fu,(u|z)du = o (z) even in the general

case; see more analysis in Section 5.1 below. Also, when # = E[z], Eulz = 7] =0,so7==. O

Example 1 shows that when there is a measurement error in z* (p < 1) and «, (z*) is linear and
nonconstant, @, () is not equal to o, (7) if E[u|z] is linear unless 7 = E[z]. If Elu|z] is nonlinear, the

situation is more complicated.

Example 2: Suppose o, (z*) = ap + a12* and z* ~ U[0, 3]. The two upper panels of Figure [3| shows the
support of (z,u) and Flu|x] when u ~ U[—1,1]. Since @,(x) = g+ ayx — a1 Elu|x], it is straightforward to
see that @, (m) = a, (m) when 7 € [1,2] even if a; # 0. The two lower panels of Figure |3|shows the support
of (z,u) and E[u|z] when u ~ N(0,1). In this case, only if 7 = 1.5 = E[z], @ (7) = o, (7) when a3 # 0.
All relevant calculations are included in the supplementary materials. [J

The theorem below rigorously states the asymptotic distribution of the LPE a(r). First, we specify some

regularity conditions.

Assumption K: k() is a symmetric, bounded, Lipschitz function, zero outside a bounded set [—M, M],
and [ k(u)du = 1.

5Cappelleri et al. (1991) provide similar formulas for 8, and 87, but the corrected intercept estimator in their equation (5)
is wrong because §; is lost. Since $; =1 in their simulations, 3 is not affected and their simulation results are still valid.



z is the Forcing Variable: Common Treatment Effects z* is the Forcing Variable: Common Treatment Effects
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Figure 3: Support of (z,u) and E[u|x] when u ~ U[-1,1] or u ~ N(0,1): «* ~ UJ0, 3]

We assume k(-) to have a compact support to simplify the proof. In the discussion below, we let M = 1

without loss of generality.

Assumption F: f,. (z*) and f,(u) are continuous and uniformly bounded on their supports X* and U,

respectively, and f,(7) is bounded away from 0.

Since fy(z) = [ for(x — u)fu(u)du, Assumption F implies that f,(z) is continuous and uniformly bounded

on its support.

Assumption M: m,(z*) and a,(z*) are continuous and uniformly bounded on X*. a, (7) # 0.
Assumption EY: For d =0,1,

(a) Eleqlz*] =0.

(b) o%(z*) = E [¢3|z*] is continuous and uniformly bounded on X*.

(c) For some ¢ >0, E {\€d|2+<’ x*} is uniformly bounded on A™*.

Assumption B: i — 0 and nh — oc.

All these assumptions are quite standard. The boundedness assumptions in EY, F and M are extended to
the whole support of z* instead of a neighborhood of 7 as in Porter (2003). This is obviously because the

measurement error contaminates the distribution of x*.

Theorem 1 Under Assumptions B, EY, F, K and M, in Case 1,

E[ellr = 7] + E [e}|z = 7]
fa ()

Vnh (6(n) — @y (1) — Bip) —= N (0, e’lF;lQ+FI_161> ,



where @ () is defined in (1), Bin = 0p(1) is defined in (16), and Ty and Q. are defined in (4)).

A straightforward corollary of Theorem 1 is that a(n) is a consistent estimator of @, (7) which may not
be equal to a(7) except in some special cases. The asymptotic variance is similar as in the no-measurement-

error case , but in each term involving z*, z* is replaced by =x.

5 The Forcing Variable is z*

In Case 2, we use a(m) to estimate ay (7). &(r) is estimating E[y|d: = 1,2 = n+] — E[y|d: = 0,z = n—], so
we need only check whether it is equal to o, (7) or not. In Case 3, we use a(r) to estimate a,(7), where we
check whether my (7) — m_(7) is equal to «a, (7) or not. Note that if the forcing variable is z*, m(z*) can
always be written as mk (z*) + ar(7)d:, where m%(z*) is a continuous function defined as m(z*) — a, (7) d%.
It is easy to see that mX(z*) = m(z*) when z* < 7, and mi(z*) = mr(z*) + ar(z*) — ax(7) when z* > 7.

In the supplementary materials, we show that

Elyld; = 1,2] — Ely|d} = 0, 2]
= aq (m) + [ H(@)|dy = 1,2] — E[m;(2")|d; =0, 1]
_ M (@) far o (@ [@)da” [T 0 (57) far a2 o) da” (8)
= ay (7) + T—F,x |, (n[2) - Foxpz (m]z)
= a, (1) +m) () —m; (z) = a, (1) + Am, ().

where the first equality is from Ele|d: = 1,z] = Ele|d: = 0,z] = 0. So we must have A, (7) = 0 to identify
a; (). Note that

Sl mi(r = ) fore (m = ulm) du [ mi(w = u) for o (7 — ulm) du

f_ Jar |z (M — u|m) du fo Jar |z (7 — ulm) du

A, () =

is the difference between the conditional mean of mi(z*) given z = m with v < 0 and u > 0, so AT, (7) is

generally not zero unless m%(-) is constant. In Case 3,

Elylz) = E[m(z")|z] = E[mi(z*)|z] + ax () p(x) (9)
E[m(z")|d; = 0,2] P(d; = 0|z) + E [m(z™)|d; = 1,z,] P(d. = 1|z)
= Elm(z")|d; = 0,2] (1 —p(z)) + E [m(z")|d; = 1,z]p(z)

which is an average of E [m(z*)|d: = 0,z] and E [m(z*)|d: = 1, ], where
p(z) = Eldz|z] = P(z —u > wlz) = Fyp (z — )

is the propensity score. Because E [m?(xz*)|z] and p(x) are both continuous, F[y|z] is continuous. Therefore,
my () —m_ () is always 0 and cannot identify c., (7). Another observation is that this is a fuzzy design in
metmm ) — o (m), where pi () = Eld; = 1|z = 7],
But both the numerator and denominator are zero since E[y|z] and p(z) are both continuous, so %

cannot equal a;; (7). The following example, which uses a similar setup as in Example 1, illustrates the above

terms of Trochim (1984), so we can check whether

points intuitively.

Example 3: Suppose 7* ~ N(p,0?), and u ~ N (0, 17Tp02), then the reliability coefficient is p. Suppose

10



further that o, (z*) = ag + ayz*, and m,(z*) = B, + f12*, then a, (1) = ap + ay7 and
my(z*) = (Bo + %) 1(z* < 7) + (By + Brz*) 1 (a* > 7),

where 3, = ,—aqm, and 8; = a1+ ;. In the supplementary materials, we extend the analysis in Appendix
C of Goldberger (2008) to show that

b
Bo + By [a(m) SN (”‘b‘mﬂ ,

where a(z) = pz+ (1 —p)p, b = /1T —po, and A\(z) = i(é)) is the inverse Mill’s ratio with ¢(-) and ®(+)

being the pdf and cdf of the standard normal distribution, respectively. So

ey = [3003 (2)] e (2) -2 (-2)]

where A = (1 — p) (p— 7). When A # 0 (that is, p < 1 and 7 # p), AT, (7) # 0 unless @; =0 and 8, =0
which corresponds to a constant m*(-). But a constant mZ(-) rarely happens in practice; see, e.g., Figure
2-5 of Lee (2008) to check this fact. Furthermore,

i) = B+ B ate) o (15T,

3
Bl
S
SN~—

|

Elyla] = 8+ Braf)] + an (ale) = m) @ (45 ) et (D5 )+ ar (m)afa).
where p(x) = @ (%) The right two panels of Figure |l| show E[y|z*], Ely|z], Ely|di: = 1,x], E[y|d: =
0,z] and p(x) for the common and variable treatment effect case, respectively, where all relevant parameter
values are the same as in Example 1. It is obvious that neither Ely|di = 1,z = n+] — E[y|d: = 0,2 = 7—]
nor Ely|lzr = n+] — Efylz = m—] can identify «; (w) even in the common treatment effect case. In this
parametric model, nonlinear least squares or maximum likelihood can be used to identify «, (7), but they

are generally inapplicable in nonparametric settings. [

The following theorem rigorously states the probability limit of a(r) and a(7).
Theorem 2 Under Assumptions B, EY, F, K and M, in Case 2,

a(m) L an (7) + Ay (7),

and in Case 3,

a(m) =0,

where AT (+) is defined in (8.

Comparing with Theorem 1, the bias of &() is also affected by m, () besides o, (-), while the bias of
a(m) in Case 1 is only affected by ar (-).
5.1 Unidentifiability of the Treatment Effect

When the forcing variable is x*, a, (7) cannot be identified. To see why, rewrite the model in familiar
notations as
Y(D)=pp(z)+Up with D=1(z —7m—u>0), (10)

11



where

po(z) = E[mi(x—u)z,D=0],

p () = Elmi(z—u)lz,D = 1]+ ax (1),
Uy = e+mi(z—u)—Emi(z—u)z,D=0],
Ui = a+mi(z—u)—Emi(z—u)z,D=1].

Since both Uy and U; include the component of u, they are correlated with D given x, so the unconfound-
edness condition fails, and a; (7) cannot be identified. Actually, this is a model of essential heterogeneity in

terms of Heckman and Vytlacil (see, e.g., Heckman et al. (2006)), since
Uh—Up=e1—eo+ Emi(z —u)|lz,u>z—7]— Emi(z —u)|z,u <z — 7]

is correlated with D after controlling for x. Of course, there is also a selection bias because D is also correlated
with Up. This unidentifiability result implies that the identification technique in Pei (2011) critically relies
on the discreteness of * and u. His identification scheme cannot be extended to the general case where the
distribution of * and u are continuous and nonparametrically unknownﬁ

For comparison, we review how a benchmark treatment model is specified. Suppose we still use the
threshold crossing model to assign the treatment status, then D should be equal to 1 (z* — 7 + u > 0), and

*

z* is observed. In this case,

Y(D) = mg(x*)+ax(@*)D+Up with Up =¢p, (11)
D = 1@ —7n+u>0).

Now, (Y(0),Y (1)) are conditional independent of D given z*, since we assume that u is independent of

(€0,€1). The average treatment effect in this ideal case is Ela, (2*)]. In Case 1,

Y(D) = E[mg(z—u)|z]+ E[ar(x —u)|z] D+ Up, (12)
D = 1(z—7>0),
where
Uy = eo+mq(z—u)— E[m(z—u)lx],
Ui = e+mq(z—u)+az(x—u)— E[mg(x —u)+ a(z—u)].

Conditional on x, D is a constant, so the unconfoundedness condition is satisfied. The difficulty here is that
the overlap assumption is violated because given any x, we can observe either Y (0) or Y (1) but not both. Of
course, we can use the continuity of E [m,(x — u)|z] and E [a,(x — u)|z] to extend E[Y |z] to the opposite
side of 7, but the measured treatment effect E [a,(x — u)|z = 7] may not be equal to the true treatment
effect a;(m) unless in the neighborhood of x = 7, a;(x — u) = a,(z)+ g(u) with E[g(u)|z] = 0; see Section
3 for some special cases such that this is satisfied. The setup of Case 2, , deviates from the benchmark
by assuming that the observed assignment covariate x is correlated with the assignment error u such
that the unconfoundedness condition fails. This is a more severe deviation from the benchmark model. In
Case 3, even the treatment status cannot be observed. In his postcript, Goldberger (2008) says that his

6Hullegie and Klein (2010) consider identification of the treatment effects in a parametric model where u is independent of
z (rather than z*) and follows N (0,02).
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« is the Forcing Variable: Common Treatment Effects z* is the Forcing Variable: Common Treatment Effects
. 5 . .
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Figure 4: Ely|z*], Ely|z], Ely|d: = 1,z] and E[y|d: = 0,2] When z* or z is the Forcing Variable: p = 0.99

parametric analysis about Case 1 and Case 2 "is best viewed as making the distinction between selection on
observables and selection on unobservables". His comments obviously apply to the nonparametric setup of
this paper.

A common solution in Case 2 to identify a, (7) is to use an instrument variable that introduces extra
randomness in D and is independent of Up. For example, let the instrument variable be correlated with «*
and independent of u, €9 and ;. But this is against RDDs at the beginning since the key point of RDDs
is to avoid using the instrument variable to control endogeneity and assign the treatment based on a single

forcing variable.

