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Abstract

This paper puts forward a unified framework for asymptotically optimal tests in parametric models
and applies the new theory to two tests. The first test is a classical test in locally asymptotically normal
(LAN) models, but the assumptions are weakened and a lacuna in the literature is filled. The second test
concerns the location of the threshold point. The main result here is that the optimal test in the weighted
average power sense is based on the posterior odds which depends on the prior on the local parameter
space and is not unique. Furthermore, the likelihood ratio test is not asymptotically equivalent to the
posterior odds and there is a discrete component in its asymptotic distribution. Since the asymptotic
distribution of the posterior odds is not pivotal to the true value under the null hypothesis, a parametric
bootstrap is used to find asymptotic critical values. The results in the second test are very different from

those in classical LAN models.
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1 Introduction

Optimal testing is part of classical statistical theory and has important applications throughout econometrics.
In the frequentist literature, the Neyman-Pearson lemma is the cornerstone for considering optimality, but
only applies for simple hypotheses. When the hypotheses are composite, the weighted average power (WAP)
criterion is often used. For example, Andrews and Ploberger (1994) consider parametric optimal tests using
WAP when a nuisance parameter is present only under the alternative. In the Bayes literature, Bayes
factors are the usual choice for testing. It is well known that Bayes factors have some optimality properties.
For example, Jeffreys (1961) shows the Bayes factor minimizes the sum of the Type I and Type II error
probabilities averaged over the prior.

It is standard to apply the decision theory to the testing problem in finite samples; see, e.g., Section 8.1
of Chamberlain (2007). But the decision theory is not applied to optimal testing in large samples yet. This
paper tries to find the optimal tests in the asymptotic WAP sense by using the decision theory framework.
Such a unified framework is given in Section 2. This framework is very powerful. It helps us to sort out the
key problems we need to answer when we try to find a test with the maximum WAP. The basic result is
that the posterior odds procedure is optimal in the WAP sense as long as it is asymptotically pivotal to the
local parameters under the null hypothesis.

There is considerable literature related to the topic discussed in this paper. Andrews (1994) builds the
large sample correspondence between classical hypothesis tests and Bayesian posterior odds tests in locally
asymptotically normal (LAN) models, but no optimality results are covered. See also his Section 7 for
the interaction of frequentist and Bayesian literature in hypothesis testing. Andrews and Ploberger (1994)
discuss optimal tests when a nuisance parameter can not be identified under the null, but their Theorem
2 actually claims that the optimal tests there have the smallest weighted average type I and type II error
probabilities, not the maximum WAP. A classical test in LAN models is reconsidered in Section 3, but the
assumptions are weakened and the lacuna in Andrews and Ploberger (1994) is filled.

A more interesting test about the location of the threshold point in threshold regression is discussed in
Section 4. The threshold regression model is specified as

_ { a'Brt+oie, q<; ()
x'By +o2e, q>1.

where ¢ is the threshold variable used to split the sample, z € R?, 8 = (3, 35)’ € R* and o = (04, 0,)" are
threshold parameters on mean and variance in the two regimes, Ele|z,q] = 0, E[e?] = 1 is a normalization
of the error variance and adopts conditional heteroskedasticity, and all the other variables are understood
as in the linear regression framework. In the parametric model, the density of e conditional on (z,q) is
Jelz,q (€, q5m), n € R% is some nuisance parameter affecting the shape of this error distribution only, the
joint distribution of (z,q) is fz,q (z,¢), the marginal density of ¢ is f; (¢), and the unknown parameter is
0= (’y, B1, By, 01, 02,77’)/ = (v,8). Threshold regression models of the type have many applications in
economics; see the introduction of Yu (2007) or Lee and Seo (2008) for a summary.
The hypotheses of interest are
Ho : v =", (2)
Hy v # 7.
This test is never considered independently although it appears as an intermediate step in the confidence
interval construction literature such as Hansen (2000). The optimal tests depend on the weighting scheme

used, so are not unique and depend on user preferences. Furthermore, the likelihood ratio test is not



asymptotically equivalent to the posterior odds as in the usual LAN model discussed in Andrews (1994),
and there is a discrete component in its asymptotic distribution. So the results in this test are very different
from those in classical LAN models. Since the asymptotic distribution of the posterior odds test is not
pivotal to the true value under Hy, a parametric bootstrap procedure is used to find critical values. Section
5 concludes, and all assumptions, proofs, lemmas and algorithms are given in Appendices A, B, C and D,
respectively.

Before closing this introduction, it should be pointed out that the framework is essentially frequentist.
Decision theory is used to attack the optimal testing problem and some Bayes procedures are used in deriving
the test. But the randomness is confined to the data and does not include parameters. Throughout the paper,
the data are assumed to be randomly sampled to simplify the theory, but the central ideas and methods of
the paper may readily be applied to more general data generating processes. A word on notation: the letter
c is used as a generic positive constant, which need not be the same in each occurrence, 7 is pi (more usually
), and ﬂg, ] signify weak convergence under 6y and hg respectively. The code for figures and tables is

available at

http://homes.eco.auckland.ac.nz/pyu013/research.html

2 A Unified Framework for Asymptotically Optimal Tests

Suppose the model under consideration is Py with density f (-|f) for some 6 € O, where © C RF is the
parameter space, and g is uniquely identified in the interior of ©. The data W;, = (w1, - - - ,w,,) are randomly
sampled with support W c R¥. This section seeks to provide a unified framework for the following testing

problem:

Ho . 96@0,
Hy : 06@1,

where ©; = ©§. This problem is formulated in a decision framework. The actions are to accept Hy (d = 0)

or to reject Hy (d =1). A conventional loss function is

0, if0eOyd=0,
L) = b, iffecOyd=1,
1, if0e0,d=0,
0, ifOecO,d=1,

where b > 0 reflects the importance of the type I error relative to the type II error and will be specified

below.

2.1 Weighted Average Power Envelope

In the frequentist literature, much of the focus centers on the power function on the local parameter space
instead of the original parameter space. This is because the power generally converges to 1 for any fixed
0 € ©1, which makes the optimal testing problem trivial.

Suppose the appropriate normalization rate for 6 is ¢,, which converges to zero as n goes to infinity, then

the local parameter space is H, = ¢, ! (0 — ), which converges to R* as n gets large since 6 is in the



interior of @E Instead of imposing a prior on ©, we put a prior distribution II(h) on the local parameter
space H,. This specification is not new, e.g., Andrews (1994) and Andrews and Ploberger (1994) take
this perspective. For a fixed prior II(h), the corresponding prior II(6) on the original parameter space ©
changes. If 7(h) is the prior density on H,,, then the prior density on © is 7 (6) = ¢, '7 (¢, (6 — 6p)) which
concentrates around 6y when n gets large. Here, there is some abuse of notation from using 7(-) and II(+)
for the priors on © and H,,. Specificaton of 7(h) depends on user objectives. From the discussion below,
7 (h) plays a similar role to the loss function in estimation problems.

When the null hypothesis is simple, 6y is known, and H,, is known, so a prior can be placed on H,,. But
when the null hypothesis is composite, part of 6y is unknown and H, is partly unknown, so the prior can
not be placed on HnE| In this case, the optimal test can not be found for an arbitrary prior. For many
problems, however, the optimal test is invariant to the nuisance unknown part of 8y for some special class
of reasonable priors, as discussed in the examples below.

For the given prior w(h), the average (Bayes) risk for the decision d (W,,, ), abbreviated as d,, is

B = [ [ Lo.4,)app o))
_ / / L (00 + uhs dn) dBj, 1, 1y (W) dIL(00 + 1)
= el [ | £ G0+ eundyary (52 atiyin
= el [ / (00 + 9h d Hfh (ws) (h)dh | aWW,,

where |, | is the determinant of the matrix ¢,,, P, = Pgyyy, n, fn (+) is the density function corresponding
to Py (+), and the last equality is from Fubini’s theorem. Since By, (d,,7) will converge to zero when n goes
to infinity, By, (dn, ) will be used for |p, | ™" By (dy,7) in the following discussion. Interestingly, the effect
of the prior on the decision procedure does not disappear even asymptotically. This is basically because this
prior is imposed on the local parameter space, not on the original parameter space. When n gets larger, 7(6)
actually concentrates around . If a fixed prior 7 (0) is used, then B,, (d,,, 7) will asymptotically only depend
on 7 (6p), not the whole function 7r()E| The question left is to find the best d,, to minimize B,, (dy, 7).

From the last equality in B,, (d,,, 7), the expected posterior loss can be minimized for each W,, to minimize

!The matrix ¢,, is selected by letting nH? (Pgo,Pgn) < 1, where H? (P, P1) = %f {\/ — p2(z ] du(zx) is the
Hellinger distance between Py and P; with p; the density of P; with respect to any measure pu domlnatlng Py and Py, 0, =
0o + ¢, h for some fixed h, and nH? (Pg07 Pgn) =< 1 means nH?2 (Pgo,Pgn) /1 is equal to some constant c. See Section 13.1 of
Lehmann and Romano (2005) for more details about the selection of ¢,,. Usually, ¢,, is known from the estimation problem
and makes Py, contiguous with respect to Pp,. In the examples considered below, Py, is indeed contiguous with respect to
Py,,. But nH? (ng, Pgn) < 1 is not equivalent to the contiguity between Py, and Py, ; see Oosterhoff and van Zwet (1979) for
a sharp result on the relationship between contiguity and the Hellinger distance.

2In this paper, we assume 0 "uniquely" exists in the "interior" of ©, so H, can be potentially constructed although we do
not know it exactly when 6g is not completely specified in Hg. This assumption excludes partially identified models and the
case where g is on the boundary of © which is considered, for example, in Andrews (2001).

3This relies on ¢,, — 0 as n — oo. If ¢,, = 1 for some part of the parameter @ such as «y in the specification test of threshold
regression in Hansen (1996), the whole prior function on the original parameter space of that component of parameters (not
only 7 (0p)) matters. The parameters with ¢,, = 1 are essentially localized parameters.



B, (dn,7):

/H L (00 + ¢,h.dn) [ o (wi) w(h)dh

i=1

(1—d )/ L (00 + ©,0,0) [ [ fn (wi) w(R)dh + d, (/H L0+ @b, ) ][ £ (wi)w(h)dh>

=1 i=1
H fh wl ]

Hon j—1

= 1_ Hfh wz dh+d7L

Hin ;1

where Hy,, = (p;l (@0 — 90), and Hy, = (,0;1 (@1 — 190) So

1, it PO (W, ) > b,
d(W,,r) = 0, if PO (W, ) <b,
Oorl, if PO(W,,7m)=0

where .
me Zl;ll In (wz) W(h)dh fH 90 +¢, ) (h) dh

PO (W, ) = (h) dh (3)

i, TG ntayan T E o 207
is the posterior odds which measures the ratio of the posterior probability of H; and Hp, and L, (0) =
n
IT f (w;|6) is the likelihood function*
i=1

Under d,,, the average risk B,, (d,,7) is

b/ P (dy = 1) n(h)dh +/ (1 PP (dy = 1)) 7(h)dh,

in

which is the prior-weighted sum of type I and type II error probabilities. The Neyman-Pearson framework

of testing is actually to select a specific b such that

sup P! (d, =1) < a. (4)
he€Hon

If b can be selected such that P (d,, = 1) = « for all h € Hy,,, where « is the prespecified significance level,

then minimizing the average risk is equivalent to maximizing the WAP on Hy,:

W AP (do, 7) :/ B (dy = 1)7r(h0)dh0
Hln

Here, we use hg instead of h to distinguish the alternative h and the h in the integral of PO (W, 7). If a
uniformly most powerful (UMP) test exists, then it maximizes WAP for all choices of 7. Usually, b is hard
to find for a fixed n, but can be selected when n goes to inﬁnityﬂ

4L, (0) is the joint density of the data when treated as a function of W,,. In the following discussion, Ly, () is used for both
the joint density and the likelihood function without introducing new notations to distinguish them.

5That 7 (h) = 0 for h € Hpy, will also make the first term in By, (dn,7) a constant, but it will induce PO (W,,7) = oo,
which will further induce rejection for all W, and b and make the testing problem trivial. This is understandable. Since only
the type II error is taken care of by using this weighting scheme, rejection is always the best choice.

6There is another chance to make the first term of By, (dyn,7) vanish asymptotically: lim sup Pl (dn = 1) = 0, but this
n—)ooheHon
will make b go to co; that is, there is no rejection.



Note that the specification of « is related to punishment arising from the type I error. As « gets smaller,
a larger b is required to satisfy , so punishment on the type I error gets more severe. Consequently,

e (PO (W, ) > b) is smaller, and the type II error is larger, so there is a trade-off between type I and
type IT errors.