6 Shrinking Measurement Error

When m, (+) and a; (-) take a parametric form, the unit of the measurement error should be the usual unit
and similar to the unit of z*. Just like in the linear regression, the unit of the error term is the same as the
regressors. In the nonparametric setup, m, (-) and «, (-) take a parametric form only in a h neighborhood
of each point on the support of x*, so it is natural to use h as the unit of the measurement error. In other
words, we should assume the measurement error shrinking to zero to check the identifiability of the treatment
effect[] Figure |4] shows the same information as in Figure |1 except that p = 0.99 now. From Figure {4} it
seems that Case 1 is easier than Case 2 which is in turn easier than Case 3 in identification of the treatment
effect. The discussion below tries to strengthen this intuition by letting the measurement error shrink to
zero. To simplify our analysis, suppose u = n~%¢ for some random variable ¢ and § > 0. This form of
measurement error is easy to compare with h. For example, the usual bandwidth h = on='/%, o > 0, so we

can compare ¢ with 1/5 to check the limit of % which will be used in the following theorems.

"Battistin and Chesher (2009) also assume the measure error shrinking to zero in the average treatment effect framework
under the uncounfoundedness assumption.
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6.1 The Forcing Variable is x

Before stating the asymptotic distribution of the LPE, we adapt Assumption F to this new environment.

Assumption F’: v = n7%, § > 0. f,- (z*) and f.(¢) are continuous and uniformly bounded on their

supports, and f,«(7) is bounded away from 0.

Theorem 3 Under Assumptions B, EY, F', K and M, in Case 1, & () is consistent, and

of(m) + op(m)

fac* (7‘(‘)
where By, = 0p(1) is defined in (17), and Ty and Q. are defined in ().

Vnh (@ (1) — ax (1) — Bin) —> N (0, e’lF_T_lQ+F_T_161> ,

When the measurement error shrinks to zero, we do not require the treatment effect to be constant to
identify it. The asymptotic variance is the same as the Oracle Case and is similar to that in Theorem
1 except that now x is replaced by z*. This is understandable: with a shrinking measurement error, x

converges to * in some sense.

6.2 The Forcing Variable is z*

As in Section 4, when d can be observed, we consider & (7); otherwise, we use & ().

Theorem 4 Under Assumptions B, EY, F', K and M, in Case 2, & (w) is consistent but its asymptotic
variance depends on the relative magnitude of n=° and h. If # — 0, then

m) + o ()

Vnh (& (7) — o (1) — Ban) AN (0, 71 o) 6/1F+IQ+F+161> ;

R
if "5~ — oo, then

Vah (& (1) — a (7) — Bap) % N (0’ fz*l(w) (al(w) N ao(w()o)) e'lrjmrﬁel) ;

if ",—:5 — C € (0,00), then
\/%(& (7T> — Qp (77) - BQn) i) N(07 V<C))a

where By, = 0,(1) is defined in @, and

0'2 iy -1 — — —1
VE) = PO + T4 0] [4(C)+ 2R 0)] [0+ T E0)] o
+Ji’(g; L (0 + T (- BO)] [0+ 2 (- FO)] [F-(©)+T- (1= )] e

14



with

mﬂ@AwUfMWM%ﬁ@%

(p+1)x(p+1)

-y |
/ kz(v)vjdv] fe(e)de,

2
+
Q
Il
€
S
Q
€|
. LS ET
a
N I N s N—
€|
<
Q
Il
0\8

@ (©) (C) J ity -
Yo (C) 7, (C) o T oo
T () = mﬂ®=/;l[MWMM4ﬂ@%
7 (C) 20(C) J prvyx o) ]
G () o @ (C) R
Q) = : ,w; (C) :/_Oo l/_M k? (v)vldv] fe(e)de,
@y (C) wgp(C) (P+1)x(p+1)
Yot p
r. = : : 5 = (=197,
Yoo T ) e
wp - s
Q. = ,w; = (1) w.
Wp o Wy (p+1)x(p+1)

We now compare the data usage of & (m) in Case 1 and & (7) when ”}:5 — C € (0,00). C =0 and oo
can be treated as extreme cases. Consider only m (7) in @ (7) and my(7) in & (7) since similar analysis
applies to m_ () and m_(w). Pick € [m,7 + h). In m(7), the 2* corresponding to x must satisfy that
¥ 4+ u ==z, and ¥ > 7. So u can be positive but restricted such that z — v > 7, which corresponds to the
terms 'y (C) and Q4 (C) in V(C), or u is negative and unrestricted, which corresponds to the terms I' F,(0)
and Q4 F.(0). However, in m (7), the measurement error v in x is not restricted as long as «* +u = z. As
a result, the density of € is truncated in V' (C), while in the asymptotic variance of a (), it is integrated out
and disappears. The discussion above is intuitively illustrated in the upper two panels of Figure [f]

ot (m)+og(m)

It is easy to check that V(C') converges to We&Ff(ﬁ.F;lel = V(0) when C' — 0 and converges

to V(oo) = fw*l(‘ff) (';?Eg)) + 1i‘2JF(:r(2))) e\ 77", T e when C' — oco. The former is much expected since when
the measurement error is extremely small, the same part of data are used in estimating & (7) and @ (7).
When C' — oo, only the part of data with ¢ < 0 are used in m4(7), since the data with ¢ > 0 cannot
be covered by the kernel with bandwidth h in m4 (7). This is why F.(0) appears associated with o3 ().
Intuitively, the asymptotic variance of & (7) should be larger than that of @ () since less data are used in

a (7). Define the relative efficiency as
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Figure 5: Data Usage in m (), m4(7) and py (7) — p— (7)
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Figure 6: Relative Efficiency in Case 2 and 5 and Relative Bias in Case 3

To aid intuition, suppose € is symmetrically distributed, then V(C') reduces to

AL ¢ [0+ /2] [94(0)+00/2) [P4(0) 4172 e
frm) U + " +/2 [T+ A ey

and ijig)) + 1{%21)0) in V(c0) reduces to 2 (¢3(m) + o}(m)). Suppose further that p = 0, € follows a uniform

distribution on [—1,1] and k(v) is the Epanechinikov kernel, then RE(C) as a function of C' is shown in the
left panel of Figure So when z* is the forcing variable and d can be observed, the treatment effect can
be identified but some efficiency is lost unless "T_é — 0.

Now, we state the consistency result of @ () in Case 3. Unlike the previous two cases, there are double
contaminations in the estimation. The first is from mismeasuring m(z*) as m(z) as in Case 1 and 2, and

the second is from mixing the treated group with the controlled group.

8For p = 1, RE(C) is not monotone as a function of C, but always greater than 1. For some range of C' values, RE(C) can
even be larger than 10000.
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Theorem 5 Under Assumptions B, EY, F', K and M, in Case 3, the consistency of & (w) depends on the

relative magnitude of n=% and h:

ar (7), if ”Tﬂ; — 0,
a(m) "= 9 ax (m) [407 7, (C) + ST g, ()], if % — C € (0,00)
0, if ”,—:5 — 00,
where
75 (0) 3, (0)
Ty (C) = : and fi,.,(C) = :
74 (C) ¥4 (O)

with r < q being nonnegative integers. When ”}—:5 — 0,

ot (m) + of()

\/%(a (7) — ax (m) — Bsp) % N (O’ S ()

€I1F_T_19+F_T_161> ,

where Bs, = 0,(1) is defined in (19).

From Theorem 5, when dj cannot be observed, @ (7) is not consistent unless %~ — 0. e}, (C) +

e’lfjlﬁ&p(C) converges to 1 when C' — 0 and converges to zero when C' — o0, so the bias gets larger when
C gets larger. When ”—;6 — oo (that is, the measurement error is large relative to the bandwidth), & ()
always converges to zero as in the case with fixed measurement error. The middle panel of Figure [6] shows

the bias as a function of C' in the example following Theorem 4. Here, we define the relative bias as
RB(C) = eiT1' g, (C) + e T g, (0),

which is equal to Qeﬁf‘;lﬁa »(C) when e is symmetrically distributed.

It is interesting to note that the limit of & (7) is proportional to a. (7) and contrast to Case 2, it is not
related to m; (-). This is easy to see from (9): Ely|z] = E[m}(z*)|z] + ar (7) p(z). Since E [m(z*)|x] is
continuous, @ (7), as an estimator of Ely|x = 74| — E[y|z = m—], must converge to o, (7) (p4 (7) — p_ (7)),
a proportion of «; (). e’lerlﬁg’p(C) + e’lelﬁ&p(C’) is exactly the limit of py (7v) — p— (7) when the
measurement error is shrinking. The third panel of Figure [5| shows the data usage in py (7) —p_ (7). p+ (7)
uses data associated with the solid blue line, and py (7) uses data associated with the solid black line. Part
of the data used in py (7) and py (7) offset each other. The remaining data are associated with the (left)
solid blue line, corresponding to e’lffﬁ&p(CL and the dotted blue line, corresponding to e'll":lﬁa,p(C).

6.3 Further Analysis of Biases

When the measurement error shrinks to zero, v, (7) can be identified in many cases as stated in Theorem 3,
4 and 5. But we did not study the properties of By, Ba, and Bs,, explicitly in these theorems except stating

that they are o,(1). This is mainly because the exact bias properties depend on the converging process of
"—;Lé and also the smoothness of fu«(x*), m,(z*) and a;(z*) in a complicated way in the general case. To

provide further insights on the biases, we will concentrate on some interesting cases below. First, we use

the LLS as in Hahn et al. (2001). Second, we assume ”}:6 = C € (0,00); that is, the measurement error is
comparable with the bandwidth in an exact ratio. We can treat a small measurement error as C close to
zero and a large measurement error as C close to oo, and neglect the converging process of ”Tﬂs We put

further restrictions on the distribution of € and the smoothness of fu«(2*), m,(z*) and a,(x*) as follows.
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Assumption F”: u =n"% 6§ > 0. € has a compact support, and f.(e) is continuous on its support. f,-(z*)

is continuously differentiable on N, where A/ is a neighborhood of 7, and f, () is bounded away from 0.
Assumption CY: m,(z*) and a,(z*) are twice continuously differentiable on N.

The compact support of € in Assumption F” is used to simplify proof. It can be treated as an approximation
of the real measurement error. In the pretest-posttest example or the U.S. house election example, this
assumption is reasonable since the recorded score or the democratic vote share margin of victory should be
in a bounded range. Assumption F” and CY impose more smoothness on f«(z*), m,(z*) and o, (z*) than

Assumption F/ and M but only in a neighborhood of 7, which is because we assume € has a compact support.

Theorem 6 Suppose Assumptions B, CY, F' and K hold, and % =C € (0,00). In Case 1, if the LLS is

used as & (m),

By, = {néa; (m)Ele] + n~% [;ﬁg; o (7)) Var(e) + 042(%)]3 [62]] + h? aZQ(W) ellrllluig} (14 0,(1)).
In Case 2, if the LLS is used as & (m),
By = == {(mfy (m) 4 afp (1) ¢; [T (C) + D F(0)] 7 [75(O) + s Blele < 01F(0)

—ml, (m) e} [T (C) + T (1= F.(0)] " [fig1(C) + pig, Blele > 0] (1 = Fu(0)] } (1 + 0,(1)

where
7(C) o
i, . (C) = : L7 (0) = / [/ k(v)vjdvl ef.(€)de,
5 () v
7, (0) D
7, (C) = - |me=] OOV Mk(v)vjdv] ef.(€)de,
7, (©)

with v < q being nonnegative integers.

A key difference between By, and Bs, is that Bj, is only related to a; (+), while By, is also related to
my (+). This is not surprising by noting the comment after Theorem 2: @, (7) is only affected by «; (),
while A, (7) is also affected by m, (). This fact makes the behaviors of By, and Bs,, very different. First
check Bjy,. h2#63F11 /‘2+, 3 is the bias of the LLS without measurement error. The other two terms are
from the measurement error. So the measurement error indeed contributes to the bias of @ (7) although
does not affect its variance. Since Bs, is related to C' in a complicated form, it is interesting to check some

special cases to sharpen our understanding. Let C' = oo, then
Bs, = {—n_‘s [(m) () + o (7)) Elele < 0] — ml. () Eele > 0]} (1 + 0,(1)); (13)

that is, all terms associated with C' diminish. Now, it is quite clear that By, is larger than Bj,, in many inter-
esting cases. For example, it is common to assume F [¢] = 0. In this case, Bi, = O) (n’% + h2) =0, (n’z‘s),
while By, = O, (n“s). For another example, suppose «y (-) is constant, then By, = o, (n_% + h2) =
Op (n_%), but Bsy,, is still Op(n_‘s) unless m,. (7) = 0. In other words, Ba, is always in the magnitude of

the measurement error, while Bj,, can be much reduced in many cases encountered in practice.
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We briefly explain why this can happen by following the discussion after Theorem 4. For i, (7), the
measurement error v in x € [m, 7 + h) is not restricted, so the moments of € appearing in By, are always
integrations on the whole support of €. In contrast, for m (), the positive u is restricted, corresponding to
the terms T'; (C)) and ﬁ;l(C) in Bay,, and the negative u is unrestricted, corresponding to the terms Iy F¢(0)
and p§ | Elele < 0]F(0). Even if we assume E [¢] = 0, it is hard to believe that the truncated expectation of
€ is zero. Reconsider the simplified form of Ba,, (13). Suppose € is symmetrically distributed (and o (-) is
constant), then reduces to

BZn = {2n75m;-r (7T) E[€|6 > O]} (]‘ + OP(]‘))7

which should be O,(n~?%) in general. Combining with Theorem 5, it is reasonable to claim that the bias
property of Case 1 is better than Case 2, which is in turn better than Case 3.

In Case 1, we can assess the relative magnitude of the bias from the measurement error to the bias
without measurement error. For example, suppose E [¢] = 0, then this relative magnitude equals

~ Var(u) ;;EE:; oy (m) + a"T(ﬂ)

2 a(n) =1, +
h el Ha 3

RM

fra(m), for(m), o (7), and !/ (7) can be consistently estimated using the contaminated data if the mea-

surement error shrinks to zero just as in consistently estimating & (7). Then by varying Vahrz(“), we can

check the sensitivity of @ () to the measurement error. Anyway, because estimating derivatives of fy«()
and a,(-) will introduce extra biases, we do not pursue this point in this paper; see Battistin and Chesher
(2009) for parallel analysis in the average treatment framework. Also note that this relative magnitude in

Case 2 cannot be assessed due to the reason discussed in the last paragraph.

Shrinking Measurement Error Fixed Measurement Error

Identified With a Small Extra Bi
Case 1 enbe . e maf ira bas, Identified in Special Cases
and Without Efficiency Loss

Identified With a L Bi

Case 2 .enl ¢ ] HL & Large Blas, Unidentified
and With Efficiency Loss Unless *— — 0
Case 3 Unidentified Unless ";l — 0 Unidentified

Table 1: Identification for the Treatment Effect in the Sharp Design

The identification results for the treatment effect in Section 3, 4 and 5 are summarized in Table 1. The
picture is clear: the identification problem for the treatment effect is harder when x* is the forcing variable
than when z is the forcing variable; when z* is the forcing variable, the problem is harder in the case where

d: cannot be observed than in the case where d can be observed.

7 Fuzzy Design

In the fuzzy design, we use ay(m) to estimate the treatment effect a () in both Case 4 and Case 5. Note
that Case 4 includes Case 1 as a special case and Case 5 includes Case 2 as a special case, so the identification

results below also apply to Case 1 and Case 2 when a () (instead of a(m) and &(w)) is used to identify

o (7).
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The following assumptions are imposed in the fuzzy design in addition to the assumptions in the sharp
design. For ease of exposition, we define n = n; when z > 7 in Case 4 or * > 7 in Case 5, and n = 7, when
z < min Case 4 or z* < 7 in Case 5. Also, extend the conditional distribution of n; and 7, continuously to

all z in Case 4 and for all * in Case 5.
Assumption P: p;(z*) and 5, (z*) are continuous on X*. 8, (7) # 0.

Assumption ED: E [, (e1 — ) [¢*] = 0, E[n,|2*] = 0. E[n,ealz*], E[n,e3| 2], Elneoer| %], Elnfeala]
and F {n% (e1 — 60)2‘ sr:*} are continuous and bounded on X*, d=0,1,t=10,1. §,.(7w) # 0.

Since D and 1, are bounded, pr(z*), B, (z*), pr (), B,(x), E [n?|z] and E [n}|z*] are automatically bounded,
so we do not include such boundedness assumptions in Assumption P and ED as in Assumption M and EY.
E [n, (e1 — €0) |x*] = 0 is the local unconfoundedness condition in Theorem 2 of Hahn et al. (2001). In Case

4, E [nglaz] = px(2) (1 = px(2)) and E [ni]z] = (px (@) + B (2)) (1 = px(z) — B(2)), s0 E [n5]z] # B [ni|z]
in general. Analogously, we expect the cross moments of n, and ¢4 in Assumption ED are not equal for ¢t =0
and t = 1.

Theorem 7 Suppose the measurement error u is fized, and Assumptions B, ED, EY, F, K, M, and P hold.

(i) In Case 4,
Vnh (@ (7) — @z () — Bf) <% N (0,%)),
where Bf = o0,(1) is defined in @), and

s AT T e
! fa () B2 ()
—20(m) [E [Rono|z = 7] + E [Riny |z = 7]

+a, (m)? [E [n%|aj = 7T] + FE [nﬂa: = 71']]}

{[E [Rg|x = 71'] + FE [Rf\:c = ﬂ]

with
Ry =y, (e1 = €0) + oz —w)n, + [px(2) + B (2)t] €1 + [1 — pa(2) — B (2)t] €0, t =0, 1.

(i) In Case 5, a¢(m) is not a consistent estimator of o, (m).
Suppose the measurement error u is shrinking, and Assumptions B, ED, EY, F', K, M, and P hold.

(iii) In Case 4,
Vnh (@(1) — () — Bun) 5 N (0,%4),

where Byy = 0,(1) is defined in (21), and

vttt
Sy = %{w [R32|a* = n] + E [R}%|a" = 7]

=20 () [E [Romola”™ = 7] + E[Rin,|a" = 7]
+an(m)? [B [n5le” = 7] + E [nf|lz" = ]]} .
with

Ry =y (e1 = €0) + ax (@), + [px(27) + B (2"t €1 + [1 = pr(z) — B (¢")t] €0, £ = 0,1,
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(iv) In Case 5, when n’ L, Ce

h

[O’ 00)7

Vil (64 (7) — (1) — Bsn) —5 N (0,55 (C)),

where By, = 0,(1) is defined in (@), and

1

% (0) = 2 1+ F =1 2
fur () B (m) [iT 1 g, (C) + €1 T2 g, (C))]
(B [R?|a" = 7] (84— (C) + 5__(0)) + E [R*a* = 7] (844 (C) + 2_4(C))
=20 () [E [Rgnola™ = 7] (24— (C) + 2__(C)) + E[Riny|z" = 7] (Z4+(C) + E_+(0))]
+oug ()2 [E [n3|x* = 77] +FE [nﬂx* = 7TH 6/1F_T_19+F_T_161}
with
S-(C) = T (O)T e, Bei (C) = 4T 044 (O ey,
. (C) IO () "'ey,B__(C) = ,T-1Q__(C)I ey,
and
- B (€) e T, () . 0 |
a,.©) = : : 50 = /O /_ K+ Co 0+ Co) f(e)dve
@ (©) % (©) J panyxoen
=++ =++
5.0 - " : 5ie) = 57 Jo! K2 (0 06) (04 e’ . (e)dude
' : ’ + [° o [26 B (v + Ce) (v + Ce) fe(e)dvde,
7:+(O) 7;:(0) (p+1)x(p+1) ! :
(o) @, (C) N
= . . =—+ 2 7
Q_(C) = : : W (C)= / / k* (v 4+ Ce) (v + Ce)’ fe(e)dvde,
=—+ =+ —o0 /0
wp (C) w2p (C) (p+1)x (p+1)
@, (C) @, (C) _ oo (—Ce :
5._(C) = ’ ,( . D, (C) = [;7 [oa K+ Ce) (v + Ce) fo(e)dvde
o _ _ ’ + [0 [0, R (v + Ce) (v + CeY fo(e)dvde;
“p () %2 (O) ] (piayx i)

-5 N . . .
when ™— — oo, ay(m) is not a consistent estimator of ax ().

From Theorem 3 and 5, the probability limits of &f(7) are much expected except in (iv) when % —C e

(0,00). From Theorem 5, the numerator of as(m) converges to (7)o () (e’llﬁlﬁar’p((]) + e’lFilﬁg’p(C’)),

and the denominator converges to Bﬂ(ﬂ')(e’lfj_lﬁ&p(C) + e’lleﬂap(C)). So the biases in the numerator

and denominator offset each other, and we still get a consistent estimator. When the measurement error is

large, both the numerator and the denominator of & ¢(m) converge to zero, so the limit of & () is undefined.

Comparing with the sharp designed case, the identification power of ay(m) is weaker than a(r) in Case 2

but stronger than &(w) in Case 3.

Y4 is the asymptotic variance derived in Proposition 1 and Corollary 1(c) of Porter (2003). It reduces

to the asymptotic variance in Theorem 3 when the design is sharp. X5 (C') converges to ¥4 when C — 0.
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When f, (+) is symmetric, ¥ _(C) =X_,(C), and £_, (C) = X__(C), so X5 (C) can be simplified as

X —(O)+E++(O) *2 ok *2| %
5 (C) = + SAE[RP |z = 7] + E [R?|a* = 7] —
’ Afse (1) B7(7) (1T 7, (O)) Wl I+ & |
~20(m) [E [Rynola” = ] + B [Rimy " = =]}
T T  erag ()2

Afer (1) B7(m) (4T3 G, (O))

5 {E [77(2)\1‘* = 77] +FE [n%\x* = ﬂ}

To compare X5 (C) with X4, we assume €g, €1, 7 and 7, are independent of each other conditional on x*,

and o3 (1) = 0% () = 0. Then by some tedious calculation in supplementary materials,

20% — a2(x) [E [pdla” = 7] + B [fla” =7]] £, _(C) + 4..(C)

¥ (0) =

p P 2
for () 52(m) LT (O))
Jr047,(71')2 [E 3|z = 7] + E [ni|z* =n]] e\ T7'Q T e
far () Br(m) 4 (T g, ()
20° -1 -1
S5(0) = Ny=-—0 T, T e

for (m) B3 (m)

It is obvious that ¥4 is greater than the asymptotic variance in the sharp design by a factor ﬁ%(w); see

Theorem 3. The right panel of Figure |§| shows the relative efficiency RE(C) = 2255((%1)) in the example

following Theorem 4. Here, we further assume pr(m) = 0.25 and 3, () = 0.5 to calculate E [ng|z* = 7| and
E [n3|z* = x|, and ﬁfﬂ) is set as 1. Because e’le_lﬁajp(C’) converges to 0 as C' — oo, RE(C) diverges to
infinity very quickly.

As in Theorem 6, we study the bias properties of & ¢(7) when the LLS is used. For this purpose, we
impose further restrictions on p,(:) and 5, (-).

Assumption CD: p,(z*) and 3, (z*) are twice continuously differentiable on N. 3. () # 0.

Theorem 8 Suppose Assumptions B, CD, CY, F’ and K hold, "}—_Lé = C € (0,00) and the LLS is used as
ag(m). In Case 4,

/ 1
B - S E —20 fz* (’ﬂ_) / an (ﬂ—)E 2
4 { n’al (m)Ele]l +n {fz*(ﬂ) ol (m)Var(e) + 5 [e ]

o’ (m)  Bl(m)al(w _
+h? [ 2( ) + (ﬁ)(w)( )} eﬁF+1y;3} (14 0,(1)).
In Case 5,
T, (0) + Ty, (C 1T g 1 (C) + €Ty 1 (C
Bon = aly(m) | n a2 AL T0ol@) | seile FonlO) AT Ror @y )

etly g1 (C) + et T g 1 (O) e1l'y g 1(C) + 1" g 4 (O)

The h? term in By, is the bias of the LLS without measurement error. It includes an extra term %
relative to the sharp design case where 8 (z) = 1. The other two terms are contributed by the measurement
error and are the same as in Bj,, so the measurement error does not introduce extra biases in the fuzzy
design if x is the forcing variable. On the contrary, in Bs,, e’ll':lﬁail () —i—e’ll":lﬁal((}') shrinks to zero very
quickly when C' gets large, so Bs, is expected to be large in practice. Table 2 summarizes the identification

results in the fuzzy design.
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Shrinking Measurement Error Fixed Measurement Error
Identified With a Small Extra Bias,
and Without Efficiency Loss

Cuse 5 | Identified Unless % — oo, But With

a Large Bias and a Large Variance

Case 4 Identified in Special Cases

Unidentified

Table 2: Identification for the Treatment Effect in the Fuzzy Design

8 Monte Carlo Results

In practice, the main concern is whether the LPE is an unbiased estimator of a.;(7) when there is a measure-
ment error in x*. The goal of this simulation study is to check the bias property of the LPE in a nonlinear
environment. Specifically, we consider two DGPs of y; the first one corresponds to common treatment ef-
fects, and the second one corresponds to variable treatment effects. Similar setups are used in Porter and
Yu (2010).