2.2 Likelihood Ratio Process

For any testing in large samples, we must provide asymptotic critical values and give out local powers besides
finding a test statistic. In a parametric framework, these two questions can be answered by utilizing the
likelihood ratio process.

To find asymptotic critical values, notice that

fh( L)
Ju,, Q TWdhy Z () dh
(ym(h)dh

PO (W,,m) = =
wi Zn

i, 11 4w an I

where Z,(+) is the likelihood ratio process. If Z,(-) weakly converges to Zo(-), the limit likelihood ratio

process, then by the continuous mapping theorem, PO (W,,, ) weakly converges to

it Zoo(h)m(h)dh

T Zoaly(iydh ~ L0 (™

where Hyso = hm HO,L and Hyo = hm H,, are usually subspaces, half subspaces or unions of themﬂ Now,
the critical value b is determined by

P (PO (r) > b) = a.

To calculate power under the local parameter hg, we need the asymptotic distribution of Z,,(h) under hy
instead of 0y. Rewrite PO (W, ) as

fh.(wl)
Ju, U TG TR g (b ho)m(R)dh
PO (Wy, 7, ho) = = = ~Hin

u),L Z
S H futwd rpyan

4 fhg(u’z)

which converges under hg to

lex Zoo(h, ho)m(h)dh
‘[Hﬂx Zoo(ha ho)ﬂ'(h)dh
by the continuous mapping theorem, where Z(+, hg) is the limit likelihood ratio process under hoﬂ Note
that PO (7) = PO« (m,0). Now, the local power at hg € Hi is

POOO (T&',ho) =

(5)

Ppe (POs (7, ho) > D),

where Ppe (+) is the asymptotic distribution under hy.
Come back to the discussion in the last subsection. If the distribution of POy, (7) is pivotal to h € Hoeo,
which is equivalent to POy (7, ho) not depending on hg when hy € Hyso, then b can be found to maximize

"The notion of convergence of sets is used here, which is defined, for example, on page 101 of Van der Vaart (1998).
8From this form of the posterior odds, we need only know the conditional distribution of the data given weakly exogenous
variables.



the WAP over Hy,. In this case, the asymptotic WAP is

. Py (POo (7, ho) > b) m (ho) dho.

loo

Usually, Zu(h, hg) is exponentially decaying at the tail of h, so POy (7, hg) is well defined as long as
m(h) has a polynomial majorant. But the power at hq is usually greater than «, and converges to 1 when
|ho| goes to infinity. To make the WAP a finite number, leoC 7 (ho) dhp must be finite. In other words,
7 (hg) can be normalized as a density on Hjs. In the following discussion, we will focus on the case that
Joom(W)dh = [y m(h)dh = 1]]

The Bayesian decision rule in Andrews (1994) is that the posterior odds is greater than 1. When we
assume fHOw 7 (h)dh = leoo 7 (h) dh = 1, the posterior odds is equivalent to the Bayes factor statistic in
the Bayesian literaturem Jeffreys (1961) provides critical values for the Bayes factor which can also apply
to the posterior odds. In the examples in Section 3 and 4, the performance of Jeffreys (1961)’s decision rule

is evaluated from a frequentist perspective.

2.3 Special Cases

There is a special case where b can be found even if n is finite. In particular, the selection of b is possible
when the null hypothesis Hy is simple; that is, Hy : @ = 0y. In this case, Hy, = {0}, a singleton, and Hy,
converges to Hio, = RF\{0}. If 7(h) is a density, then PO (W,,,w) always equals oo, and Hy is always
rejected. To make the problem nontrivial, assume there is a unit point mass at h = 0 and a density on
h € HlnE In other words, 7 is a mixture of a discrete component and a continuous component. This
makes testing different from estimation where a point mass in the prior is seldom assumedE Under this

assumption,

- fn (w;)
PO (W, ) /HM 11 mw(h)dh

/ Z,(h)x(h)dh.
Hin

In finite samples, b is selected such that Py (me Zn(h)mw(h)dh > b) = «. In large samples, b is selected
such that P5° (ka\{o} Zso(h)m(h)dh > b) = a. The corresponding test statistic in practice is the integrated

likelihood ratio test statistic: L, (60 + ¢, h)
n 0 Pn
T r(h)dh.
/Iilln Ln (90) ( )

9This is equivalent to ™ = % in Andrews (1994).

10The key difference between the Bayes factor statistic and posterior odds is that the posterior odds takes into account the prior

Jo. Ln(0)7(0|H1)do P(D . - L.
. _ 1 _ ata|Hj) _ Average Likelihood Conditional on Hy __
odds of Ho and Hy. Since the Bayes factor BF = Jo. Ln(0)7(0|Hg)d0 — P(Data|Hg) ~ Average Likelihood Conditional on Hg —
[EH) 0
Jo, Ln(0)m (0| Hy)m(H1)do teri .
1 w(Hy) _  POWpy,m) _ Posterior Odds P P ar i i 5
Tou Ln(e)T\'(GIHO)T\'(HO)dG/W(HO) = SE/A(Hy) = Prior Odds only 7 (#|H1) and 7 (6|Hp) appear in BF, which does not

depend on the prior beliefs concerning Hp and Hi. So the extra information in the posterior odds beyond the Bayes factor is
the relative prior belief on Hg and Hi. See Section 4.3.3 of Berger (1985) for an introduction to the Bayes Factor.

HTf ©1 also includes only finitely many points, then 7 is assumed to be discrete on Hi,, but this is not the emphasis of this
paper.

121 the estimation problem, g is unknown, so a prior can not be imposed on the localized parameter space. Also, fg has the
same importance as any other point in © since any point in © can be the true value. But in the testing problem, the "point"
0o has the same importance as the "set" ©\ {fp} since testing is a dichotomatic decision problem, so putting a point mass on
0o is not unreasonable. In an AR(1) estimation problem, one might have a point and slab prior with mass point at unity and a
density over (—1,1). A Bayesian could then update this prior based on sample data. But such a prior specification is obviously
stimulated by unit root tests which make unity a special point.



The power function becomes
([ i),
Hioo “oo\Ys 10

The cornerstone of testing in the frequentist literature is the Neyman-Pearson lemma, which is a special
case of the above argument. For a fixed hg, the prior w(h) is assumed to put unit point masses on 0 and
ho and have no density elsewhere, then PO (W,,,7) reduces to the likelihood ratio Z,(hg) and B, (d,,7)
reduces to b « + 1—Power,, (hg), where b is selected to guarantee the type I error to be . So the likelihood
ratio test is equivalent to maximize Power,, (ho) with the significance level a. The asymptotic critical value

is determined by
F3° (Zoo(ho) > b) = o,

and the asymptotic power is

1
Pl —F——<>0b].
o <Zoo(0,ho) >
In the literature (e.g., Andrews and Ploberger, 1994), H; is formulated as a simple hypothesis when the

WAP criterion is used:

H1 : Wn ~ Ln (90 + gOnh) W(h)dh
Hln

When POy, (7, ho) is pivotal to hy € Hpso, the Neyman-Pearson lemma can be used to find the optimal
test in the WAP sense, which is just PO (W,,, 7). When PO, (7, ho) is not pivotal to hg € Hopso, the WAP
maximizing test is typically found by the Neyman-Pearson test of

Hy: W, ~ L, (0o + ¢,,h) ' (h)dh
Hon
versus H; above, where 7’ is the least favorable distribution for A and is hard to identify in many problems;
see Section 3.8 of Lehmann and Romano (2005) for more discussion. Fortunately, the quantity PO (7, ho)
in the examples of Section 3 and 4 is pivotal to hg € Hyso. As mentioned in the introduction, Theorem 2 in
Andrews and Ploberger (1994) actually claims that their test has the smallest weighted average type I and
type II errors, not the maximum WAP. This is because the null hypothesis there is composite not simple as
they assumed when using the Neyman-Pearson Lemma. Fortunately, their test indeed maximizes the WAP

from the discussion in Section 3 below since it is pivotal to hg € Hpso-

2.4 Likelihood Ratio Tests

For completeness and comparison, we also report the asymptotic results for the general likelihood ratio test.
Usually, the test statistic

Supgee Ln (0) (6)
SUPgeo, Ln (0)

1 _ sWico, Ln (6)

A, =2log

is used instead of

SUPgeo, Ly, (9)

BBA, = 2log (7\" v 1) .



Define

5n - n 0 )

0 arg gnel%)gL . (0)
0, = L )
0., argr&ax n (0)

The asymptotic distribution of A,, can be derived by a similar procedure as above. Note that

Ly, (/én) sup Ln(h) 7 (h 7 (h
A, =2log — > 2 = QIOgLLL"(&)) — Qlogw % 91og SUPhen Zoo(h) — A
L, (Qn,o) SUPhe Ho,, T, (0) SUP e o, Zn(h) SUPpe o, Zoo(h)
where L, (h) = ] fn (w;) is the local likelihood function. When Hj is simple,
i=1
A, =2log sup Z,(h) % 2log sup Zs(h).
heH,, h€H oo
An asymptotic critical value b is selected by
sup Pr° (As > b) < a.
h€Hyxo
When Hj is simple, b is just selected by
Py (Ao > b) = au.
The power calculation is also similar as above. For the alternative hg, rewrite A,, as
A, (ho) = 21 SUPpem,, LL:((hho)) 9100 SWPheH, Zn(hsho) g 9100 SWPheH.. Zoo(h; ho) Awe (ho)
n =2log————= =2lo ~ 21o =As ,
0 & L (h) & SUPye ., Zn(h,ho) & SUPje 1y Zoo (P o) 0

SUPheHon T, (ho)

so the power is
Py (Aso (ho) > 0) .

When Hj is simple,

Z oo (hy ho)
Ao (ho) = 2log hselg)oo Zo(010)"
Note that Ay = Ay (0). Roughly speaking, the difference between the likelihood ratio test statistic and
posterior odds is the substitution of an integral by a sup operator. The likelihood ratio test is Bahadur
efficient as illustrated in Bahadur (1967).

In the discussion above, it is assumed that there is always a b such that the significance level a can be
attained. This can happen if PO (7) and Ay are continuously distributed. Usually, the distribution of
POy () is continuous since PO (W, ) is an average, but this is not always true for A,. For example,
Chernoff (1954) showed that "if one tests whether 6 is on one side or the other of a smooth (k—1)-dimensional
surface in k-dimensional space and 6 lies on the surface, the asymptotic distribution of A (A,, in this paper)
is that of a chance variable which is zero half the time and which behaves like x? with one degree of freedom
the other half of the time". As we will show in Section 4, this also happens in the test on the location of
threshold point, although the reason for discreteness is different.

When there is a discrete component in the distribution of T,., where T, is the asymptotic limit of some



test statistic T}, then there may not exist a b such that Pg° (Too > b) = « even in the simple Hy caseE For

example, for a fixed «, it may happen that
Py° (Too > b) < aand Py° (T > b) > a.

In this case, randomized tests are used, and the results above follow with minor modification. A randomized

test is defined as

1, if T, >0b,
dpn=4 ¢, ifT,=0b, (7)
0, ifT, <b,
such that
Ef° [doo) = P5° (Too > b) + cPs° (Too =b) = .
So P5° (Too > b)
a— Py (Tw
= 0,1).

But EJ [d,,] does not necessarily converge to a. Furthermore, the power under hy does not necessarily
converge to
Epeldoo] = Pry (Too (ho) > ) + cPpy (Too (ho) = b)),

where T, (hg) follows the asymptotic distribution of T,, under hg such as A (ho) above.

2.5 Summary

The most important element in the above discussion is the likelihood ratio process Z,(h,hg). This is
not a coincidence, since Z,(h, hp) includes all relevant information about the parameters. The asymptotic
representation theorem in Van der Vaart (1991) makes this more clear The theory of limits of experiments
introduced by Le Cam (1972) and detailed in Van der Vaart (1996) underlies most of the optimality discussion,
and this paper is not an exception. See the examples in Section 3 and 4 to appreciate more about the power
of Le Cam’s theory. In both examples, the basic idea is the same. First, find the optimal test in the limit
experiment. Second, match the optimal test in finite samples.