DGP1 : y=mg(z") 4+ az(z*)D + & with m, (z*) = 2*% and a,(z*) = 1,
DGP2 : y=my(z*) + az(z*)D + ¢ with m, (z*) = 2*? and a,(2*) = —62* + 7.

In both setups, €’s are i.i.d. sampled and follow N(0,0.22), and x* is uniformly distributed on [0,3]. = =
x* + u, u = se, and € follows the standard normal distribution. The specifications of «,(z*) and the
distributions of z* and € are also used in Example 2 of Section 3. m = 1, so a, () = 1 in both setups.
n = 400, and the number of replications is set as 1000. Throughout the simulations, all estimators are based
on the LLS with the Epanechinikov kernel k(u) = 2 (1 —u?) 1 (Ju| < 1).

Figure [7| and [§| show the biases as a function of s/h and s respectively for three bandwidths in the sharp
design. From these two figures, three results of interest are summarized as follows. First, in Case 1, the bias
is close to zero when the treatment effect is constant. Even when the treatment effect is variable, the bias
is small for a large range of s/h (or s); for example, the bias is relatively small even when s = 0.5 which
is considerably large compared with the standard deviation of €. This confirms the magnitude of Bj,, in
Theorem 6: since E[e] = 0, By, = o0,(s?) in DGP1, and By, = O,(s?) is quadratic in DGP2. Second, the
bias property of Case 1 is better than that of Case 2 which is in turn better than that of Case 3. The range of
s/h (or s) with small biases is much narrower in Case 2 than in Case 1. In Case 3, the bias deteriorates very
quickly when s/h (or s) gets large. This confirms the consistency result in Theorem 5 and the magnitude
of Ba, in Theorem 6. In Case 2, Ba, = O,(s), so the bias is roughly a linear function of s. In Case 3, the
LLS is not even consistent. Because a, (7) = 1 and the bias converges to —1 in this case, & (7) converges
to zero as expected. Third, comparing Figure [7] and [§] it seems that the bias in Case 1 and 2 is determined
by the absolute measurement error s, while in Case 3, it is determined by the relative measurement error
s/h. The former confirms the form of Bj, and Bs,, in Theorem 6: they depend on n~=% not n"s/h. The

latter confirms the limit of @ (7) in Theorem 5: RB(C) is a function of C' not n=°.

Furthermore, adding
1 to the bias curves in Case 3 generates similar curves as in the middle panel of Figure [6] Figure [9] shows
the performance of the bias approximation using the fixed measurement error framework in Section 3 and
4. In Case 1 and 2 under DGP1, both the fixed and shrinking measurement error framework provide good
approximations of the real biases. But in other scenarios, the prediction using the fixed measurement error
framework does not work well. For example, in case 1 under DGP2, the prediction is linear in s, but the

real bias is approximately quadratic in s; in case 2 under DGP2, the prediction can even be positive, but

23



DGP1: h=0.25 DGP1: h=0.5 DGP1: h=1

—Case 1 —Case 1 —Case 1

Figure 7: Bias of the LLS as a Function of s/h for Three Bandwidths in the Sharp Design

the real bias is always negative; in case 3 under both DGPs, the prediction is constant in s, but the real
bias is far from constant. In summary, the approximation under the fixed measurement error framework is
not useful in finite samples especially when the treatment effect is variable; on the contrary, the shrinking
measurement error framework provides quite precise predictions of the biases in practice.

In the fuzzy design, when x is the forcing variable, we let

x — 0.3243
= — 1. _ >
D=3z 15)1(:13<1)+¢'( e >1(m_1)+77

in DGP1, and
D=®(xz—-15)1(z<1)+®(x—0.1275)1(z > 1) +7n

in DGP2, where @ (-) is the cdf of a standard normal distribution. The former corresponds to the case where
B, (+) is constant (3. (7) = 0), while the latter corresponds to the case where 3, (-) is variable (3. (7) # 0).
In both cases, §,(m) = 0.5, and 7 is independent of e. When z* is the forcing variable, we just change
z in the above specifications to x*. The same bandwidth is used in the estimation of the numerator and
denominator of ay(m).

Figure [10] shows the bias as a function of s/h for two bandwidths in the fuzzy design. There is too much
variation in the bias when h = 0.25, and the bias as a function of s provides similar information, so both are
omitted. A few results of interest are as follows. First, from Figure[I0] the bias in Case 5 is much larger than
that in Case 4. This is not surprising from Theorem 8. Second, comparing Case 4 in Figure [I0] with Case
1 in Figure [7] although the bias does not increase much, there seems more variation in Case 4 as predicted
by (iii) of Theorem 7. Third, comparing Case 5 in Figure [10| with Case 3 in Figure [7, although a(m) is

consistent in Case 5 and @() is not in Case 3, the large variance of & ¢ () completely ruins its performance.
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Figure 8: Bias of the LLS as a Function of s for Three Bandwidths in the Sharp Design

Case 1. DGP1 Case 2: DGP1 Case 3: DGP1
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Figure 9: The Biases Predicted Under the Fixed Measurement Error Framework (Red Dashed Line): Solid
Blue Lines For the Real Biases When h = 1 in Figure [7] and
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Figure 10: Bias of the LLS as a Function of s/h for Two Bandwidths in the Fuzzy Design

9 Conclusion

Measure errors are prevalent in the RDD analysis. This paper studies the identification of the treatment
effect by the local polynomial estimator when the measurement error is present. The general result is that
the treatment effect in the case where the treatment is based on the contaminated forcing variable is easier
to identify than in the case where the treatment is based on the error free forcing variable. In practice,
when the former happens, it is relatively safe to use the LPE to estimate the treatment effect. But when the
latter happens, especially when the treatment status cannot be observed or in the fuzzy design, we must take
caution in interpreting our estimator. As emphasized in Section 3.5.3 of Lee and Lemieux (2010), regression
discontinuity should better be trearted as a "design" instead of a "method". So the analysis in this paper
implies that it is better for the designer to reveal to econometrians exactly which variable the treatment is

based on such that a more precise analysis on the treatment effect can be conducted.
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Appendix: Proofs

Throughout the proofs, DCT means the dominated convergence theorem. Since the proofs are quite standard,
we provide details only in the proof of Theorem 1. For the other proofs, we only give out the key steps, and
omit tedious calculations.

Proof of Theorem 1. Note that

n -1 n
) = el (i > i (m) 24 (m) ds ()b, (2 = w>> (1 > Zi (m) dilm)k (@ — ) y> (15)
€S (M) (y(m)),

() = ¢ (; S Zu(m) 24 () (1= di(m)) i (0 — m) < 32 () (1= d(m)) b (1 — ) y>

Il
o
O
A

AR

—

3
NaJ

FZ
—
S
—

3
S~—
S~—

with

xTr; — & XT; — T P\’
Zi(x)_<1’ T ( T )) '
(p+1)x1

Since there is a measurement error in z}, y; = mg(x; — w;) + ax (r; — u;) + €1; when d;(w) = 1 and

Yyi = mg(x; — u;) + €o; when d;(m) = 0. Define

Bin = €15, (1)74 (1) — €15, 1 (m)7— (7) — @ (7), (16)
where
T n) = 2 () diCe ) (= ) (e — ) + (2 — ),
T_(m) = % > Zi(m) (1= di(m)) ki (27 — ) ma (2 — ;).
=1

We show B, = 0p(1) as follows. For p =0,--- ,p,

E

n
i=1

“ (z;—m\"
1 Z <lh> di(m)kp (x5 — ) (Mr (x5 — us) + g (25 — u,))]

M
= //0 k(0)vP (mq(m +vh —u) + ar (7 + vh — ) for (T + vh — u) fu(u)dvdu

— Yy o (M) E [ma(m — u) + ax (7 — u)|z = 7],

and

SRS

Var < : (‘T’ }: 7T)p di(m)kn (z; — ) (Mr (25 — ws) + ax (25 — ui)))

i=1
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< 2//Mk2(v)1)29 (m2(77+’l]h—u)+O¢2(7T+Uh_u))f.*(ﬂ'—|—’vh_u)f (u)dvdu
~ nh 0 ™ ™ x w

- 0 (nlh> = o(1).

by Assumption B, F, K, M, and the DCT. So 74 (7) = fu(7) [Mir(7) + Cr(7)] ;L('{p + 0p(1). Similarly,
7 (m) = fe(m)M(T)pg, + 0p(1). We then establish the probability limit for the denominator term S, .
Forl=0,---,2p,

E

n R l M
:Liz_;kh (w; — ) d;(m) (mzh ) ] :/0 k(v)v! fo (7 +vh)dv — fo(m)y

and

n ! M
Var (i;kh (x; — ) di(m) (mlh > > < %/0 K (0)0* . (m + vh) dv — 0

by Assumption B, F, K, and the DCT. So S,4+ = fz(m)['+ + 0,(1). By the continuity of matrix inversion,
Sit = frY(mTt Similarly, S, ' - f71(m)IZ'. So

Biyn 5 (07 g, (in (7) + Gr (7)) — €17 g i (7)) —
At last,
Vb (@(7) = @ (7) = Bin)

P 1 2 T, — T ) o
= elSni(w) \/ﬁ ; Z; (m) di(m)k (h) 51'] - elSnl(ﬂ)

ﬁThZZ (m) (1 = di(m)) k ( ,;”) ]

We now show \/% z Z; () di(m)k (2577 ey 4N (0, fz (7) E [e}|z = 7] Q4 ). The Cramer-Wold de-

i=1
vice will be applied to derive the asymptotic normality, so let A be a nonzero, finite vector and define
Upi = k(%) di(m)N Z; () e1;/Vnh. E[Un] = E[E[Uyl|z;]] = 0 is proved in the main text, and for

l:07 72p7
!
k? (xl}:ﬁ> <x1;n> di(ﬂ-)‘g%i]
M
= / /k2 (v)v'e? [/ far o (T +vh —u,e) fu(u)du} dedv
0
M

= / E? (v) ! /E [e}]z* = 7 + vh — u] for (7 +vh — u) fu(u)dudv
0

1
—F
h

M
— / k% (v) UldU/E [ellz* =7 —u] for (7 — ) fu(w)du = f, (1) E [e}|z = 7] wi,
0

where the second equality is from Fubini’s theorem, the convergence is from Assumption EY(b), F and the
DCT, and the last equality is from a direct calculation. So

> Var(Uni) — fo(m)E [ellz = 7] N4
=1
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For ¢ > 0 and constants C', C' > 0,
n
Z E [‘Uni|2+<:|
i=1
n ¢/2
1 1
- Z - )
nh nh

2+¢

T, — T
’k( h ) di<w>\xzi<w>|2*<|su“]
i=1
11?1 x—m\ [P 24¢ L z—m\"
C(m) ~E ‘k;( . ) d-E |z M;}Ap( . )

1 o/ 2 M 2 - 24¢
c’ <> sup F/ {|€1\ +C‘x} / k(v))*T¢ fx(7T+Uh)Z|>\p'Up| dv
0 e

nh TEN

- 0 ((;h>4/2> — o(1),

where N is a small neighborhood of 7, and the second-to-last equality is from two facts: first,

IN

IN

24¢ _ 24¢ J f%*,s (z —u,e) fu(u)du
swpB [l <[] = sy [

1 —
= sup /\E\HC fare (xfm w€) fulw) dedu

zeN (2)
= s [ B[P =] B
= suj}\)[/E {|51|2+<‘x* zx—u} f(u|z)du
<

where the last inequality is from Assumption F and EY(c); second,

M P M P
/ () o+ 0h) 37 2?77 do = fu(m) / BT Y e[ dv < oo,
0 0

p=0 p=0

where the convergence is from the DCT and Assumption K, F. Application of Liapunov’s CLT and the
. . o d
Cramer-Wold device complete the argument. Similarly, we can show ﬁ Z Zi (m) (1= di(m)) k (2) g9; —
i=1

N (0, fo (7) E [ef|a = 7] ), where Q_ is similarly defined as Q4 with w} replaced by w; = (=1)/w].