The above arguments for optimality are summarized in the following Theorem 1. To make the state-
ment of the theorem easier, we will simplify the testing structure discussed above although it can be easily
extended to a more general framework. This simplified structure will be used in the examples below. Such
a simplication also appears in Andrews (1994) and Choi, Hall and Schick (1996). Suppose a reparame-
trization of § = (19/, C’)I makes Hy : ¥ = ¥y and Hy : 9 # 9y, where 9 € R". Assume further that
H, = nlingo¢;1 (@ — (v, C')/) = R* does not depend on ¢, then Hyo, = 0 x RE is a k dimensional space,
and Hyoo = R"\ {0} xRE, where k = k—r. Denote the local parameters at (¢, () as (hyg, h¢) and b = (hy,, he).

Definition 1 A test d,, is of asymptotic level o € (0,1) at ¢ if

lim Eo,1¢) [dn] < a for every he € RE,

n—oo

where Eo ) ] is the expectation under the local parameter h = (0, h¢) .

11n the composite null hypothesis case, there may not exist b such that SUPhcHyo, Pro (Too > b) = .
15In an estimation problem, only Zn(h) is relevant, but the theory of limits of experiments requires the convergence of
Zn(h,ho). The power calculation above makes up this gap.



As mentioned in Choi, Hall and Schick (1996), this definition plays the role of a restriction to regular

estimates in estimation theory.

Definition 2 A test d,, is asymptotically m-averaged most powerful of level « at {, written in short form
as AAMP(a, 7, (), if

lim Eng [€p] 7 (ho) dho < lim B, [dn] 7 (ho) dho (8)

=% JHi, n—oo J Hy,

for every other asymptotic level a test &, at (. A test is AAMP(«a,m) if it is AAMP(a, 7, () for every
nuisance parameter (.

Definition 3 Two tests are asymptotically equivalent, or simply equivalent, if their difference converges to
0 in probability under both Hy and H;.

Now, we state the theorem with high-level assumptions. The checking of these assumptions will be
illustrated in the examples of Section 3 and 4.

Theorem 1 If there is a test statistic T, such that
(i) T, — PO (W,,m, hg) 250 under any hg € Hoo, or they are equivalent;

Zoo (hyho)m(h)d} , . o
(ii) PO (W, m, hg) 2 ;Hlx 7 Efi hz;ﬂgh;d; = POy (7, hg), which has a continuous distribution, for any
Ho Zoo (B,

ho € Heo, where Zoo (-, ho) is the limit likelihood ratio process under hy;
(iii) POy (m, ho) is pivotal to hg € Hyeo;
Then d,, defined by 1 (T,, > b) is AAMP(«a, 7, (), where b satisfies
Py° (PO () > b) = «

with POo (m) the common distribution of PO (7, ho) under hg € Hooo. If POo (7, ho) is pivotal to both
ho € Hooo and ¢ in (iii), then d,, is AAMP(c, ). Furthermore,

E;Zo [dn] - Pﬁj (PO (7, ho) > b),
for any hg € Hioo.
From Theorem 1, three questions should be answered to find the optimal test in the sense of .
(1) What is POx (7, hg)? Does POy (7, ho) satisfy (iii) in Theorem 17 If so, what is the power envelope?

(2) What is the feasible test statistic T}, such that (i) in Theorem 1 is satisfied?

(3) How to find the critical value b in practice?

The asymptotic distribution of the likelihood ratio statistic is also stated in the following Theorem under
high-level conditions.

Theorem 2 Suppose the following four assumptions are satisfied:

(i) 0, and O, are both ©,,-consistent under hg € Hy.
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(ii) There is an approzimation log Z%(h, ho) of log Z,,(h, ho) such that for any M < oo,

sup |log Z,,(h, ho) — log Z%(h, ho)| =0
InlI <M

under hg.

(iii) There is a metric on the space of the sample path of Z2%(h, ho) such that H Sle is a continuous operator
hl|<M

on that space and
Z2(h, ho) % Zoo (h, ho)

for h on any compact set.

(iv) lim Z.(h,ho) =0 almost surly.

Al =00

Then

Ay (ho) ™8 A (o)

for every ho € Hy.

For comparative purposes, the following Table 1 provides some analogs between testing and estimation

problems in the decision framework.

Testing Estimation

Prior on the Local Parameter Space | Loss Function on the Local Parameter Space

Asymptotic Average Power Asymptotic Average Risk
Likelihood Ratio Test Maximum Likelihood Estimato
Posterior Odds Bayes Estimator

Table 1: Analogs Between Testing and Estimation

3 Tests in LAN Models

Suppose the sequence of models Pg* is LAN: in other words, there exist matrices ¢,, and Iy and random
vectors Ay such that Ay 2N (0,1y) and for every converging sequence h,, — h,
APy, 4, 1

In ——222n = /Ay — —h'Igh n(1).

T o~ gt ok +ory (1)
Andrews (1994) proves the asymptotic equivalence between the posterior odds tests and the three asymptoti-
cally equivalent tests especially the likelihood ratio test under classical second-order smoothness assumptions
which imply the LAN models. The following discussion essentially follows Andrews (1994) and Andrews and
Ploberger (1994), but relaxes the required assumptions. The second purpose of the discussion is to provide
an intuitive explanation for why the equivalence holds in LAN models, which contrasts with the results in
the next section where such equivalence breaks down. The last purpose of this section is to fill a logical gap

in Andrews and Ploberger (1994), as mentioned in the introduction.

16 The maximum likelihood estimator (MLE) can be treated as a special Bayes estimator, but the likelihood ratio test statistic
is hard to be treated as a special posterior odds.
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From chapter 7 of Van der Vaart (1998), a decision in a LAN model is equivalent to the decision based on
a single observation z; which follows N (h, I=1) in the limit experiment, where I = I (fy) is the information
matrix when the true value is 6y. Now,
Zo(hho) ™8 Zoo (h, o) dN(h’I_l)( ) 1(h ho) I (h—ho)+ (h—ho) I (9)
n k) ~ ) = AT L 71\ = €eX P - - - )
0 s 0 dN (ho, I-1) Zhg exXp 9 0 0 0) 12
for any hg € Hy, = R¥, where z follows N(0,171).

Suppose there are r constraints in Hy:

where a(-) : R¥ — R” is a smooth function and r < k. Since a(fp) = 0 is locally equivalent to Ah = 0, where

A= 8%(:/0) is of full row rank, the problem reduces to the test

HO . Ah= O,
H1 : Ah?é 0.

Andrews (1994) considers the special case A = ( I, O,k ) with I, a r X r identity matrix. In this case,
¥ is the first r coordinates of € as in the simplified framework at the end of Section 2, but the following
discussion applies to a general A.

We answer the three questions in Section 2 in an intuitive way and summarize the results rigorously in
the following Theorem 3. First, we find the WAP envelope. In this case,

A (hg) = 2log SUPhe o, Zoo(l, o)
o SUPpe 1o Zn(hy ho)

SUPj, crk €XP {—% (h— ho)/ I(h—ho)+ (h—hg) Iz}
SUp 4o xp { —3 (b — ho) I (h — ho) + (h — ho)" 1z}
= 2'Iz— (¢ P'IPz— hogP'IP"hy — 21 P IP"*2)

= ZPYIPY2 4 hgPY TP hg + 20, P TP 2

/ L 1
= 2, P IP "z,

= 2log

where arg sup 4, exp { —5 (h — ho)' I (h — ho) + (h — ho) Iz} = [I —ItA (AI‘lA’)_1 A} (z 4+ ho) = Pzp,

with I a k x k identity matrix, and P+ = [~1 A’ (AI_lA')_l A satisfies PY'IP = P'IP+ =0, PYIPt =
PYI = IPY, P'IP = P'I = IP. Actually, P is the projection matrix on the subspace {Ah = 0} with
respect to the inner product (hy, ha) = h}Ihy, and P+ is the projection matrix on the orthogonal space of
{Ah = O}E For any h such that Ah = 0, z;, PY'I P12, follows the same x2 distribution, so the asymptotic
distribution of the likelihood ratio test is pivotal to hy € HOOOE Furthermore, the asymptotic distribution

does not depend on 6, so it is also pivotal to any true parameter 6y € O.

17Tn the special case mentioned above, (4.3) of Andrews (1994) gives the basis for this orthogonal space.
181f 25, follows N (h, Ifl) such that Ah = 0, then PLz, follows the same distribution as Pz The x2 distribution follows
from, for example, Lemma 16.6 in Van der Vaart (1998).
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In this case, if w(h) is selected such that

fAh;ﬁo Zoo(h, ho)
fAh:O Zoo(h, ho)m(h)dh

=R
>
~—
u
>

POy (7, ho) = =G (2, P 1P zp,)

where G (+) is an increasing function, then z; P TPz, is asymptotically sufficient for PO, (7, ho). The
decision based on PO,, (W,,, ) is asymptotically equivalent to that based on A,. Such a 7(h) indeed exists,
for example,

m(h)dh = 1 (Ah = 0) - w1 (Ph) d (Ph) + 1 (Ah # 0) - w5 (P*h) d (P*h) - m (Ph) d (Ph),
with 71 (+) an arbitrary density function, and

il

2 + = Al To=NT
(P*h) )

exp {—gh’PL’IPih} .

The prior on Hg.,, the orthogonal space of How, is N (O, (CI)A). The larger is ¢, the more weight is
given to alternatives for which PLh is large. It is noninformative when ¢ = 0, and is a point mass at
0 when ¢ = co. Andrews (1994) takes 71 () as a point mass at 0, which makes sense only because the
asymptotic distribution of the test statistic is pivotal to 6y € ©p, but this is not generally true as shown in
next sectionEThe motivation for this specification is that the power on HOLOO is of main interest, so the prior
is specified in a separable way with respect to Hyo, and Hg_ . We will see that this prior is conjugate to

oo (h, ho) such that the common terms related to Hys in the numerator and denominator of POy, (7, ho)

are canceled.

POy (m, ho)
Janpo @50 {4 (h = ho)' I (h— ho) + (h — ho)' 1=} |/ G exp {~§W PHIPR} d (P*h) - my (Ph) d (Ph)
San—oexp{—3% (h—ho)' I (h—ho)+ (h—ho)' Iz} 1 (Ah = 0) - 1 (Ph)d (Ph)
Fango @50 { =3 (= ho) (P+ PY) I (P+ PY) (h— ho) + (h — ho)! (P+ P+)' T (P+ P4) =}
ik exp {5 PYIPRY d (Ph) - my (PR) d (Ph)

Sane Oexp{ L(h = he) (P—G—PL)/I(P—FPL)( ho)
—I—(h ho)' (P+PJ‘)I(P+PL)z}1(Ah:O)~ 1 (Ph)d (Ph)

U exp{—1 (h—hg) PY'IPL (h — ho) + (h — ho) PYIP+z — Sh/ P IPLRY d (PLh
(27) 2
exp {—3hy PL'IPLhg — hyy P TPz}

[er I 1
- / © | 7 [(h — ho) PY'IP* (h — ho) — h P IP*hg — 20’ P 1Pz + ch/ P 1P 1] } d (P+h)

. /Wp{ ! }ds

i

PL(z+ ho) Pt (2 + ho) (2 + ho) PYIP* (2 + ho)
1+)< 1—|—CO>I(S_ 1—|—co)_ : (1+¢) :

= G (2, PP zplc,r)

19See Assumption 5 in Andrews (1994) for a more general setup of the priors on Holoo
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does not depend on Phg and shares the same power as An@ Now, b is set to G ()(72“’170é|c7 7’), where X%,ka
is the 1 — a quantile of x?2 distribution, so b depends on «, and also on the prior through c. The larger the
significance level, the smaller the weight on the type I error. But b need not depend on ¢ in a monotonic

way, which depends on the value of r — X%,l—aﬂ Push to extreme cases: c=0,b=0;c=00,b=1; a =0,
r/2
b=o00;a=1, b—(1+C > 0.

The local power based on PO,, (W,,, ) is

P(POy (m,hg) > b) =P (24, P IP 21, > X21_0)
P (XE (6) > X%l oz)

S —5/2 (6/2)]F(]+T/2 Xrl a/2)
Z J! L(j+r/2)

=0

where X2 (§) is the noncentral chi-square distribution with the noncentrality parameter &, I" (a, x) f tele~tat
is the upper incomplete gamma function, and T" (-) is the Gamma functlon. § = h{, PY'IP+hy only depends

on P1hg not on Phy, so the power is the same on the ellipsoid hj, P’ I P+ hq = c for a fix c. This phenomenon

is first observed in Wald (1943). For a fixed r, the larger the significance level, the more powerful the test,

so there is a trade-off between the type I error and the type II error as shown in Section 2. When § goes to
infinity or « goes to 1, the power goes to 1. This power does not depend on the prior since the effect of the
prior is offset by the choice of b@ As discussed in Section 2, such a test maximizes the asymptotic WAP:

Jang 0 P(POc (m, ho) > b)m(ho)dh
= fAho;éo P (X% (6) > X7 1— a) m(ho)dho
= anpzo P O 0) > X1-0) / (ah3h exp {516 PHIP o} d (Pho) -1 (Pho) d (Pho)
= [ m1 (Pho) d (Phy) - fRT\{O} (X2 () >x21_a) \/Eexp{ L PYIPL g} d (P ho)
= Jar 71 (Pho) d (Phy) - er\{o} P (Xf (s'1s) > X%,l—a) AN ( ,(cI)” ) (s),

~—

depends on the priors on Ph and PLh in a separable way. Figure 1 shows the power of this testing procedure
when o = 5%. When r gets larger, or there are more constraints under Hy, the power envelope is lower. This
makes sense because there are more directions to violate the null hypothesis when there are more constraints,

which makes rejecting Hy more difficult.

20This form of PO is a little different from the form in Andrews (1994) because c plays the same role as % there.
2f r — x2,_, > 0, then b increases from 0 to 1 as c increases from 0 to co. When 7 — x2,__ < 0, then b increases for

T

ce (0, ﬁ%} and decreases for ¢ € (%, oo) The maximum of b is greater than 1 and is attained at ¢ = ——"——.

ml—a ml—a rml—a "

r— XT 1_q < 0is equivalent to P (X2 < 7’) <1l—a. But P (X? < 7') = % is a decreasing function with a limit 0.5 as r

goes to oo, where 7 (a,z) = fO t®=le~tdt is the lower incomplete gamma function, so as long as o < 1 — P (X% < 1) = 0.3173,
the second case above happens for all . In this case, there are two ¢’s such that PO () = 1 instead of one solution in Table
1 of Andrews (1994).

22The asymptotic distribution under the alternative is derived by Le Cam’s third lemma in the classical literature, but it is
straightforward using the limits of experiments framework here.

231f wo(h) is only bowl-shaped, the analysis above does not follow. In this sense, the testing problem is a little differ-
ent from the estimation problem, and 7(h) is not completely equivalent to the loss function. For example, let ma(PLh) =

= €Xp {—ih'Pl’PLh} that is, the variance matrix is (cI) ™! instead of (¢I)™!, where I is a r x r identity matrix, then

(27f)
it can be shown that POco (7,ho) = 4/ U+cl\ eXP{ Zho PLI(I 4 )™t 1Ptz } The decision based on PO, (Wy, ) is
different from that based on the likelihood ratio statistic, since ¢ can not be absorbed by b unless r = 1 or I = I. So for a
general prior, the likelihood ratio test need not be optimal in the weighted average power sense. This phenomenon is only

loosely parallel to the estimation theory in LAN models, where the MLE and the Bayes estimator are asymptotically equivalent
for a large class of loss functions, but not equivalent for every loss function.
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In Figure 1, the point-wise power envelope is also drawn. This power envelope is computed against

PLho = c for each ¢ by the Neyman-Pearson lemma. Notice that

SUPp 1 p—e Zoo (P, ho)

SUP Ap—o Zoo(h, o)
supp i p_cexp {—2% (h— hg) P'IP (h — ho) + (h — ho)' P'IPz}

sup ap—o exp {—3 (h — ho) P'IP (h — ho) + (h — ho) P'IPz}exp{—3clc—cIP+z}
SUP g,—o exp {—3 (z — Phg)' I (xz — Pho) + (z — Phyg)’ IPz}

SUP 4g—0 €Xp { — % (x — Pho)' I (x — Pho) + (x — Phg)' IPz} exp {—3c/Ic — /IP+z}

= exp {;c'Ic + c’IPJ‘z}

The critical value is determined by

1
P (exp {c’IPLz - 20’10} > b) = q,

1
b = exp {\/C/IC,Zl_a — 2c’]c} )

SO

The power envelope at PThg = ¢ is
1 1
P <exp {c’] (Plz +c) — 2c’Ic} > exp {\/C’ICZl_a — 20’[0}) =1-® (zl_a — \/C’IC) =& (\/C’Ic — 21_a>

which only depends on ' Ic.

1 T

---r=5

——envelope

Power

Figure 1: Local Power in LAN Models
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To compare with the decision procedure of the Bayes factor proposed in Jeffreys (1961) and detailed in
Kass and Raftery (1995), we also copy the critical values of the Bayes factor in Table 2 below. In Table 2,
we also report the p values for the critical values. Note that the p values depend on both ¢ and r; that is,
depends on the prior and the number of restrictions in Hy. we only report the cases for ¢ = 0.1,1,10 and
r=1,---,9. From Table 1, the Bayes factor seems conservative in all cases compared to the frequentists
with the significance level 5%.

The questions (2) and (3) in Section 2 are answered simultaneously in the above discussion, and no
randomization is required. Commonly, the likelihood ratio test is used instead of the posterior odds due to
the complexity of the Bayes integral evaluation in the posterior odds. Since the score test and the Wald test
are asymptotically equivalent to the likelihood ratio test, they are also optimal in the WAP sense with the
above weighting scheme.

The discussion above is summarized in the following Theorem 3.

r/2
Theorem 3 Under Assumptions C0-C4, PO (W,, ) and (1-T-c) exp{%} are equivalent, so A, is
AAMP(a, 7).

Because A, is AAMP(a, 7), Andrews and Ploberger (1994)’s test indeed maximizes the WAP.

p values (%) \, 1 5 5 4 5 6 . 8 9 Strengthl of Evidence
BF | r— against Hy

c=0.1
<1:1 10.44 | 7.15 | 4.78 | 3.21 | 2.17 | 1.47 | 1.00 | 0.69 | 0.47 | Negative (supports Hy)
1:1 to 3:1 246 | 2.14 1.60 1.14 | 0.81 0.57 | 0.40 | 0.28 | 0.19 | Barely worth mentioning
3:1 to 10:1 0.55 | 0.57 | 047 | 036 | 0.26 | 0.19 | 0.14 | 0.10 | 0.07 | Substantial
10:1 to 30:1 0.15 | 0.17 | 0.15 | 0.12 | 0.09 | 0.07 | 0.05 | 0.04 | 0.03 | Strong
30:1 to 100:1 0.04 | 0.05 | 0.04 | 0.04 | 0.03 | 0.02 | 0.02 | 0.01 | 0.01 | Very strong
>100:1 - - - - - - - - - Decisive

c=1
<1:1 23.90 | 25.00 | 24.48 | 23.58 | 22.58 | 21.57 | 20.60 | 19.66 | 18.78 | Negative (supports Hy)
1:1 to 3:1 1.62 | 278 | 3.59 | 4.15 | 453 | 478 | 495 | 5.04 | 5.08 | Barely worth mentioning
3:1 to 10:1 0.11 | 0.25 | 0.39 | 0.52 | 0.65 | 0.75 | 0.85 | 0.93 | 0.99 | Substantial
10:1 to 30:1 0.01 | 0.03 | 0.05 | 0.07 | 0.10 | 0.13 | 0.15 | 0.18 | 0.20 | Strong
30:1 to 100:1 0.00 | 0.00 | 0.00 | 0.01 | 0.01 | 0.02 | 0.02 | 0.03 | 0.03 | Very strong
>100:1 - - - - - - - - - Decisive

c=10
<1:1 30.59 | 35.05 | 36.98 | 38.04 | 38.71 | 39.15 | 39.45 | 39.66 | 39.81 | Negative (supports Hp)
1:1 to 3:1 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.01 | 0.01 | 0.01 | Barely worth mentioning
3:1 to 10:1 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | Substantial
10:1 to 30:1 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | Strong
30:1 to 100:1 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | Very strong
>100:1 - - - - - - - - - Decisive

Table 2: Critical Values and p values of the Bayes Factor in Regular Cases

(p values are for the right end point of the ranges)
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4 Tests on the Location of a Threshold Point

In , if the hypotheses are in the introduction, then ¢ = =, and ( = @ in the general framework of

Lo
Section 2. r =1, k=204+2+d,, and o, = [ " .
In this model,

el i|0 n
(b, ho) = H . Jelo,q(wil0o + @, h)
fh() i—1 e|gcq wz|90 +90nh0)
where
1 y—12'3 1 y—12'B
fe|x,q(w|0) = 7fe\:n,q <1|.’E,q; 77) 1 (q < 7) + 7fe\m,q (2|9Ca€1§77 1 (q > ’V) y
o1 o1 02 02

and h = (v,u’)’, ho = (vo,uf)’ with v the local parameter for v and u the local parameters for 6.

4.1 Weighted Average Power Envelope

From Yu (2007),
1 / /
Zoo(h, ho) = exp {2 (u—up) J (u—1ug) + (u—1up) TW + Dy, (v)} , (10)

where J = J () is the information matrix for regular parameters at 6y, W ~ N (0, J‘l), and

Ni(Jv—wol)
214, if v < vo;

Dvo (U) = Nzév:,lvo)

Z 224, if v > V05
=1

is a compound Poisson process. In D, (v),

{tadisn {2, M) N2 ()

are independent from each other, N; (), i = 1,2, is a Poisson process with intensity f;(7q), 1 is the limiting
o10ei+25(B10—B20) s

%f&\w,q 720 ‘wMQz:no) . .
fc|:c.q(ei|$i7qi;770) given vo + A < ¢; < 79, A <0 with A 70,

’
o20e; —=;(B10—B20) .
010 22014, q(—;lo |zi,qi5m0

conditional distribution of In

and zg; is the limiting conditional distribution of In Fomalederaing) given vy < g; < vo+A,
A > 0 with A | 0. Furthermore, W and D,, (-) are independent from each other and the process D, (v) is
a cadlag process with D, (vy) = 0.

Suppose 7(h) = 71 (u)m2(v), where 71(u) is an arbitrary density, and m2(v) puts a point mass at 0 and
a continuous density on R\ {0}. In other words, the priors on the regular and nonregular parameter spaces

are independent. Then

Jerexp {—2 (u—uo)' T (u—1uo) + (u—uo) TW} mi(u)du - f]R\{O} exp { Dy, (v) } w2 v)dv
Jarexp {—2 (u—uo)' T (u—1uo) + (u—uo) TW}m1(u)du - f{o} exp { Dy, (v)} 72 (v )Elv

/ exp { Dy, (V) — Dy, (0)} m2(v)dv = POs (7, v0)
R\ {0}

POOO (71',}7,0) =
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is pivotal to uyg € RE which is the nuisance local parameter under Hy, so condition (iii) of Theorem 1 is
satisfied. Notice that

PO (r) = / exp {D(v)} 72 (v)dv,
R\{0}

where D(v) = Dg (v). If b is set such that P (fR\{O} exp {D(v)} ma(v)dv > b) = a, then any test statistic
that is equivalent to PO (W,,, 7) achieves the best asymptotic WAP with the asymptotic significance level a.
Interestingly, PO (7) does not depend on 71 (u) asymptotically if 7(-) is separable as in the regular case.
This result is also parallel to the efficient estimation result in Yu (2007), where the asymptotic distribution
of the Bayes estimator of v does not depend on the loss function on the regular parameters as long as the
loss function is separable. But POy (7) depends on the whole 7a(-). This is different from the regular case
in Section 2, where PO« (7) depends on my(+) only through a constant ¢ such that its effect can be absorbed
by the selection of b. The best asymptotic WAP

/ Pho(? (POOQ (7T, ho) > b) Tl(UQ)ﬂg(Uo)duOd’Uo
Hioo

= / P2 (POo (m,v0) > b) 1 (uo)m2(vo)dugdug
Hioo

/ 71 (uo)dug - / P (POo (m,v0) > b) m2(vo)dvo
RE R\{0}
depends on 71(-) and 72(+) in a separable way as in the regular case, where P reduces to P57 in the first
equality because PO (, hg) is pivotal to ug. But the value of the WAP depends on the value of ), since
D,,(v) depends on . This result is parallel to the estimation result in Yu (2007), where the asymptotic risk
of the Bayes estimator depends on the loss function in a separable way when the loss function is separable,
and the asymptotic risk of the Bayes estimator of v depends on 6.

A natural class of prior functions w5 () is ma(v) = /5% exp {—5v?} on v # 0; that is, a normal density
with mean zero and variance 1/c. Note that the optimal test is different for different ¢’s. The calculation of
asymptotic critical values and the local power function is nontrivial. An algorithm is developed in Appendix
D to carry out this kind of calculation.