In summary,

edle =7 + E [}z = ]

fa (7)

E
Vnh (@(r) — @y () — Bin) - N (0, [ e’lr;lmrfel) ,

by noting that
T ey = i T21Q T ey,

and ﬁ Z Z; (m) di(m)k (257 €14 and \/% Z Z; (m) (1 = d;(m)) k (£5Z) £9; are independent. m
i=1 1=1
Proof of Theorem 2. Note that

() = it () — (),
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Il
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o~
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S
—+ =
3
1=
=
—~
<
—~
3
—
N

In this case, y; = mX(x; — w;) + ax (7) + €1; in my(7), and y; = mE(z; — u;) + €g; in m_ (7). Following the
same steps as in the proof of Theorem 1, we can find the probability limit of m, (7) and m_ (7).
FOI'p:O,"' » Dy

2 ii(””i;”)pdimd*( o w)m*(m—un]
= / / ma(m + vh — u) for (7 + vh — ) fu (u)dvdu
/ / (m+vh — ) for (7 + vh — u) fu(u)dvdu

oyt / (7 — ) foe (o — 1) ()
= Vp/ my )fu(ﬂ'—x )dl‘ =% f;p / my fm |x( *lﬂ-)dx

and for [ =0,---,2p,

Zkh ) di(m)dE >( i )]ﬂl/ For (@) fulm = &)™ = 77 fu (1) (1= Fyepa ()

Furthermore, their variances converge to zero by the DCT, so the limits of the means are also their probability

limits. Symmetrically,

Ly [ w0Vl — )" = v £ (1) / () oo @ )
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Also, it can be shown that

;i(z"_ﬂ)pdi( )d; (m)kn (z; — ) €1, = 0,

" (- 7m\P
S () - i) (= i) o o = ) s 20

In summary,
a(m) =5 o (m) + T ud it (m) — el T g )iy () = o + AT (7).

As to a(n),
g = () (0 1 — )+ an () + 210) + (1= () (0 s — ) + 201)
in both i () and #_(x). For p = 0,--- ,p, we can show
;i(“h”)pdiw)(l—d:(w))kh(zi—w)m:r(xi—w)
o [ mi ) e @ = e = ) [ i) el
jlznj(”h”)pdm)udrm)kh( — 7y (o — )

iwy;'/” mE(z*) fo- (x *)fu(ﬂ_x*)dm*:,y;_fa:(ﬂ)/w (@) foe o (2| )™,

— 00

and

Y (B) i i men + (1= i) aw] 0

" —m\P »
S (BT (- ) e + (1= i) o] - .

The limits of the denominators of M4 (7) and m_(7) are shown in the proof of Theorem 1. So combining

all the limits above, we have
P > "
a(’fr) —>63F11M&p < m;(x*)fx*lm(x*‘ﬁ)d;[;* +a7r( ) (1—F *‘z(ﬂ"ﬂ')) —|—/ ;(x*)fx*w(x*w)dx*)

—ef Tt Hop (/ M (%) for o (@ m)da™ + o (1) (1 = Fpe () / my (%) for |z (T *|7T)dx*>
= 0.

]
Proof of Theorem 3. The proof is quite close to that of Theorem 1. The bias

Bin = & Sk (x)Fs (m) — 4 Syt (m)F- (7) — an (). (17)

As in Theorem 1, we show By, = 0,(1) as follows.
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FOI‘p:Oa"'v{%
n

i —m\P
12( lh ) di(m)kp (s — ) (Mg (2 — ui) + (T — ug))

n

E

= //OM k(v)vP (mﬂ(ﬁ + vh — n*5e) + ax(m+vh — n*%)) foe (7 + vh — nfée)fe(e)dvde
- W;fz*(ﬂ) [max(7) + ax (7)],

where the first equality is obtained by changing variables, and the convergence is from the DCT and As-

sumption F/ and M.

" — 1\
Var (1 2} <Zh> d;(m)kp (x; — m) (Mg (z; — ;) + ag(z; — uﬂ))

IN

" i=1
C M
= // k2 (v)o® [m2 (7 +vh —n %) + a2 (7 + vh — n€)| for (m + vh — n"%%€) fe(€)dvde
0

- o(L)=um

by the DCT. So 74 (7) = fgg*(ﬂ')mﬂ(ﬂ)ua:p + 0p(1). Similarly, 7_ (7) = fo (7)mx(7)ptg, + 0p(1). Turn to
the denominator term S, 4. For [ =0,--- ,2p,

E

DEERLE (;”)l] = [ [ bttt oh S — et

and

n R l M
Var (}1 > o= ) i) (=) ) <o [ [ R = o (e — 0

by the DCT. So Spt+ = fu(m)T'4 + 0p(1). By the continuity of matrix inversion, S,} — f..'(m)T';".

Similarly, S, 5 21 (m)I'=L So

xr*

B, 2 e'll‘jrlug,p [mr () + ar ()] — e’ll’:luapmﬂ(w) —ag (m) =0.

We now calculate the asymptotic variance. For [ = 0,--- ,2p,
1E 12 T;— T T, — T ld()52
h h h b

— /OM/k2 (v) v'e? [/ fieo (m+vh—n"€c) fe(e)de] dedv
= /OM E? (v) 0! [/ o2(m 4 vh —n7%) o (7 + vh — n_‘se) fe(e)de} dv

M
— /0 k% (v) vldvaf(w)fz* (m) = for (7) U%(W)u}f.
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The Liapunov’s CLT and the Cramer-Wold device can still apply to find that

\/% ZZi (m) di(m)k (mi f: ﬁ) e o N (0, for (m) 07 (m)Q24) .

Simiarly,
Tr; — T

\/% ZZ (m) (L —di(m)) k < > e -5 N (0, for (1) E [e2]2* = 7] Q_) .

So the asymptotic distribution of vnh (& (7) — a, (7) — B1,) follows by Slutsky’s theorem. m
Proof of Theorem 4. In this case, the bias

Bop = 48,4 (m)T () — €S, (m)F_ () — ag (7), (18)
where
Ty (m) = 7ZZ ( Yen (x5 — ) (Mg (25 — wi) + o (w5 — w5))
r_(m) = — ZZi (m) (1= di(m)) (1 = d5 (m)) K (23 = 70) m (25 — wi),
and S, , (7) and S,,_(m) are defined in Theorem 2.
Forp=0,---,p,
N T A
gl Z < - ) di (m)d (), (27 — ) (M (27 — ) + oer (27 — 7))
= / / 0)0? (mq(m +vh —n~ %¢) + ap (T + vh — nf‘se)) for (m +vh —n7%) f.(€)dvde
/ / 0)vP (mg (7 +vh—n~ %€) + an(m +vh —n %) — ay (7)) for (T + vh — n%€)f.(e)dvde
7;7 i n}:z — 0,
- f:z:* (ﬂ—) [mﬂ'(ﬂ-) + O (ﬂ—)} Wa_(c) + VS_FE(O)a if L - C € (Oa OO) )
’y;'Fe (0), if ~— — oo,

by the DCT and Assumptions F’ and M.

n

Tr; — T P
Var (i 2 <h> i) () (1 — ) (e (5 — ) + e (3 — ui))>

M
7% // E*(v)v?® [m?r(w + vh —n"%) + o2 (7 + vh — n—%ﬂ For (1 + vh — n70€) f.(¢)dude
-M

= 0 <nlh) = o(1).

IN
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by Assumptions B, F/ and M. So

ppd
, u(‘ip, if " — 0,
Ty (m) = for () [ma(7) + o (7)] ﬁo*,p(C) + 1, Fe(0), if ‘5. — C€(0,00),
1, Fe (0), it 2l oo,
Similarly,
_ P
» :u’O,p7 if Tg - 07
ff (ﬂ-) - fiﬂ* (ﬂ-)mﬂ'(ﬂ-) ﬁ(zp(c) + lu(T,p (1 - FE (0)) ’ if Lhé —-C € (07 OO) )
iy (1 FL(0)). if 2 oo,

Turn to the denominator S, . For [ =0,---,2p,

1 n Ti— l Yoo if%_)(L
23k (o = m (i (o) (2 )]amm THO) RO, 5 C e (0,00),
Pt v F.(0), if 2 oo,

and

by the DCT. So

r,, if o2 0,
S, 2o for(m){ TH(C)+ T F.(0), if ﬂ — C e (0,0),
I, F.(0), if 2— — 0.
By the continuity of matrix inversion,
I+ 0,(1), if " 0,
St o fil (M) TH(C)+ T F (0)] 7 +0p(1), if 2" —C e (0,00),
TUE (0) ! + 0,(1), if 20— oo,
Similarly,
r-t if »° -0,
SL T £ T +T- (1= F(0)] 7, if 2 = C e (0,00),
r-'(1—rF.(0) ", 1f——>oo

In summary,

e’lI‘_T_l,ua:p [Mr(m) + g (7)] — e’lF_luapmﬂ(ﬂ') —ay(m) =0, if ”T_é — 0,
¢ [F4(C) + T4 . <o>] 7 [(C) + 4, Fo(0)] () + r (1)

Bon 58 —¢| [T_(C) +T_ (1 - F.(0))] [uo (O + g, (1— F. (9))] M ()
—ay (1) =0, if 24— — C € (0,00),
D g, [ma(m) + ax (m)] — el T g ymn (1) — o () = 0, if "—;5 — 00.

The Liapunov’s CLT and the Cramer-Wold device can still apply to find the asymptotic distribution of
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L Z Zi (m) di(m)d; (m)k (252) &;. First note that for Uy,; = k (252) d;(m)d; (7)) Z; () €:/Vnh,

i=1
EUn] = E[E[Uni|zi,27]]
- E [k ("’ - ”) di(m)d: (1)X Z; (1) /N'nhE [5i|ui,x2‘]]
- B [k (””i - ”) di(r)d (1N Z; (1) /N'nhE [emﬂ] = 0.
We then calculate the asymptotic variance as follows. For [ =0, --- , 2p,
1 o [T — T Ti—T : * 2
B |k 7 - di(m)d; (m)e;
o] M
= / / ] /k2 (v) v'e? ;*76 (7 +vh — n%e, g) fe(€e)dedvde
0 n-"e
0 iy
—I—/ / /kQ (v) vl52f;*75 (7 +vh —n"’, £) fe(€)dedvde
—o0 J0
wit, if 2" 0,
= for (M) of(m) ¢ B (C) +wf F(0), i % — C € (0,00),
wi F. (0), if 2" oo,
So
1 < " T;— T d ~
T ZZi (m) di(m)d; (m)k ( W > gi— N (0, for () U%(F)Q+) ;
i=1
where L
Q+, if nT — 0,
Q=4 Q0)+Q.F(0), if2" —Ce(0,00),
Q. F.(0), if 20— oo,
Similarly,
1 - Xr; — T d
— Z Z; (m)di(m) (1 —d;i(m)) (1 — df (7)) k < ) gi —= N (0, for (1) 02(m)Q_ ),
Vnh = h ( )
where L
Q*, if nT - O’
Oy =¢ Q(C)+Q_(1-F.(0), if2’ —Ce(0,00)),
Q_(1-F.(0), if 27— oo,

So the asymptotic distribution of v'nh (& () — a, (7) — Bay,) follows by Slutsky’s theorem. m
Proof of Theorem 5. The estimator is the same as (14)), but now y; in iy () contains also controlled

individuals, and y; in m_(7) contains also treated individuals. In this case,

Ban = €St ()74 (7) — €4S (m)F - (7) = ax (), (19)

n—
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where

Ty (m) = % Zi () di(m)d; (m)kn (2 — ) (M (25 — wi) + ax (@i — ui))
—l—%ZZZ (m) di(m) (1 — di (7)) b (23 — ) ma(zi — wi) =74 (7) +74 (7),

() = 23 2m) (L dim) i (mh (— 7) (e ) + (s )
i=1

ot
,t » 4> if R, 0,
Ty (1) == for (1) [ (7) + an(m)] § T, (C) + g, Fe(0), if "~ C€(0,00),
MSTPFE (0), if % — 00.
0, if 2% -0,
=c _ Y
T+ (ﬂ-) o fz* (ﬂ-)mﬂ(ﬂ-) ,ua_,p (1 - Fe(o)) - :u‘a—,p(c)a if L}f(; —Ce (Oa OO) )
iy (1= F(0)), if 2 o,
and
0, if 2" 0,
—t _ __ o s
T (1) 25 for (1) [mn () 4 ap (7)) o pFe(0) — 11 ,(C), if n — C € (0,00),
115, Fe(0), if 5= — oo,
_ oot
B , B0, p if To — 0,
T_(m) == for (1) mr(7) § Tig,(C) + pg, (1 = Fe(0)), if "Té — C € (0,00),
top (1= Fe(0)), if %— — oo.

The limit of the denominator is the same as in Theorem 2:
/% (1)) R el €15) e
In whatever cases,

%Z Zi (m) di(m)kn (2 — ) e = o,(1),
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In summary,

[ (1) + e ()] 407 1, — M (m)ei T g, = (), if nl 0,
[m () + an ()] [eATF (70, (C) + 115, Fe(0)) — 4T (p1g,, Fe(0) — T ( )]

& () 2 +me(m) [eAT7 (i, (1= Fe(0) = 715 ,(C)) — et T2 (g, (C) + op (1= Fe(0) )]
= ax(m) [e’lF?ﬁép(C) +en M g, (O)] if #— — C € (0,00,
[mx(7) + o ()] [ /1F+ Mo pF (0) - e&F:luapFe(O)] S
+mq(m) [ei T g, (1= F(0) — 4T~ g, (1= Fe(0))] =0, if 2 — 0.