To aid intuition, power functions for a simple threshold regression model are shown in Figure 2 and 3.
The model is specified as

< .
y = { frtowe asm , ¢~ Ul0,1],e ~ N(0,1), and q is independent of e,

o€, q> .

where (3, is set to be 1, and the only unknown parameter is . In this simple model,

_ 2
o 1 oi0€; +

z1;, = In <1O> —|—§ <€i2 — (107'2610)> )
020 03

2

g 1 o e'."_

291 = In <20> +3 (e:‘Q (2012ﬂ10)> ’
010 oo

where e; and e; have the same distribution as e, and N; (|v]) ~ Poisson(|v|), i = 1,2. Figure 2 illustrates
the power functions for o19 = 0.2, 099 = 0.4, and ma(v) = ./%exp{—%vQ} with ¢ = 0.1,1 and 10. For
comparison, we also report the case with 7o (v) = 1. Figure 3 considers the power function for o19 = o99 = 0.3

with the same priors as in Figure 2.
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Figure 2: Local Power with 019 = 0.2, 099 = 0.4 and Normal Priors
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Figure 3: Local Power with 019 = 029 = 0.3 and Normal Priors
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From Figure 2, the power functions are different for different ¢’s although the priors are all normally
distributed. This is very different from the regular case in Section 3. When c¢ gets larger, more power is
gained for vy in the neighborhood of 0, since a larger weight is put on the neighborhood of 0. But the
power gain in the neighborhood of 0 is not very significant, and the power loss off the neighborhood of 0 is
huge, so it seems a smaller c¢ is preferable. Another observation is that the power function is not symmetric.
This is mainly because z1; and zo; have different distributions in this setup. When o019 = o9 as in Figure
3, the power functions are symmetric. Comparing Figure 2 and Figure 3, the threshold effect in variance
provides substantial information on 7, as shown in the estimation environment of Yu (2007), since the power
functions in Figure 2 are much higher than those in Figure 3@

In the calculation of the WAP envelope above, no randomized tests are used. This is true even in extreme
cases. Suppose 019 = g9 = 0, then exp {D(v)} is a two-sided Bernoulli process as shown in Yu (2007). In

this case,
0

/R\{o} exp {D(v)} m2(v)dv = /_T1 ma(v)dv + /0T2 o (v)dv,

where T and T3 are independent standard exponential random variables. Suppose m3(v) = 1, then
/ exp{D(v)} ma(v)dv =T + T
R\{0}

follows Gamma(2,1) distribution which is continuous, so no randomization is needed.
Figures 2 and 3 also graph the point-wise power envelope as a benchmark. Since we are only interested

in the power in the direction of v, fix a vy, then the limit likelihood ratio under Hj is

ZOO((U’ UO) ) (uv 0))

Zoo(@.0) w0y PP (W)},

independent of u, and under vy is

ZZOO((U’UO) ) (’U,, UO)) = eXp{_Dvo (0)} .

OO((“? 0) ) (ua ’l)o))
Notice that there is a point mass e~f¢(Y0)lvl at 1 in the distribution of exp {D (vo)}, so if
P(exp{D(vg)} >1) < aand P(exp{D (vg)} > 1) > a,

then there is no b such that
P (exp{D (vg)} > b) = a.

In this case, the randomized test is used:

1, if D (vg) > 0,
doo = =HRLE0 - if D (vg) = 0,
0, it D (’U()) <0,

24The standard deviation 0.3 in Figure 3 is the average of 19 and oo¢ in Figure 2 to make the two figures comparable,
although such a comparison is not rigorous.
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and the power envelope at vg is

a— P (D (vg) > 0)
P (D, (0) < 0) + ———p 5]

= a+ P (Dy (0) <0) = P(D(vo) >0).

Otherwise, the critical value is determined by
P (exp {D (o)} > b) = a,

and the power envelope is
P(exp{—D,, (0)} > ).

When vy goes to infinity, exp {D (vg)} = 0 almost surely, so a purely randomized test is used.
For comparison, the power for the likelihood ratio test is also shown in Figure 2 and 3. In this nonregular
case, the Wald and LM tests are not well defined, so the usual trinity that applies in regular cases breaks

down. From Section 2,

SUPe .. Zoo(h, ho) (12)
SUPpe 1y, Zoo (R, ho)

supp,cgr exp {—3 (u— o) T (u—uo) + (u — ug) T W + Dy, (v)}

SUDpe 1, €XP {—% (u—ug)' T (u—ug) + (u—up) T—IW + D, (v)}

= 2log SUp exp { Dy, (v) = Dy, (0)}

= 2 igg {Dy, (v) = Dy, (0)},

As (ho) = 2log

= 2log

and

Moo = Ao (0) = 25161§{D (v)}

Notice that there is a point mass p1g at zero in the distribution of Ay, where p;o = P (max D (v) = 0). Such
a point mass appears because the value D (v) is fixed as 0 for v in a neighborhood of 0; see Yu (2007) for

more discussion about the process D (v). So if & > 1 — pyg, then there is no b such that

P <Sup (D (v)} > b) = a.

veER

In this case, the randomized test is used again:

doo{ 1, if Aoy > 0,

ozlopo) - jp A — 0.

P1o ’

From Appendix D, the power function under hy is

P (sup (D1 ()= Duy 00} > 0) + T2 p (s 0, (0) - Dy (00} = 0)

vER P1o vER

1— (1 _ Oz) |:efq(70)vn| + i E_fq(ﬁ’o)‘mlk(!fq(“lo)|vo\)k II;?IS:| , if v9 <0,

k=1

X~ fq(v0)lvol v .
1— (1 _ a) |:€fq('yo)vo + Z e 0 Okgqu(]) 0)* 1;)1113:| , if vy > 0,
k=1
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where {p1y; por }re; are defined in Appendix D. If & < 1 — pyg, then the critical value is determined by

P (sup (D (v)} > b) = a,

veER

and the power function under hg is

P (sup {Dy, (v) = Dy, (0)} > b) .
vER

To further appreciate why randomization is necessary when the likelihood ratio test is used, the extreme

case with 019 = 099 = 0 is considered. In this case, Ao, = 0 almost surely, so randomization must be used

to let the type I error be a.

From Figure 2 and 3, the likelihood ratio test is not dominated by the posterior odds with any prior.
The powers are closer to the power envelope when 019 = 0.2, 029 = 0.4 than the case 019 = 099 = 0.3.

Table 3 reports the p values of the Bayes factor for the case when my(-) is a density. The Bayes factor is
very conservative in the case 019 = 0.2, 099 = 0.4, but liberal in the case 019 = 029 = 0.3. Combining with
the results in Section 3, it seems that the performance of Bayes factor depends on the prior and nuisance
parameters of the model.

In the regular model, when there is no UMP test, some restrictions such as unbiasedness or similarity are
put on a test procedure to identify a unique power envelope. In this nonregular case, such restrictions will not
identify the unique power envelope. For example, in the simple setups of Figure 2 and 3, all PO (W,,, w) with
different 7’s are similar with respect to the nuisance parameter u and unbiased This is very different from
regular cases, where the WAP criterion, unbiasedness and similarity all identify the same power envelope.
Furthermore, in regular cases, efficient estimation and optimal testing are essentially the same problem,
since the test based on the efficient estimation is optimal in some sense as shown in, for example, chapter 13
of Lehmann and Romano (2005). But the duality between point estimation and hypothesis testing breaks
down in this nonregular case. In summary, the WAP criterion is a more natural criterion than the classical
ones when no UMP tests exist.

p values (%) \, | 010 = 0.2, 090 = 0.4 010 = 099 = 0.3 Strength of Evidence
BF | ¢c— 0.1 1 10 0.1 1 10 against Hy

<1:1 294 | 438 | 4.61 | 62.53 | 57.80 | 44.05 | Negative (supports Hy)
1:1 to 3:1 1.22 | 1.1 | 0.92 | 57.98 | 50.77 | 30.90 | Barely worth mentioning
3:1 to 10:1 0.38 | 0.49 | 0.31 | 53.67 | 45.68 | 26.66 | Substantial

10:1 to 30:1 0.10 | 0.13 | 0.07 | 49.92 | 41.68 | 23.39 | Strong

30:1 to 100:1 0.03 | 0.02 | 0.01 | 45.79 | 37.35 | 20.20 | Very strong

>100:1 - - - - - - Decisive

Table 3: Critical Values and p values of the Bayes Factor in Tests on the Location of a Threshold
Point in Threshold Regression (p values are for the right end point of the ranges)

25 Another popular restriction is invariance, which is not suitable in this case.
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4.2 Feasible Test Statistic and Critical Value

The question left is to find a test statistic equivalent to PO (W,,, 7). The following test statistic is suggested:

Lo (8,7 +n"v)

T (E) - /n(r—%)\{O} Ln (E’ V0)

- mo(v)dv,

where Ly, (-, -) is the likelihood function, E is a consistent estimator of § under both Hy and Hq, e.g., E could
be the MLE or Bayes estimator (BE) in Yu (2007), and T' is the parameter space of . For simplicity, use
T, for T, (Q) The following theorem shows that T, is asymptotically equivalent to PO (W,,, ).

Theorem 4 Suppose Assumptions LO-L7 and L9 holds, then T,, and PO (W,, ) are equivalent, so T,, is
AAMP(a, 7, 0), but not AAMP(«, 7).

For completeness, the asymptotic distribution of A,, is stated in the following theorem.

Theorem 5 Suppose Assumptions LO-L8 holds, then
An (ho) %% Acs (o)
for any hg € Hu, where Ao (ho) is defined in .

Compared to POy () in regular cases, PO (7) in this section is only pivotal to h € Hps, but not to
0o € ©p, which makes the critical values of PO () hard to obtain. POy (1) = fR\{O} exp {D(v)} w2 (v)dv
depends on the nuisance parameter § and also on conditional random variables {z1;, zzi}fil which we don’t
know how to simulate. The arguments in Section 3.3 of Yu (2008a) can still apply here.

From Yu (2008b), the parametric bootstrap works although the nonparametric bootstrap fails in the
estimation problem, so the parametric bootstrap is suggested for finding the asymptotic critical values.
Following Hansen (1996), we use the p-value transformation to make the acceptance-rejection decision. Let
FY(-) denote the distribution of PO (), and define p, = 1 — F°(T,). Tests based on T}, and p,, are
equivalent since F° is monotonic and continuous. p,, converges weakly to p” = 1 — F° (PO, (,vg)) from
Theorem 4. In particular, it converges to a uniform distribution U on [0, 1] under Hy. Our test is to reject
Hy if p,, < a. The asymptotic power function associated with this test is

lim P (p, < a) = P° (F° (PO (m,v0)) > 1 —a).

n—oo

The task remaining is to estimate p,,, and the following Algorithm B is used for this purpose.
Algorithm B:

Step B1: Find a consistent estimator 0 of 6, under both Hy and H;. For example, the joint estimate of 8
and v by maximum likelihood or Bayes estimation can serve this purpose.

Step B2: Simulate {w;};_, from the joint distribution f (y, x, q@, 70), where 7, is the 7 value in H.

Step B3: Calculate T), using the data {w;},__, in Step B2, where é in T}, is the consistent estimator in Step
B1.
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Step B4: Repeat Step B2 and B3 J times to get {T&, e 7T;{}7 and estimate p,, by p,, = l, >

The following theorem claims that p,, is a valid estimation of p,, asymptotically.

Theorem 6 Suppose Assumptions LO-L7 and L9 holds, then

Hence,

ﬁn =pPn+ Op(l)

and the asymptotic distribution of p,, is U under Hy.

 ho
Dn~> D0,

T 1(T] > T,).

Jj=1

In the example of the last subsection, suppose [, is unknown and is the only nuisance parameter. The

true 7, is equal to 0.5. Table 4 reports the finite-sample size using Algorithm B. When calculating the size,

Hy:~v=0.5.

4 is estimated by maximum likelihood method in Step B1 to save simulation time, although Yu (2007) shows

the Bayes method has some efficiency benefit. Suppose the empirical distribution of {Tﬁ, .

. ,T;l]} in Step

B4 is ﬁn, then the size of the test is estimated as P (1 — ﬁn (T,) < a), where the v, in T}, and Step B2
is 0.5. Note that the asymptotic size is always « and is not reported in Table 4. In all simulations, 1000

simulated samples were drawn, and J = 1000. From Table 4, the parametric bootstrap works very well even

when the prior is improper.

n— 100 400
a(%)— ] 10 | 5 [25[1]10[5][25]1
Size \, 010 = 0.2, 099 = 0.4
c=01 |108|59[37[11]107][51]22]11
c=1 107 |53 [31]1.1] 99 |53]28]|12
c=10 107 [ 49|24 14| 96 | 55|31 |17
Constant | 11.7 | 6.0 | 3.5 | 1.1 | 11.4 | 5.2 | 2.2 | 1.0
Size \, 010 = 090 = 0.3
c=01 | 91 [44]22]12] 96 [55][30]14
c=1 98 |53 (26|14 92 |45 |28/ 17
c=10 95 | 43|28 |12] 95 |53 |31/ 1.3
Constant | 10.2 | 4.8 | 2.4 | 1.2 10.2 | 5.6 | 3.4 | 1.4

Table 4: Size Using the Parametric Bootstrap (Based on 1000 Repetitions)

The power using the parametric bootstrap above is reported in Table 5. In this case,

Hy : v = 0.49.