When % — 0, the asymptotic variance is the same as in Theorem 3. m
Proof of Theorem 6. Under Assumption CY and U,

ma(i —w;) = my(7)+ml (1) (@ — 7 —w) + —2—2 (@5 — 7 — )" + Rom (w5 — ui, ),

an(m; —u;) an (m) +al (7) (z; — 7 —w;) + (mi—ﬁ—ui)2+Ra (@i —ug,m),

where R,, (x; — u;,m) and R, (x; — u;,7) are the remaining terms in the second-order Taylor expansion of

my(z; —u;) and a.(z; — u;) at 7, respectively. By the discrete orthogonality relation,

Bu ~ el 30 2 (x) s G = ) | (o () 4y () st RO

mi ()

S 32 (1) (1 = ()b s = ) [ s+ P (o

where ~ means higher-order terms are omitted. For p =0, 1,

% zn: <ml;ﬂ>p di(m)kp (x; — ) ul]

i=1

E

M
= n7° E(v)0P €y h —n~%€) fe(€)dvd
n //0 (V)P efpr (m + vh — n™°%) fec(e)dvde

for (T YT E ] + frn(m) (™09 B[] = n~ > E[€°]),

Q

and

B [ib lnl <5” - ”)p ds(mYen (i — ) (i — 7 — ui)2‘|

// (vh—n~ )2 fur (1 +vh —n7%€) fo(€)dvde
for () (h2*yp+2 - 2hn’57p++1E [€] + n*%'ﬁ{E [€*]).

Q
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Forl=0,1,2,

Zkh (m) (xlfzﬂ)l]
// 0! for (0 + vh — n7%€) fo(€)dude

v+ fre(m) (b —n 0 E ),

%

SO
—1 ~ / —d g/ -1
Spi(m) = (for(MTy + hfpe(m)F 1) =07 fra () E [ T)
| o () s Jar(M)Ee]
= | N R AR N IR AL A R ARGt M
forlm) b R Y fhm T
SET
where I'( 1) = 1+ i . Similar analysis applies to the second term of Bj,. In summary,
Y2 73

B ¢ (gt~ WA T T s )

[ (mly () + aly () [for (M) B[]+ fhe () (hn™ il o [e] = n= 2 1 B [€2])]

i b g () (B2 pgy — 2hn Ol LB e + n~2ud, E [€2])

- <f 1(7T)F:1 h? E ir Tzt + —5fw}(2 EW)MF1>

[l (1) [fer (O, Bl + L () (= p B e = n=pg, E [2])] ]
%fx( ) (h2u53 - th_‘s,uiQE [e] + n‘z‘sua,lE [€2])

—n7%/ (1) Ee] + 726; E ;oz (m)E [62] + hziolgz(w)e'llﬂ__lrluéﬁ3 pp 2 (W)E [62}

I
+hn fz: 6 E[e] [(m} (7) + o (7)) 63F;1F(+1)F;1M({1 —m. () ellrilr(_l)rilﬂa,J

Q

—2§fz*(7r) 20/ T
— @ B+ [y var + 2 e ()| 2 Ter g,

where I'(_1) is similarly defined as I'(; ;) with 'y;r replaced by 7, and the last equality is from the fact that
AT ' Ty litug, = P2 T Mg, = 0.
For By, we need only consider the first-order Taylor expansion of m,(z; — u;) and o, (x; — u;):

By, Z Zi ( d; (m)kn (z; — ) [= (m7 () + o (7)) wg]

st F)ﬁ Z Zi (m) (1 = di(m)) (1 = di (m)) [=mZ () wi] -
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Forp=0,1,

n

IZ(”‘;”)pdi( ) ()b (s )uz]

/ / V)P0 for (4 vh — 17 %€) fe(€)dude

E

/ / V)P0 for (4 vh — n%€) fo(€)dude

Q

w0 |7 €) 495 o ef(0ae].

Similarly, £ [}1 S (255) (1= di(m)) (1 = d2(x) ki (s — ) u] ~ 17 Lo (1) [7, (O) 3 Jy ede(e)de]
i=1
The limit of the denominator is derived in Theorem 4. So

—1

By ~ —nl¢ f(ﬂ) T4 (C) + T Fu(0)] " ) (7) + oy (m)] fue () (Fig (C) + 1, Elele < 0]F.(0))
—(-n"%)el fmf(ﬁ) T (C)+T (1= F(0)] "l () fur () (Fiou (C) + g, Elele > 0] (1 = F.(0)))

= = (m) + o () € [T (C) + T4 F(0)] 7 [7ig 1 (C) + iy Elele < 0]F(0)]

—m, (m) €} [T- (C) + = (1= F(0))] " [Fig,1(C) + kg, Elele > 0] (1 = F.(0))] }

-1

[
Proof of Theorem 7. The estimator ay(7) is defined in (6). In the fuzzy design,

Yi = Di (mg (i — wi) + o (zi — ui) +e1i) + (1 = Di) (ma(zi — ui) + €0i) -
When the forcing variable is =z,

Yi = (pr(@i) + Br(@i)d; (m) +m;) (mr(zi — ui) + o (@ — wi) +€13)
+ (1 = pr(s) — Br(i)di (7) — ;) (mr (23 — wi) + €0i)
= [px(@i) + Br(@i)di (m)] [ (@ — wi) + am (@i — us)]
+[1 = pr(xi) = Br(zi)di ()] Mz (2 — wi)
+ [pr (i) + Br(wi)di (7)) €15 4+ [1 — (i) — B (x5)d; (7)] €04
o (@ — ui)n; +n; (€10 — €0i)
i+ R

where

Ui = [pa(@i) + Br(@i)di (7)] [ (@; — wi) + om (i — us)]
+[1 = palws) = Br(@i)di (1)) M (23 — us)
= Ba(mi)ax(m; —wi)d; (1) + mg (v — w;) + pr (@) o (T — uy),
Ry = yi—7s;
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when the forcing variable is z*,

vi = (Oa(®i —wi) + (@i —ug)d; (1) +m;) (Mg (25 — ui) + (@i —us) + €14)
+ (L= prl@i = wi) = Br (@i — wi)dy (7) = m;) (mr(zi — us) + €0i)
= [pr(@i —wi) + Br(zi — wi)di (7)] [ma(2; — wi) + o (2 — wi)]
+[1 = pr(@i —wi) = Br(@i — wi)d; (m)] mx(zi — ;)
+ [pr(@}) + B (@7)d; ()] e1i + + [1 — pr(27) — B (27)d; ()] €0i
+ax(z])n; +n; (€10 — €0i)
v + 1Y,

where

Ui o= [pr(mi —wi) + B (x — w)d} (m)] [me(zs — w) + an(x; — u;)]
+ [1 - p‘ﬂ'(zl - ul) - ﬂﬂ'(wl - ul)d:( (’/T)} m'rr(xi - uz)
= Bp(@i —wi)ax(zi —ui)d; (1) + mz(z; — wi) + pr(Ti — wi)an (@i — uy),

Rl =y -7

(2

We analyze the four cases in sequence. First define some notations,

By, = €S, (m) (izzi(ﬁ)dz(ﬂ)kh(%—ﬂ)yz>7
i=1
Vi = €iSyt(m) (122,(@511(77)@(%@31 ,

Bf = é&S,1(m) <711 ZZi (m) di(m)kp (x; — ) 77i> )

where D; = pr(;) + B,(zi)di (). B, V,,, B, and V, are similarly defined as B}, V,\, B, V&
but replacing d;(7) by 1 —d;i(x). Byt, Vo, Byt, Vit Bi-, V=, B~ and V;~ are similarly defined
as B, Vb, Bf, V,f, B, V,,, By and V, but replacing d;(r), ¥;, R; and D; by di(r), y;, R} and
D; = pa(a?) + B, (x7)d: (), respectively. Now, in Case 4,

5 (B = B) + (Viy = Vi)

YOG B )

and in Case b,
a ( ) (E';kn-i__E;z_) ([ntﬁ__ ['rtt_)
T = .
d (Bt =By )+ (W =V)

In Case (i) and (ii), the limits of the denominators S,,; () and S,_ () are the same as in Theorem 1. In
Case (iii) and (iv), the limits of the denominators are the same as in Theorem 3. So we concentrate on the

numerators in each case.
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Case (i). Define

B,{Zgi‘%:iib_iﬂ(ﬂ)v (20)
then
o (Bf = By) Vah (Vi = Via) = (Bf, = By) Vah (V' = V)
\/rﬁ(af(ﬂ)—aw(ﬂ)—Bf:) (By =By ) (By =By + V3" = V) .
Forp=20

E

1 zj: <f” — ”)p di(m)kn (s — w)yi]

// )P B (7 + vh) o (T + vh — u) for (7 + vh — ) fu (u)dvdu

+/(/

—>fyp

n
and Var <111 Z (I’T_’T

)p di(m)kp, (x; — ) yi> — 0 by the DCT. Similarly,
i=1

;i(w)p(ld( ™) kn (@5 — ) 7;

= %y Lo () {pa (M) E o (7 — w)|w =

k(0)v® [mg (7 + vh — u) + pr(m + vh) o (7 + vh — )] for (7 + vh — u) fu (u)dvdu

) {lpr () + B (0] E [ (7 — w)lz = 7] + E [me (7 — u)|z = 7]},

7|+ E [mg(rm —u)|z =7]}.
So B~ By, = eiT g, [ () + (0 () + B (1)) @ (m)]—€ATZ g, [ (1) + pr (1) ()] = B (m) e ().
Similarly, B — By - B,.(7). So B, = 0,(1).

Next, we derive the joint asymptotic distribution of (\/ h(VE = V), Vnh (VF = V’)).

p P

< () ) ( 4GSl 0 ) Vi 2 2 () )k (552) B
- V- - e S (rx i
M(V;" V;) ) 0 1Sn+( ) \/%ZZ'L (71') dL(ﬂ,)k(m,’:ﬂ')n7
e\ St () 0 Z (m)k (%T_ﬁ) i
( 0 &S (m) ) i

€154 (m) s
0 ers s (7T)

From Assumption ED, E [n(e; —eo)|z] = 0 and E[n|z] = 0, so the means of A, and A_ are zero. We
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calculate their variances next. For [ =0,--- ,2p,

1 g [Ty — xi—ﬂl 2
L[ (225 (25) o
_ lE (P =T\ (=" ld E [R?|z, u]

- h h h T ’

M
= /o E? (v) ! /E [R?|z = 7 + vh,u] for (7 +vh —u) fu(u)dudv
— fo(mE [R2|a: = 7r+] w;,

and similarly,

Lp | (l‘h”) (mi;”yw)n, = fo (M E [’lr =],

L | (%;W) (%;”) (R | = fo (7) B [Rnlz = m+]wf
%E 2 <ffz;”> (%‘;”)lg di(m)R2| — fo(7)E Rz =7—]w,
= <%hﬂ>l(l aNE| = o) B[Pl = -] e,
L k<xh ”) (x’h”)lu Gi(m) R | = fo () B [Bole = 7—]w;

So A, and A_ are independent, and

A+—>N<O f,(ﬂ')(

AN (O,fw (7) (

where ® is the Kronecker product. As a result,

where

g o 1 ezt 0
mp fI(ﬂ-) 0 6/11111

N 1 et Tt 0
fo (m) 0 et Tt

AT ey ( [R2|z = 7+] + E [R2|x = m—

E[R}|lx =7+]| E[Rn|z=m+]
( E[Rplz =n+4] E [p*lo = 7+] ) @iy

( [R2]e = -] [Rmx:w—])

E

E[Rnlz =n—] E[n*|lv =n—]
]
]

Ja (70) E[Rnlx = n+] + E [Ry|lz = 7—
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At last, by Slutsky’ theorem,

Vih (@ (7) — @ (7) — Bf) <% N (0,%5) .