~

When calculating power, the same formula P (1 - F,(T,) < a)
replaced by 0.49. The local parameter vy is n (0.5 — 0.49) = 1 when n = 100, and is 4 when n = 400,
so the asymptotic power is also reported for comparison. As expected, the power increases as the type I

24
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error increases and the sample size increases. When there is a threshold effect in variance, the finite-sample
power is close to the asymptotic power. When there is no threshold effect in variance, the finite-sample
power is comparable with the case with threshold effect in variance, and much higher than the asymptotic
power. This suggests that there is significant finite-sample refinement using parametric bootstrap when the
identification of the threshold point is weak.

Based on these simulations, the parametric bootstrap is recommended for practical computation of the

critical values.

n— 100 400
a (%)— 10 ] 5 [25] 1 [1w0] 5 [25]1

Power (%) \, 010 = 0.2, 099 = 0.4

c=0.1 70.1 | 64.1 | 58.1 | 48.9 | 99.1 | 97.6 | 96.6 | 94.1
c=1 71.3 | 65.3 | 60.7 | 52.5 | 94.1 | 93.0 | 88.1 | 83.0
c=10 67.4 | 61.4 | 52.3 | 41.5 | 70.7 | 67.4 | 55.1 | 42.1
Constant 69.5 | 63.2 | 57.4 | 47.3 | 99.5 | 98.1 | 96.7 | 95.5

Asymptotic vy =1 vy =4

c=0.1 67.4 | 62.5 | 58.2 | 49.5 | 99.1 | 98.1 | 97.1 | 95.1
c=1 68.0 | 63.0 | 59.4 | 52.1 | 95.3 | 94.0 | 90.2 | 84.9
c=10 64.9 | 59.6 | 53.1 | 41.7 | 71.6 | 69.0 | 55.3 | 43.6
Constant 66.7 | 61.9 | 57.6 | 48.3 | 99.5 | 98.4 | 97.4 | 96.0
Power (%) \, 010 = 099 = 0.3

c=0.1 67.0 | 62.9 | 58.8 | 55.3 | 98.7 | 97.6 | 97.0 | 96.0
c=1 68.1 | 63.1 | 59.9 | 55.9 | 95.8 | 94.6 | 93.4 | 91.8
c=10 66.0 | 61.0 | 56.9 | 50.9 | 75.3 | 72.9 | 63.8 | 56.8
Constant 66.6 | 61.6 | 58.4 | 54.8 | 98.9 | 98.0 | 97.2 | 96.4

Asymptotic vg =1 vg =4

c=0.1 21.7 1 128 | 7.3 3.4 | 55.2 | 42.8 | 32.3 | 21.6
c=1 25.2 1 16.0 | 10.0 | 5.5 | 55.1 | 44.1 | 34.8 | 254
c=10 282 119.2 | 13.2 | 80 | 364 | 26.6 | 19.7 | 13.1
Constant 205 | 11.6 | 6.3 | 2.7 | 53.8 | 40.6 | 29.6 | 18.2

Table 5: Power Using the Parametric Bootstrap (Based on 1000 Repetitions)

5 Conclusion

This paper proposes a unified framework for asymptotically optimal tests. The general framework is applied
to two specific tests. The first is a classical test in LAN models, where the posterior odds and the likelihood
ratio are asymptotically equivalent and both are optimal in the WAP sense. The second is a test about the
location of a threshold point. In this test, the likelihood ratio test is not optimal in the WAP sense, and the
optimal test is based on the posterior odds which depends on the prior on the local parameter space and is

not unique.
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Appendix A: Regularity Conditions

Tests in LAN Models

First, some notations are collected for reference in all assumptions, lemmas and proofs under the title "Tests
in LAN Models".

1
S(wld) = %éwm is the score function,
I1(0) = E[S(w]0)S (w|d)] is the information matrix, I = I (6p),
1 n

- _ 1717 .

z Tn ; S (w;]0o) ,
]. ’ —

LRn (Svh‘a h()) = _i(h_h(]) I(h_h’()) + (h—h())/ IZ’
LR, (S,h) = LR, (S,h,0)

Assumption CO0: 6 is an interior point of ©.

Assumption C1: w has a density f (-|#) which is continuously differentiable in a neighborhood of 6 for

almost every w.
Assumption C2: I (0) is continuous and nonsingular at 6.

Assumption C3: For every 6; and 05 in a neighborhood of 6y, there exists a measurable function m(w)
such that Ep, [m(w)?] < oo,

In f (w]01) —In f (w|f2)] < m(w) [[61 — O2] -

Assumption C4: 5,1,0 and gn are consistent under 6.

Remark 1 All assumptions are standard but weaker than those in Andrews (199/4) since no twice continuous
differentiability is assumed. For example, the Laplace density is covered in these assumptions but excluded
by Andrews (1994). The m function in Assumption C3 is called the slope function for the Lipschitz function
In f (w|-). Assumption C4 can be verified by, for example, Theorem 2.5 of Newey and McFadden (1994).
Only local Lipschitz condition is required in Assumption C3, which is because C4 has already constrained 0 in

a neighborhood of 6y. Without C4, a global Lipschitz condition is usually required to prove the consistency.

Tests on the Location of a Threshold Point

First, some notations are collected for reference in all assumptions, lemmas and proofs under the title "Tests
on the Location of a Threshold Point".

an:n(F_WO)\{O}7

d — n*, v < Yo
Z5 (v,19]0) exp{Zzh(ﬁ)l('y—&-n <q <+ n)}

i=1

~ v v
+eXp{222i(0)1(7+;<qi§’y+n)}
i=1
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with
%fdx,q (U1e+a:0(2,31*62) |l‘, q; 77)
fe|x,q (€|LIJ, q; 77)

2 fela (%W\m,q;n)

fe|m,q (€|LE, q; 77)

, Z1i = z1 (wil0y) ,

z1i(0) = Z1(wilf),z1 (w]f) =In

Z2i (0) = Zo(wild), Z2 (w]@) = In , Zoi = Z2 (wilfy) ,

Zy (v]) = Z3y (v,01), Z;1 (v) = Z; (v,0[00)

Oln felz q . x’
- (}e' 2 (elz,qm) -1 (g <) S5, (6)
— et (ela, i) 21 (g > ) S5, (0)

Oln fe|z.q

Sle)=| —& (1+ 202 (elz,gm)e)1(g <) | = | s, (0)
— L (1 P ez, gim)e) 1 (g > ) So2 (0)

Aln fez,q .
on etz (¢l g ) 5 (0)

is the score function for 6
\7 (Q7 ’YO) =K [S (’U}|Q’ ’70) S/ (U)lQ, ’YO)]

is the information matrix for regular parameters evaluated at 6, and
J =T (bo)

{/_ﬁ > S (wilfo)
i=1

[

LR, (S, Z% h,ho) = _% (w—uo) T (u —up) + (u — up) TZ + In Z% (v, v0]00)

and
LR, (S,Z%,h) = LR, (S,Z2, h,0)

n’

Assumption LO: 6y is an interior point of © which is bounded. 10 # 020, 819 # Bag, 010 and ogo are
bounded away from zero.

Assumption L1: (z,q) has a marginal density f, 4, and e has a conditional density f.|, , (e|x,q;n) which is

continuously differentiable in both e and 7 for n in a neighborhood of 1, and for almost every (e, z, q).
Assumption L2: 7 (0,7,) is continuous, nonsingular and finite for § in an open neighborhood of 6,,.

Assumption L3: For every (uq,01,7m;) and (uy, 02,75) with gy, 01, s, 02 in a bounded set and n; and 1y
in a neighborhood of 7, there exists a slope function m(w) such that Ey, {m (w)ﬂ < 00,

|1n fe\ac,q (/ul + 01€|J7,Q;771) —In fe|w,q (IU'Q + 026@) q;772)| <m (w) (|M1 - ,LL2| + |01 - 02| + ”771 - 772||) .

Assumption L4: E[|z|*] < .

Assumption L5: f,(-) is continuous, and 0 < iq < fqlq) < f, < oo for ¢ in a neighborhood of .
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Assumption L6:

E sup|zl(w|9)|] < 00,
9eN

E sup|22(w|0)|1 < 0.
9eN

where A/ an open neighborhood of §,,.
Assumption L7: Both z1; and zy; have absolutely continuous distributions.
Assumption L8: /9\,” is consistent under 6.

Assumption L9: E is consistent under both Hy and Hi.

Remark 2 These assumptions are weaker than those in Yu (2007). The assumptions on the regular parame-

ters are basically the same as those in LAN models. LR, (S’, VA h) 18 an approzimation of the log likelihood

ratio statistic. S is the asymptotically sufficient statistic for reqular parameters, and Z2 is the asymptotically

sufficient statistic for the nonregular parameter. Checking of Assumption L8 and L9 can be found in Yu

(2007).

In all proofs and lemmas related to a general hg, only the case for hy = 0 is proved. The general case

only complicates notations without changing the essential idea.

Appendix B: Proofs

Proof of Theorem 1:. From the discussion in the main context,

Tm b/ PP (dy, = 1) w(h)dh +/ (1= PP (dy = 1)) 7(h)dh
Hon

—
n oo Hln

< dmb [P = DA+ [ (=P (e = D) n(n

n—oo Hln

(13)

for any test £,,. From Assumptions (i) and (ii), T, % PO (7, ho) for any hg € Heo, so the critical value b

and the the asymptotic power are valid. The left hand side (lhs) of is

mb [ P, =1 r(h)dh +/ (1 - P (d, = 1)) 7(h)dh

Hip

— Tmb[ P(T,> b)w(h)dh+/ (1= PP (Ty, > b)) (h)dh
Hin

n—o0 HO
n

N A m/ (1= P (T, > b)) w(h)dh
Hooo = JHy,

where the first equality is from the definition of d,, and the second equality is from Fubini’s theorem. The

right hand side (rhs) is

b [ PR 6 = Damdh+ [ (- B (g, = 1) a(bdn
n—oo HOn Hln
< b/ an(h)dh + lim [ (1— PP (¢, = 1)) n(h)dh,
Hooo

n—oo Hl'n.
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where the inequality is from Fubini’s theorem and the assumption that &,, is of asymptotic level a. Combining
the above two formula with , we have

m (1— P (T, > b)) n(h)dh < lim (1— PP (¢, = 1)) n(h)dh, (14)

n—oo Hl'n. n—oo Hln

which reduces to the result we want. Actually, lim on the lhs of (D is lim by Fubini’s theorem and the
n—oo n—oo
continuity of the asymptotic distribution of 7,,. m

Remark 3 The proof critically depends on the continuity of the distribution of POs (7). If POy (7) is not

continuously distributed, E7! [dy,] does not necessarily converge to a for h € Hy,, if b and c are defined in (@)

Proof of Theorem 2:. Since both 5,170 and §n are (,,-consistent, for any € > 0, there exists M which may

P

Fix arbitrary nonnegative number ¢ such that P (As = ¢) =0,

depend on ¢ such that

@;lan

QD;l@n’OH > M) <e,and P (’

>M><€.

P(A, <e¢)

@ P (2 supy, ey, 10g Z(h) — 2supyep,,, log Z,(h) < c)

)

=Pp (2 SUP 7, ||h)| <M 108 Zn(h) — 28UP g, A|h)1< 108 Zn(h) < C) te

3) a a

=P (2 SUP i, |l|<n 108 Z33 (h) — 28UP g na<ar 108 25 (h) 4 0p(1) < C) +e

(4)
— P (2 SUP g h) <M 108 Zoo (h) = 25UDp, Ajinjj< 108 Zoo (B) < C) +e

where (1) is from the definition of A, (2) follows by breaking the whole sample space into { Hgo;lb\mo H <M, ‘

and its complement, € is some number no larger than 2e, (3) is from Assumption (ii) with Z2%(h) = Z2%(h,0),
and (4) holds because of the continuous mapping theorem and Assumption (iii). Note also that H,N||h| < M
converges to Ho, N ||h|| < M, and Hy, N ||h|| < M converges to Hyoo N ||| < M.

From Assumption (iv),
P ( > e) <e,

p< >%<5

by taking € small and M large. Since c is a continuous point on the cdf of A,

sup  log Zoo(h) — suplog Zo. (h)
HooN||hl|<M Hoo

and

sup log Zoo(h) — sup log Zo(h)
HoooN||R||<M Hoyoo

P2 sup logZ(h)—2 sup  logZu(h) <c| —P(Ayx <c)<e.
Hoon|[R]| <M HoweIIRl|<M

In the above argument, € can be arbitrarily small, so

P(A,<c) > P(As <0).
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Proof of Theorem 3:. From Lemma 2,

ot exp{LR, (S.h,ho)} w(h)dh

P ny Ty B
O (Wa, 7, ho) Jr,. P {LR (S, h,ho)} w(h)dh o

By a similar argument as in the main context,

iz, &P {LRy, (S, h,ho)}y m(h)dh ( c >T/2 {(Hho)’Pﬂuﬂ (z+h0)}
o exp {LR(S, i ho)y w()dh ~ \1+¢) P 2(1+0) '

From Lemma 3,
A, (ho) = (Z+ ho) PYIP (Z 4 ho) 25 0.

By the continuous mapping theorem, the result holds. =
Proof of Theorem 4:. We only prove PO (W,,,7) — T, L, 0 under 0y since all other models indexed by

h are contiguous to the model under 6y from Lemma 7. From the proof of Lemma 8,

PO (W, ) — / Z% (v) ma(v)dh = 0,(1)

0<|lvl|<M

for M large enough. When n is large enough,

- ma(v)dv

o / L, (5,70~+n_lv)
n (i)

L'n (Ea Yo + n_lv) Ln (67 Yo + n_lv)
= / — - o (v)dv —|—/ =
o<lvl<n Ly (8,70) Hoatlol>a Ly (8,7)

So it is sufficient to prove that (i) for any ¢, there is M > 0 which may depend on ¢ such that

- mo(v)dv.

Ly, E,’Yo+n71v .. Ly, E,'\/Oan’lv
P (mem|v|>M (Ln@%) ) - mo(v)dv > 5) < g; (i) f0<”v“§M Z4 (v) o (v)dh — fO<HvH§M W .

ma(v)dv -5 0 for any M > 0.
We show (i) first.

Ln (éa 70 + nilfl))
Ln (Ev ’YO)
= {3 (@)1 (10 L ca )+ 3w (8) 1 (0 < w <0+ 1))
= ©exp izlzlz 4 Yo n 4 = o i:122z 4 Yo <% =70 o
By Assumption L6 and the strict Jensen’s inequality,

iizu (é) 2 E [z1:] < 0,

%Z@i @) L5 ElzZa] < 0,
i=1

= fo (v@, 70)
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S0 Y. | Z1 @) L(vo+2<qg <7+, %2 (é) 1(vo <@ <79+ %) =0, (1) even when v is large. For
any € > 0,

L B0+ 1)
o\
H,,N|v||>M

L, (E, 70)
= P <Op (1) - /melvbM mo(v)dv > 5)

= P (Op (1) >¢/ oot 772(11)(11)) .

The rhs can be made arbitrarily small by taking M large.

-ma(v)dv > €

We now prove (ii). Note that for v on any compact set,

L, @, Yo+ n_lv)

Ln @, %)
= e {3 2@t (0t <o <o)+ 30, (36(8) “2u @) 1 (0 + ) <a <)}
exp {Z;lzgi (6) 1 (70 <4 <0+ %) N

— 2! (v) exp{op(1)}
10

where the first equality is from breaking z1; (E) into zy1; (6,) + (Eli (E) — Z1i (QO)) and Zo; (E) into Zo; (6,)+
(Egi (E) — Zo; (Qo)>. The second equality deserves some explanation. From Lemma 4, Zy; (E) —Z1: (6) <
‘E*QOH and Zy; (é) — Z2i (0y) < m(wy) ’E*Q@
and Zy; (0). So from Assumption L9, Zy; (E) — Z1: (8y) and Zo; @) — Z2; (6,) are op(1) for any i. Fur-
thermore, D7 ;1 (vo+ 2 <q <7) = Op(1) and Y7 11 (v < <79+ 2) = O,(1) by the famous
Poisson approximation and Assumption L5. So both > ! , (EM (E) — Z1 (Q0)> 1 (’Yo +o2<q< 70) and

m (w;)

, where m (w) is the slope function for Zzy; (6)

Dy (Egi (E) — Zoj (QO)> 1(vo <@ <79+ 2) are 0,(1) uniformly for all v on any compact set. The third

n
equality follows from the Taylor expansion. Now,

/ L (E’ Yot n-%) o (v)dv
o<llvl<M L, (E, 70)

= / (fo (v) + op(l)) ma(v)dv
0<|lv||<M

= [z md o),
o<|lvlIsM

where the last equality is from the fact that o,(1) here is uniform for all v such that 0 < [jv|| < M. m
Proof of Theorem 5:. This involves checking the conditions of Theorem 2.

(i) From Yu (2007), 0, are ¢,,-consistent under 6. 57,,70 is a special 8,, with 7o known, so is also ¢,,-consistent
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under 0, ]

(ii) From Lemma 5,
sup |InZ, (h) — LR, (S, Z2,h)| 2,0 for every M.
Inll<M
(iii) The Skorohod metric is used for this condition to satisfy. Lemma 6 shows the weak convergence on
any compact set.

(iv) lim D (v) = —oo almost surely since E[z1;] < 0, F[z2;] < 0 and f(v,) > 0.

1
lim {—2u’ju+u'JW} =—00

llul—o0
almost surely since W is tight.

N
Proof of Theorem 6:. From Proposition 1.1 of Beran (1997) and Assumption L9, we need only check
that for every sequence 0,, converging to 6,
0,
7,0,) 2 PO (m),

where POy (7) is defined in (TI)).

By checking the proof of Theorem 4, T}, (6,,) — PO (W,,,7) -~ 0 under (6,,,7,). The only change in the
(Qn170)
PONN

proof is to substitute 0,(1) by o(1). To prove PO (W,,, )
and Corollary 1 can be used. The only change is to prove

PO (), the proof procedure of Lemma 8

InZ, (h) = LR, (S, Z%,h) + 0, (1),

where the o, (1) is uniform for h on any compact set in R¥ under (6,,,7,) instead of 6y. But in the proof of
Lemma 5, Theorem 7.2 and Lemma 19.31 of Van der Vaart (1998) can be strengthened to (6,,,7,) instead
of a fixed point 0y by Theorem II.1.2 in Ibragimov and Has'minskii (1981). m

Appendix C: Lemmas

In theorem 1, assumption (ii) is a very high-level assumption. The following Lemma 0 provides some primary
conditions and will be used in both examples.
Lemma 0 If

(i) there is an approximation log Z%(h, ho) of log Z,(h, ho) such that for any M < oo,

sup |log Z,,(h, ho) — log Z%(h, ho)| == 0
<M

under hg.

(ii) for any e > 0, there is M > 0 which may depend on & and n* such that when n > n*, Z,(h, hy) and
Z%(h, ho) satisfy the following two conditions:

26’7\,1‘0 =0, SO is consistent at any rate.
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(1)

P/ Zo(hy ho)r(R)dh > ¢ | < E,P/ Zn(W)r(hyho)dh > ¢ | < &,
HyinN||h||>M HonN||h||>M

P / 2%, ho)r(h)dh > e | < &P / 2%(h, ho)r(h)dh > & | < &;
HoooN||h||>M HicoN||h||>M

(2)
p(/ Zg(h,ho)w(h)dh<s> < e
HoweN[[]| <M
p(/ Z9(h, ho)m(h)dh >M> < e
Hyoe MRl <M
Then [ Z2%(h, ho)r(h)dh
o , 10 )T
PO (W, 7, hg) — =" 2,0.
( ) Zath, ho)n(h)dh
If furthermore,

(iii) there is a metric on the space of the sample path of Z%(h, hg) such that fl\hHSM 8 a continuous operator

on that space and

Z3i(hy ho) % Zoo (hy ho)
for h on any compact set.

(iv) for any € > 0, there is M > 0 which may depend on ¢ such that

P / Zoo(hyho)n(h)dh > ¢ | <e, P / Zoo(h,ho)w(h)dh > ¢ | < e,
HiooN||h||>M HoooN||h||>M

Then

ho IH Z ’
PO (Wy,m, hgy) ~> Z2= .
( ) T oy ho)n(h)dh

Proof. First, note that

PO (Wy, ) = Jityy Ze)m(R)dh. [y ez Za()m(R)dh + [y, o< Zn(R)m(R)dh
U fay, ZemB)dh [y cnyear Za(m(R)dR+ [y i< Zn(R)m(R)dR

and
o Zi(Wm(h)dh [y, cpwg<n ZeT(dh+ [y, o< Za(h)m(h)dh

oo Zam(h)dh — [y oo Za()m(h)dh + [y g Za(h)m(h)dh
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For n large enough, {Hy, N ||| < M} = {H1 N ||h]| < M}. So

/ Zo(h)m(h)dh
Hin ORI €M

= / exp {InZ;(h) 4+ op(1)} w(h)dh
HisoN|R|| <M

- / 78(h) exp {o, (1)} 7(h)dh
HieN|h||<M

= / Ze(h)m(h)dh + o, (1)
Hyoe [ <M

where the first equality is from assumption (i), and the third equality is because o, (1) here is uniform
for M and a Taylor expansion exp{o, (1)} = 14 0, (1) can apply. Similarly, fHO"m”h”SM Zn(h)w(h)dh —
St nng<ar Zn(h)m(h)dh = oy (1).

For two nonnegative random sequences {X,} and {Y,}, if X,, > ¢ for some £ > 0 with probability
approaching 1, Y,, = O,(1), and there are two other sequences {X?} and {Y¥,%} such that X,, — X2 = 0,(1)
and Y, — Y% = 0,(1), then

Vo +op(1) Yy +0,(1) Yo Xg = YiXn 4 0,(1) (Yo = Vi + Xt — X)) +0,(1)
Xn+0p(1) Xﬁ"‘op(l) (Xn+op(1)) (Xﬁ'i‘op(l))
X, (Yo = Y9) + Y, (X5 — X&) + 0,(1) ‘

(X 4 0p(1)) (X5 + 0p(1))

_ Yn_Y: _|_ Yn (Xn_Xr(;) +0 (1)’
Xa+o0p(1) (X +0p(1) (X3 +0p(1) 7
= op(1).

Let X,, = fHomHhHSM Zn(h)w(h)dh, Y, = lenﬂHhIISM Zn(h)m(h)dh, X& = fHoooﬂHhIISM Z%(h)w(h)dh, and
Yo = lemethM Z2(h)mw(h)dh, we prove the first result.
To prove the second result, we need only to prove

Ju,.. Za()m(h)dh o, [y, Zoo(h)m(h)dh
Ju,.. Za(h)m(h)dh ” Zoo(R)m(R)dh’

Hoyoo

a 6
o ZeW ()R [y Zoo () (B)dR,
" 0 .
and [ oo Zam()dh S [ Zeg(hyw(h)dh. From Assumption (i) (2), P ( Jito i<t Zoo()m(h)dh < 5)

< g, and P (‘leoom”hH<M Zoo(h)ﬂ'(h)dh‘ > M) < e. Combining this fact with Assumption (iv), a similar
analysis as above reduces the problem to prove

By the continuous mapping theorem and Assumption (iii), || Hin|lh]

o (R)m(h)dh
< (W)r(h)dh’

waoﬁHhHSM

Zu(h)m(h)dh 4, Josoripi<nr 2
Z

Jaonnens Zah)m(h)dh [ Cni<ar

but this holds from an application of the continuous mapping theorem. m

Remark 4 P ( Jitoiens Za(hym(h)dh < s) < e in (ii)(2) is satisfied in two leading cases: (i) Hooo =
{0}; that is, the null hypothesis is simple, then fHOooth”<M Z%(h)w(h)dh = 1; (ii) the asymptotic distribution

of Jutyini<ar Zn(h)m(R)dh is continuous, since [y picpr Zi(h)m(R)dh > 0 almost surely.
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Tests in LAN Models
Lemma 1 Suppose Assumptions CO-C3 hold, then

InZ, (ha hO) =LR, (Sv ha hO) +op (1) 3
where the o, (1) is uniform for h on any compact set in RX under hy.