Case (ii). For p=0,--- ,p,

Eliﬁé(wgﬁyﬁxﬂm@m_myﬂ

i=1
o] M

= / / kE()vP B, (1 + vh — w)a (7 + vh — u) for (T + vh — u) fy(u)dvdu
0 w/h

0 M
+/ / E()vP B, (7 + vh — w)ar(m + vh — u) for (T + vh — u) fu(u)dvdu
—o00 JO

M
+ // kE(0)vP [ma(m + vh — u) + pr (7 + vh — w)ar (7 + vh — u)] for (7 + vh — u) fu(u)dvdu
0

0
—»v;mwyﬁ By (7 — e (m — 1) fup ()

+7p fo (M) {E [pr(7 — w)an(m — w)|z = 7] + E [mx (7 — u)|z = 7]},

and
" (zi—m\F
E iz( 1h > (1 —di(m)) ki, (s — 0)T:
0
— vy fa(m) /_ Bo(m —w)ar (1 — u) fyz (u|T)dvdu
+7p fa(T) {E [pr(m — w)ar(m — w)|z = 7] + E [mg (7 — u)|z = 7]} .
So

My (m) —m_(7) 2 0.

Similarly, p; (1) — p_(7) - 0. In summary, the probability limit of @&(m) is not well defined.

Case (iii). Define
B! - B,
Bun = PR — o (r), @

It can be shown that for p =0, -+, p,

1 n PO p p . o, .

n < (h) (M kn (@ = 7)Yy = Vg for (7) {[pr(7) + B (7)] tx (7) + min(m)},
~(zimmy p

% 2 ( ? - ) (1 —di(m)) kp (x5 — m) Yy — Yp for () [pr () e () + My (70)]

so Bt — B, %5 B (m)ax(r). Similarly, Bf - B, 25 B.(r). So Bap = 0,(1).
As to the asymptotic variance of vnh (a¢(7) — @x(m) — Bay), we can repeat the proof of Case (i) to show

that ¥4 is as specified in the theorem.

Case (iv). Define
Bt — BE-
Bg, = 2 2m (1), 29
5 B;+ — B;_ «Q (71—) ( )
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then

Bt — B ) Vnh (Vit = Vim) — (BiE — Bin) Vnh (Vit — Vi)
/ NG —a, — Bs,) = ( P P m m m m p P )
n (af(ﬂ-) «Q (ﬂ-) 5 ) (B;+ _ B;i) (B;Jr _ B;f + V})*+ _ VZU*—)
FOI']J:O7"~ y Dy

E

. Z (m - ”)p di (m)kn (i — w)y;-*]

/ / (V)P B, (7 + vh — n=0€)ax(m 4+ vh — 0 %€) for (1 + vh — 0" %€) fe(€)dvde

/ / V)0 B, (1 + vh — n70€)ar (1 + vh — n70€) for (1 + vh — n %) fo(€)dude

+ // k(v)v® [mg(m 4+ vh — n7%€) + pr(m +vh — n %)y (7 4+ vh — nf‘se)] fur (m +vh —n7%) fo(€)dvde
0

Y [Br (M) () + ma(m) + pr (7)o ()]

-5
M n
: if 57— —0,

— o (M) T (C) Ba(m)an(m) + 75 Fe(0)Br(m)ax (1) + % [ma(m) + pr(m)an(m)],  if 2= — C € (0,00),
Ty Fe(0)Br(m)an(m) + 75 [ (m) + pr(m)an(m)], lff — 00.
and
E 1i ) (1 ) (o )T
n h i\ T h \Lq T yi
= / / V)P B, (T + vh — n70€) o (1 4 vh — n70€) fur (m + vh — n7%€) f. (€)duvde
// V)V [mg (7 + vh —n7%€) + pr(m + vh — n"%€)ax(m + vh — n7%€)] for (m 4+ vh — n"%€) fe(€)dvde
Yo [mﬂ'( )+p7r( ) ( )] i n};j — 0,
= Jor (M) { [ (C) Fe(0) =75 (O)] Br(m)an(m) + 9y [ma(m) + pr(m)an(m)], if 27~ — ¢ € (0,00),
Vo Fe(0)B (W)Oéw( ) Vo [Ma(m) + pr(m)ax(m)], if M= — oo.
So s
B (m)ar (), if % —0
Byt = By o 4 Bo(m)ax(m) [T, (O) + T i, (C)] i 2 — O € (0,00)
0, if 22— — oo.
Similarly,
B (), if ”—;Lé — 0,
Byt = By” = ) ) [T, (C) + T2 g, ()], if 2 — C € (0,00),
0, if 22— — oo.
In summary,
L o
5n T 7 B (m)or (m) ey T A, (C)+ei T g, (C) _ e n=S
) A u0:<c)+e - lgoj:((;)] —ax(m) =0, if %= — C € (0,00).
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But when ”—}:5 — 00, the probability limit of Bs,, is not well defined.
As in Case 1, we need to derive the asymptotic variance of (\/ nh (Vi —Vi=), vnh (Vp*+ — V;‘_)) to
derive the asymptotic distribution of vnh (a(m) — ax(7) — Bsy). Now

Vah (Vo = Vi) _ [ eiSai (n) 0 e [ €18t 0 "
Vnh (Vii-vo) ) 0 St )T 0 St )

P ot ~1
where
\/% ZZz () di(m)k (ml}?ﬂ) R \/% ZZL (m) (1 — dy(m)) k (ccl}?w) R
Al = i=l JAF = i=1
D 2 () du(mk (2 LS 7 (1) (1= di(m) b (552

1
1 g (T —T T;—T «2
L[l (25 (225) wiom
1 9 4+ nlc—m ¥ +nde—m ! . s X21 %
= EE k A h l(sc +n eZﬂ')E[R |x]

M n—"o n=0 \!
= // B k? (v + he) (11 + h€> E [R*|2* = 7 + vh] fo- (7 + vh) fe(€)dvde
—  fur () /00 /0 k2 (v+Ce) (v+ Ce)' E [R*?|2* = 7—] fe(€e)dvde
0 —Ce
9] M
+ for () / / k2 (v 4 Ce) (v+ Ce)' E [R*?|z* = 7+] fe(€)dvde
o Jo

0 M
+ for () /_ /_C k2 (v+Ce) (v+Ce)' E [R*?|z* = 7+] fe(€)dvde
— fo (1) [E [R*2]2" = 7—] & (C) + B [R*2|2" = n+] 5#(0)} .

and similarly,

b |1 (1) (”Ci;”)ldxw)ni_ ~ fo (DB [Pl = 4] o
Lo (ST (2 ”)ldmmm: e () [ER e = 7—]57(C) + B[Rl = w4 (C)].
Ze e () (5 ”)l s P (B (8% = n-]5; (C) + B[R = x4]F; *(C)].
he 1 (1) (“ﬁ)l(ldi(w))n%: = fo (M E[iPle” = 7],
Lol (2 ) (P57) - - . [BlR e = 71577 (C) + BlRmla” = w415, (0)]
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As a result,
/ k=4 *—
Tlh (‘/m me) i} N (O7 Z:»Lp) ,
VP*+ o Vp* )

Vi
where
far (7T) Emp
_ E [R*2|x* = 77—] S (CY+E [R*2\ac* = 7r+] Y14+(C) E[R*nz*=7m—]X._(C)+ E[R*n|z* = 7+] X4+ (C)
BlRnja” = 7] S+ (C) + E[R*nja” = 74] Z++(C) E [rla” = 4] ¥

n E[R?z* =n1—]S__(C)+ E [R?|z* =7+|X_4(C) E[R*'nz* =7—]S__(C)+ E[R*n|lz* = 1+]Z_1(C)
E[R*'nlz* =n—]¥__(C) + E[R*'n|z* = n+] X_,(C) E[pPlz* =7m—] %

At last, by Slutsky’s theorem
Vil (@ (7) — ax(7) — Bsn) —= N (0,55 (C)).

[

Proof of Theorem 8. ¥, = B, (zi)ax(z; — w)d; (1) + me(z; — wi) + pr(xi)ax(z; — u;), and D; =
pr(x;) + B (zi)d; (7). To simplify notations, define m (-) = m,(-) + ax(-) and p (-) = px(-) + B.(-). Under
Assumption CD, CY and U,

Bel@an(@ —us) % Bo(m)an(m) + By(man(m) (2 = m) + B (m)aly(m) (& — 7 — w)
5 BUm)an(m) (@ = 1) + 3B, (Mat(r) (@i — 7 — us)? + By (m)ay(m) (w: = m) (&1 — 7w =)
m (r)
2
Pr(m)an (1) + P () (1) (25 = ) + pr(m)a () (2 = 7 = )

Q

my(z; — u;) my (1) +ml (7)) (T — 7 — ;) + (zi — 7 —w;)?,

Q

P (@) (@i — ui)
+5phman(m) (@ — ) + Spa(mals(n) (2 — 7 — )’ + Bl (M)l () s — ) s — 7 — i)
p% (W) (xi _ ﬂ_)2 7

pr(wi) ~ pr(m) 4 (7) (2 — ) +

Bow) ~ By (x)+ B () (i — )+ D) (g )2

By the discrete orthogonality relation,

B,, =B, =~ Bi(m)ax(r)+ 6'15&1(7?)% Z Zi () di(m)kn (25 — ) [= (p(m)a () + my (7)) w;
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and

From the analysis in the proof of Theorem 6, we have

Bi- B~ Smasn) 4 (T - Oyt et D)

— (p(m)aly () + mly (7)) [for (M0, E €] + foe (r) (00l yE [e] — =P udy E [2])]
1 ()t () e (mV2 i g+ REEDEME D (0 )(h?u;?,—%n-%rzmewn g E [€])
+p' (7)) () for (0 )(h2u273—hn_‘5,uf2E[ ])

/ 1 -1 for () (1 -1 s far(M)E €] 4
(™ E T )

= (pr(m)aly () + il (7)) [for (M) iy B[]+ fi-(m) (=" i o B le] =2 g, B [¢2])]
0 ()t () fo ()2 iy - 22D £ () (12t — 2D o 2 (€] =g 2 [€])
P TIL) fo () (R — S, )

= B (Mo 08, mamE + 0D g (s (m) B[] 4 -2 M0 (M g (2

Jar (77) 2
— Eg BB (ry () + 2t A0 Bl () 20 (N0 (r)
= Balman(n) — 1B, (W (MELE + nx) [ E D () Var(o + 22 (]
a2 B0+ Bulr)ol () + 2B e
and Y
B — By~ (m) + 02220 ”Q(W) ATy g
So
Bt — B,
By = BPT — B:: - Cvﬂ—(’]T)
~ L —n 708 (7)o (7)E [e] + n~2°B_(n Tz~ () o (m)Var(e o (m) €
~ T BB ) | e ) Varo + 2T E [

B0 4 Bl ) BN s aw;of;)( )P g,

which simplifies to the form stated in the theorem.
We now turn to the analysis of Bs,,. Jf = 8, (i —uw;)ar (@i —u)dY (1) +me(x;—u)+0r (@i —w) ar (2 —u;),

and D; = py(z}) + B, (z)d: (x). We only use the first order Taylor expansion in this case.

Br(wi —ui)an(zi —u;) ~ Br(m)ax(m) + (Br(m)o(m) + Br(m)ar(m)) (v — 7 — ;)
Pr(@i = wi)ax (i —wi) ~ pr(m)ax(m) + (P (7)an(m) + pr(m)ai (7)) (@i — 7 — wi) ,

me(x; —u;) = mg(m)+m (7)) (z; — 7 —w;).
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Define

= Br(max(r), B = Br(m)ax(m) + Br(m)a(7),

(1 0l
|

o = my(m)+pL(T)ax(m) + pr(m)ag (7),
then
By =B~ eSihm Y 2 () di(mbn (s — )
{d; (m) [E1 + 51 (@ — 7 — wi)] — Egus }
'S 711 Zzz (m)) ki, (i — ) -
{di (m )[~1+~'1( =7 = )] — Egus} -
For p=0,1,
n T — T p
E IZ( Zh ) d;(m)d} (m)kp (z; — ) (mi—ﬂ'—ui)]
= /0 / V)0 (vh — n7%€) fur (1 +vh — n 7€) fo(e)dvde
/ / V)o? (vh —n"%€) for (m + vh — 1) fo(€)dvde
~ hfee (1) [T (C) + 77 Fe(0)] = 070 fou () [% (C)+7;/_ efe(e)de],
and
n :Z,‘ -7 p
I 1z< . ) oy (mi_ﬂ)di(ﬂ)d;‘(w)]

_ / / ()P for (1 + vh — 0 0) f. (e dvdeJr/ / ()P for (1 + vh — n0€) f. (€)dvde

= S () (55 (C) 4 EO) + 1L <>[ (7:1(C) 4 71 Ful0)) — (v;<c>+v: / eﬂ(e)de)]

Similarly,

o1



and

iZ(‘T"”) b (2 — ) (1 — di( >>d3<w>]
0
~ for(m) [y F0) = 55 (C)] + flm () [h(w,:+lFE<o>v;H<C>)n5 (vp / efe<e>dev,,<0>)]
So

BiF— B

Q

— fa/: () 1 —5f;*(7T)E[€] -1
<fx()r ~ T Tl +n ™ F*)

(21 [for (1) (B (C) + i1 Fu(0)) + Fln (1) W ()]
+Ellfz* (W)\IIR(ha nié) - Eé)fz* (ﬂ)niaﬂéhE H}
/ 1 -1 fg/g ( ) 1 —5f;;*(7T)E[€] -1
1 (fm*wr BN R L v el )
(21 [for () (11 Fe(0) — g (©)) + F1m (1)W1 ()]
FE for (1)U () — Ep for () E (]}

where
Ur(h,n™®) = h(@E/,(C) + uisFe(0)) —n™° (uo,l(C)w&l / eﬂ(e)de),

0
Bolhn) = b (aF0) - (O~ (o [ ehldde - Fou(©)

Bt — BX~ can be further simplified:

Q
(1]

Bif - B e ’Ffﬁ&(c) + et g, (O)]

( ( ) ) (T W R(h,n™%) — e\ T2 L (h,n0))

+:1 fa/c 111(+1)F fo1(C) + e’lfle(,l)Fjlﬁal(C))
a +n B (el g1 (C) + et T g 1 (©)
= E e} Mo 1(0)4‘@1F Fig.1 (C)]

i e g P
+hZ] (enT5 N1 T5(C)+ €Tz M1,2(C)) = (611F+1M0,1(C) + 6/11—‘71/10,1(0))

= Jar(m) _ 1 _ -
+h=E - Gy i (C) +ei 2(C)) - (6/1F+1F(+1)F+1M3,1(C) + ellrflr(—l)rflﬂog(c))]

/
5= = \T0 1= 1= 1 1
—n o I (AT )+ AT () ~ B L (AT () + 4775, (O))]
= i [T (C) + e T2 1 (O)] + U (h,n ™% By, FY).

B;+ — B~ can be approximated by a similar form except that Z; and Zj are replaced by 3, () and Bl (),
respectively. Finally,

B:;j_ — B:;z_ \Ij(ha n_é; =1, Ell) — Qr (71—) \Ij(hﬁ n_é; ﬂﬂ' (ﬂ—) 7ﬂ;- (7‘—))
Bsn = — o0 — () ~ Py p— P p—
By" — By B () [€1P+ Nm(o) +el'z M0,1(0)]

which simplifies to the form stated in the theorem. m
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Supplementary Materials

1. Calculation in Example 2

In Example 2, 2* ~ U[0, 3]. If u ~ U [—1,1], then

1 1
fou(lz,u) = gl(OSm—uSS)il(—lgugl)
%1(—1§u§m) ifx <1,
= F(-1<u<l) ifl<z<2,
Hz-3<u<l) ifz>2,
and
le, ifx <1,
fo(z) = /fx’u(:c,u)du = %, ifl<z<?2,
ZE, ifz>2
So
r—1 <1
T, u ) d 2 -
Bluje) = Lefzalmtlit 0y ey
: 2 2
When u ~ N(0,1),
1 1
1
@) = [ foaloudu = 3 (0() - 2 - 3).

where ¢(u) and ®(u) are the pdf and cdf of the standard normal distribution, respectively. So

Jufeu(z,u)du ffﬂs up(u)du

Bkl = = = %@ oG -39
b —3) - o)
O(z) — P(z—3)’

where the last equality is from the fact that [ u¢(u)du = ¢(z).

2. Extension of Goldberger (2008)

Suppose the forcing variable is z* in the sharp design. First, we find E[y|d: =1,z = 7+| — E[y|d: =0,z =

m—]. For this purpose, we need to develop the conditional densities f,«|4: , (v*|d}, ) and f;|g: . (€|d}, 2)
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since y = mki(z*) + a,di + ¢ is a function of z* and e. For df =1,

for wjax (@ 2ldy = 1) fope ax (2]2”,dy = 1) forja: (2%|d; = 1)
fojax (lds =1) felaz (z]dy = 1)
fojor (2]2*) 1(2* > 7) forjae (2¥]d) = 1)
fojas (z|d} = 1)
fule —a")1 (@ > 7) for (27) /(1 — Fyn
[ fule — ) far (2%) /(1 = Fype (m))dz
™),

fx*|d;‘r,a: (l‘*|d; = l,l‘) =

())

f:o fz* (I*) fu(x - l’*)dSC

” foomi?(w*)fx*( ale —a e _ [ i) |x<*|m>dx

™ T

Symmetrically,

SO my fm* ( *)fu(ff—x*)df* _ ST oo (@) far e (%] ) d

E[mz(z%)|dr = 0,2] =

We then develop the conditional density f; 4« , (€|dy, ). For dy =1, € = ¢1, then

fewjaz (e 2ldy =1) [ fr . (a%,€) fulz — 2%)dz* /(1 = Fpe (7))
fojaz (ldz =1) [ fou(a¥) fu(@ — 2%)da* /(1 — Fpe (1))
[ fae o (@%,) fule — a*)da*
[ for (@%) fu(z — a*)da

fe\d;’;,w (dd; = 1,.’E) =

SO

[ [ efh  (a*,) fulz — 2*)da*de
f,r for (%) fu( — x*)dz*

[ Ble1]a?] for (%) fuln — 27)da*
f for (%) ful® — z*)dz*

where the second equality is from Fubini’s theorem, and the last equality is from E [e1|2*] = 0. Symmetrically,
Ele|ld: = 0,z] = 0.
In Example 3,

Eleld;, = 1,z2]=

:O7

S mE @) fule — ) for (%) der [T (Bo + Bra”) dlz — 2730, 7520%)d(a%; p, 0%)dat
I fuw—x)fac*( *) da* - 7 dl@ — %0, 1;"02)¢(fc*;u,02)d96*
[z ¢z — 2%;0, =L0?) (2% p, 02 )da*
[ bz — %50, 5L02)d(x*; 1, 02)dar*
B foo *(b(x a( ), b2)dac*
- ﬁ0+ﬁ1 f ¢ b2)dx*

o7, e+ (”{”)} |

where ¢ (z; 78 02) is the density of a normal distribution with mean p and variance o2, ¢ (z) = ¢ (z;0,1),

Bo + By
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the third equality uses the facts that

¢ (a? —z*;0, Lo p02> o(z*;p,0%) = ¢ (z%;a(z),b%) ¢ (x;u, (;2) 7

and the fourth inequality uses the fact that E[X|X > 7] = p+ oA(c), where X ~ N (p,0?), and ¢ = £,

g

T e (") da* ()
e g =Pt (- (P,

Appendix C of Goldberger (2008) shows the special case with p =7 =0y =09 =a; =0and 8, = 1.

In this example, u|z ~ N(z — a(x),b?) = N ()5 b?), so the propensity score

o) = Fue o= m) = @ (T )~ (M52

Elylz] = Elmg(z%) + axdzlz] = E[mz(z7)]a] + axp(z)

us

_ /_:W (Bo + B =) 6 (13 10, 1) du + /z_ﬂ
o /_ :ﬂ ¢ (u; . b2) du

— Go+Bu) o (T B (- atepe (ST ) <o (ST )
+(By + Byz) @ (W) s ((m — a(z))® (’W) +bg (W))
s

= (Bo+Bra(x)) @ <a(x)b_7r> + (8o + Bra(2)) (1 -2 <a(x)b_7r>)
+ (B, — B,) b <“(x)b”) + o b® (‘“””L”)

— 1By + Bra(@)] + o (a(z) — 1) D (a(””)b‘”> +arbé (‘l(”)b_”) +ayd (‘““{”) ,

oo

which is a continuous function of z.

3. Simplification of the Asymptotic Variance in Case 5

This section can be treated as an example of many simplifications in the main text. Suppose f.(-) is
symmetric, then we can show 5;__(6’) = (—1)j5]»_+(0), and E;H—(C) = (-1)’w; (C). We only show
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w, (C)= (—l)jﬁer(C') for illustration.

o0 0 4
iji(c) = /(; [C k2 (’U 4 CG) (’U + C’e)j fe(e)dvde

0 0 -
- /, /C K (v —Ce) (v = Ce)’ fe(—€)dude

Ooo jCe -
- /, /0 K (=0 = Ce) (=v = Ce)! fo(—€)dvde

0 —Ce - B

= (-1Y [ /0 k* (v + Ce) (v+ Ce)’ fe(e)dvde = (—1)T; ().

where the second and third equalities are from changing variables, and the second to last equality is from
the symmetricity of k(-) and f. (-). Given that

S (0) = eIy (O e, B4 (C) = €iT
$_.(C) = I (C) ey, N__(C)=¢€\T

and v; = (—1)3'7;'7 it is easy to show X, _(C) = X_,(C), and X, (C) = X__(C) by the same steps in
showing e/ T 7' Q T 'e; = efT7'Q_T'"ey.
When ¢g, €1, ny and 7, are independent of each other conditional on z*, we can simplify £ [R32|x* = 7r]

as follows:

2

E[R?a* =] = Enle" =] (0} () + 03 (m) + an(m)?E [3la” = 7] + p2(m)o? (x) + (1 = pa(m))” o}
o2(m)E [nfle* = 7] + (p2(x) + B [fa* = 7]) 03 (m) + [ (1 = pu(m))* + B [ma* = 7] o3 ()

az(m)E [ngla® = 7] + pr(m)oi (1) + (1 = px (7)) o7 ()

where the last equality is from E [n3|z* = 7] = pr(7) (1 — px(7)). Similarly,

E[RPle* =] = of(m)E [nilz* = 7] + (pa(m) + B (7)) 0F (7) + (1 = pr(m) = B (7)) 0f ()
E[Rgnole™ =7] = ax(m)E [ng|a” =n], E[Rin|2* = 7] = ax(n)E [ni|z" =7].
Now,
_ ellr-T‘lQ‘i‘F-T-lel *2 LL‘* = *2 :L‘* =7

—2ax(m) [E[Rynolz™ = 7] + E [Ring|z" = ]
+ o (m)? [E [n%|x* = ﬂ + E [nﬂx* = w]]}

= OS2 [l = 7] + pa(r)ok () + (1= pe(m) o )
+a2(m)E [ni|z* = 7] + (px(7) + (7)) 07 (1) + (1 = px(7) = B (7)) 05 (7)
—aue ()2 [E [ng|w* = ﬂ +F [n?|x* = 7'(']]}
e’lI‘_T_lQ_,_F_T_lel

T T (VA2 () T ) ot (m —2p () = B (7)) o2 (m)] .
= At S (el + Ao (7) + (2= () = B () o )]
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If 03 (1) = 02 (1) = 02,
202

Y= —"—c¢
Y e (m B

IO T e

Y. (C)+XZ44(O) “2) *2|,
35 (0) = - s {E [Ry*a* =7 + E[R{?|2" = 7] —
’ 4fx ( )B ( )(elf NOP(C)) { [ ’ ] [ ]
—2ax(m) [E[Ryno|z” = 7] + E[Riny|z* = =]}
T 0T  erag ()2
+ 1 + 1 E 2|.’L‘*:7T +E 2|:13*:7r
4fur () F(m) (17 uo,,<0>)2{ il =l B il =l
2 (O)+34(C 2, 2 2
= 2 =7 +pr(m)o] (7) + (1 — pr(7m)) og (7
o () 2 (T uop( )2{ E [ | +p T () + (1 = pr(m)) o5 (7)
+ai (m)E [ni]a" = 7] + (px(m) + B (m)) 07 (1) + (1 = pr(7) — B(m)) o5 (7)
—2oz7r( ) [ [770|x —7T]+E[n1x —7T”}
'O eran(n)?
4 [ (77) B2 (m) (elF—T-llJ’a_p(C))
2 (C)+ 34 (C 2 2
= Br(m)) o1 () + (2 = 2px(m) — B (7)) o ()
Afe- (7) B2 () (415" uo,,<c)2{ g
—ar(m)? [E [ng]a* = 7] + B [ni|a” = 7]] }
'O eran(n)?

_|_
Ao (1) B2 () (4T g, (O))

™) [B nile” = 7] + E [ni]a” = 7]

2cu7,(7r)2 [E [n3|x* = 7r] +F [nﬂx* = 7TH .

_ 207 —oi(m) [E [nggle” = 7] + E [nila" = 7]] . (C) + 44 (C)

Y5 (C) =
5(0) for () B2 (7) 4 (T g, (0))
+oz7r(7r)2 [E [n3|z* =] + E[n3|la* =n]] € T7'Q T e
far () Br(m) 4 (e T3 g ()

o7
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