Proof. From Lemma 7.6 of Van der Vaart 1998), the model is differentiable in quadratic mean (DQM) at
6o by Assumptions C0O-C2. Theorem 7.2 of Van der Vaart 1998) shows that,

In Z, (h) = LR, (S, h) + o, (1),

where the residual is o, (1) only under Py,. But from Lemma 19.31 of Van der Vaart (1998) and Assumption
C3, this o, (1) can be strengthened to be uniform for h on any compact set. ®

Remark 5 A corollary of Lemma 1 is that all models indexed by h are contiguous to each other from Example
6.5 of Van der Vaart (1998).

Lemma 2 Suppose Assumptions C0O-C38 hold, then

Jo, exp{LR, (S, h,ho)} w(h)dh

» _
O (W, ho) o exp (LR (S, b, ho)y n(l)dh

under hg.

Proof. From Lemma 0, we need only check assumptions (i) and (ii). log Z%(h) = LR, (S, h) in this case.
(i) is satisfied by Lemma 1, so we concentrate on the proof of (ii).
We show (ii)(1) first. For any € > 0,

P (/HM”WM Zp(h)r(h)dh > 5>

e 'E Zn(h)m(h)dh

HynO|[h||>M

_ -1 T
= ¢ /Hlmlhll>ME[Zn(h)] (h)dh

= ¢! / 7(h)dh,
Hyi,N||h||>M

where the inequality is from Markov’s inequality, the first equality holds by Fubini’s theorem, and the second

IA

equality holds by E [Z,,(h)] = 1. Since 7(h) is a density on Hi,, the rhs can be made arbitrarily small for
all n by taking M large. Similarly, P (fHomHhH>M Zn(h)m(h)dh > 5) <e.
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Next,

/Hloom|h||>M P (LR (5, 7)) m(h)dh
= /HIMWDM exp {;hlh + h’Iz} n(h)dh
/lemhle exp {; Z-h)IEz- h)} exp {;z/Iz} w(h)dh
/Hloomm“w exp {; (;ﬁ zn: S (wi|90)> I ! (;ﬁ zn: S (w,-|00)> } 7(h)dh

{ 1
exp 5

where the last inequality follows from Assumption C2. Since ﬁ > S (wi|bo) = O, (1) and I > 0, the rhs can
i=1

IN

[\v]

%stwo)

be made arbitrarily small by taking M large. Similarly, P (fHo Al >0 EXP {LR, (S,h)} n(h)dh > 5) <e.
We now establish (ii)(2). First, note that

exp{LR, (S,h)}

exp {—;h’ (P+PY) I(P+PY)h+n (P+PY) I(P+PL) z}
= exp {—; (Ph)'I(Ph)+ (Ph)’ Ipz} exp {—; (PR) I (P*h) + (P*R)' IPJ‘Z}

= exp { (Ph — Pz) I (Ph— P%) + % (Pz) IPz} exp {

% f% (Pth—P'2) 1 (Pth— P'z) + % (P+z)’ IPJ‘Z} :

Since {Hpoo N ||h]| < M} = {||Ph|| < ¢} for some ¢ > 0,
/ exp { LR, (S, h)} (h)dh
HoooNI|A| <M
- / exp {_1 (Ph— P) I (Ph— P%)+ - (Pz) IPz} 1 (Ph) d (Ph)
IPh]<e 2 2
= exp {1 (Pz)’ IPZ} / exp {1 (Ph — Pz) I (Ph— Pz)} 71 (Ph)d (Ph)
2 1Phl|<e 2

which has a continuous asymptotic distribution since Z weakly converges to z under 6.

/H k<M exp {LR, (S, h)} m(h)dh

1 , L
= /IPh|§M eXp{_Q (Ph— Pz) I(Ph - P7) + 5 (PZ) If?} w1 (Ph)d (Ph)
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/ exp {1 (Pth— P2) I (Pth— Plz) + L (Plz) IPlz} 1 exp {=5 (Pn) 1P R} a (PHh)
HPihH<M 2 2 2T 2

IN

exp {; (Pz) IPz} exp {; (P+z)’ IPJ‘Z}
= 0p(1),

where the last equality is from the fact that both Pz and P1z are O, (1). m

Remark 6 The convergence in probability to zero can be understood under any probability measure indexed
by ho, since they are all contiguous to each other from Remark 5.

ho fAh¢0 Zoo (h,ho)m(h)dh
S an—o Zoo(hsho)w(h)dh’

Remark 7 A corollary of Lemma 2 is that PO (W, 7, hg) ~ where Zso (h, hg) is de-
leoo

. . . o , LRy (S,h—ho)m(h)dh
fined in (9). This is basically an application of the continuous mapping theorem, since T LR o) n (W dh

is a continuous function of z.

Lemma 3 Suppose Assumptions C0O-C4 hold, then
Ay, (ho) — (Z+ ho) PYIPY (Z+ ho) =0
under hg.

Proof. This is essentially Theorem 16.7 of Van der Vaart (1998). m

Tests on the Location of a Threshold Point

Lemma 4 (Lipschitz Continuity) Under Assumptions LO-L1 and L3-L{, both Z, (w|8) and Z2 (w|8) are

Lipschitz continuous in 0 for § in a neighborhood of 6, with the slope function in L* space.

Proof. Only the result for Z; (w|@) are proved, since the proof for z; (w|@) is similar.
For § and 6 in a neighborhood of §,, by Assumptions L3 and L0,

7T gieta (Bi—Fa) | "By —
a':;felﬁ’q (0'2|x’Q7’r]> %fdz,q (01€+1;51 ﬁ2)|$7q777>

In — —1In
Jelao,q (elz,q;7) Jela,q (elz,q5m)

18]l + 182l _
gll o2 = o2| + (7 = nl|

< m<w>(”2”1<alal|+|azaz ‘x” (175 = Ba + |2 — Ball) +

0202

|o1T — o1 |62 — o2

min {01,051} min{o9,73}
< c(l+m(w)+m(w)llz]) |€ -0

From the Cauchy-Schwarz inequality, 1 + m (w) +m (w) ||z|| is in L? from Assumption L3 and L4. m

Lemma 5 Suppose Assumptions LO-L5 hold, then
InZ, (h,ho) = LRy, (S, ZZ, h, ho) + 0, (1),

where the o, (1) is uniform for h on any compact set in RF under hyg.
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Proof. The proof follows from Lemma 2 of Yu (2007). m

Lemma 6 Suppose Assumptions LO-L7 hold, then

In Z, (hy ho) 2% Zag (h, o)
for h on any compact set in R, where Zo, (h, ho) is specified in (@
Proof. The result follows from Lemma 6 of Yu (2007). m

Lemma 7 Suppose Assumption LO-L7 holds, then the densities {L, (6o + ¢,h) :n > 1} of W, at a fized
h € H,, is contiguous to the null densities {Ly, (0p) : m > 1}.

Proof. The proof uses Lemma 6.4 (iii) of Van der Vaart (1998). We need only prove that F [Z, (h)] = 1.
Only the case with v < 0 is proved, and the case with v > 0 is similar.

E {exp {—;u'ju + 3 IW + D (U)H

. {;uju} E [exp {o/ W] E [exp {D (v)}]

Ny(Jvl) mfe|xq<(floei+wi(ﬁlo—ﬁzo

P P i, 4i5 Tl
- exp{;u’ju}exp{;u’jjlju}E exp g In =2 20
i—1

fe\:c,q (ei|xia qi; CY())

lgi = vo—

B Ny (|v]) o10 og10ei+x;(B1o—Ba0) P
I ﬁu) U;gfelw( LB10=520) 1, .5 g @ = vo| M2 ol)
1 fe\x,q (ei|xi7%’§a0) ’ 0
B o 4i+-’/; — .
. Nl(\v|)E Zi;gfekmq( 10€ ra(zljm ﬁ20)|$ia%7770)
=1 fe\w,q (67;‘1‘1;, qis 770)
=1

where the second equality is from the moment generating function of a multivariate normal distribution, the
third equality is from the law of iterated expectation (LIE), the fourth equality is from the independence of
{z1i};>, and N (-) and the LIE, and the last equality is from the fact that the integral of a density function
is alw;ys 1. m

Lemma 8 Suppose Assumption LO-L5 holds, then

Cexp{ LRy (S, Z2, h, ho) ) m(h)dh
PO (Wn,ﬂ',ho) _ f(R\{O})XRﬁ { ( . 0)} ( ) P, 0
Jrop xze 5D { LRy, (S, Z2, . ho)} m(h)dh

under hg.

Proof. In this proof, we use an equivalent norm with Euclidean norm as ||z| = maxz; for a vector z € R¥.
7

Lemma 0 is used again. Now, log Z2(h) = LR,, (S, Z2,h). (i) follows from Lemma 5, so we concentrate on
the checking of (ii).
(i)(1). P (fH1m|\h\|>M Zn(h)w(h)dh > 8) <eand P (fHomHhH>M Zy(h)mw(h)dh > 6) < & can be proved
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similarly as in Lemma 2.
/ exp {LR, (S, Z%, 1)} w(h)dh
HiooN|h||>M
= / exp {1u’ju + u’jz} 1 (u)du - / Z(v)mo(v)do.
lull >0 2 loll>M

The first term on the rhs is o, (1) by a similar argument as in Lemma 2. As to the second term on the rhs,
first note that F[z1;] < 0, E[Z2;] < 0 by the strict Jensen’s inequality. Second, from Assumption L5, the
interarrival time between jumps is O,(1). So Z%(v) is exponentially decaying and is uniformly O, (1) for all

v. In consequence, f\lvl\>M Z4(v)ma(v)dv = O, (1) fl\vH>M ma(v)dv can be made arbitrarily small by taking

M large. Similarly, P (fH()ocmHhH>M exp {LR, (S, Z%,h)} w(h)dh > 8) <e.

(ii)(2). The first part can be proved similarly as the checking of (ii)(2) in Lemma 2 since it is only an
integration on the regular parameters. To prove lemm”h”SM exp {LR,L (S, VA h) } nw(h)dh = Oy (1), we need
only to prove vaHSZM Z3(v)ma(v)dh = O, (1) by (ii)(2) of Lemma 2. As argued in Step (i), Z4(v) = O,(1)
uniformly for v, the result follows. =

Corollary 1 Suppose Assumption LO-L7 holds, then

PO (W, 7, ho) ™8 exp { Dy (V) — Dy (0)} 72 (v)dv.
R\{0}

Proof. From Lemma 0, we need only check assumptions (iii) and (iv). From Lemma 8,

S (0 e X0 AL B (5,25, 1) } wlh)dh = / Z4(v)mo(v)do.
f{o}xR& exp{LR, (S, Z% h)} w(h)dh w0y "

(iii) follows from Lemma 6 with the Skorohod metric used. For (iv), we need only check P (f‘v|>M exp {D(v)} ma(v)dv > 5)

< e. A similar argument as in Lemma 8 shows that exp {D(v)} is uniformly O, (1) for all v, so f‘U|>M exp {D(v)} ma(v)dv
can be made arbitrarily small by taking M large. m

Appendix D: POy (7, hy) and Ay (hg) in Section 4
In this appendix, the power function is derived by calculating PO (7, ho) and Ao (hg) explicitly.

POOO (’/T, ho)

In this case, finding b and the local power is reduced to the derivation of the distribution of

f]R\{O} exp { Dy, (v) — Dy, (0)} w2 (v)dv for any vy € R.
Suppose the interarrival times of D, (v) are i.i.d. exponential random variables {T1;};~, and {T%}.-,
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. 1 .
with mean 00 starting from vy, then

[ e (D) = Dy (0)) mafo)de
R\{0}
= [ ew{Dy0) = Dy @) malvddo+ [ exp Dy, () = Dy () malv)de

— 00 vo
i—1
Zj:O T4

- =T /T dHZeXP Zzlj [ mwa

exp {Dvo 0 vo— J —oT1i
U0+Zj'=o T

vo+T20 s i i
+/ mo(v)dv + Z exp Z 2o / - mo(v)dv
vo i=1 j=1

o +E;:é Ta;

where the point mass in 72(v) is substituted by any denisty value.

When 7 (v) = /5% exp { —5v?},

/ exp { Doy (1) — Dy (0)} ma(w)dv
R\{0}

(I) \/E(UO*Tlo) + Z exp Z le
i=1 j=1

Ve vo Z; 0T17)
Ej_OTll)

B
exp { Dy, (0)}

i

(U0+T20 Jrzexp ZZQJ' )

Jj=1

Ve(vo+Si_g Ta:)
Ve(votSiZe Tei) |’

where ® |12 = ® (v3) — ® (v1) and ® (-) is the cdf of a standard normal distribution.
When 72 (v) =1,

/ exp { Doy (v) — Dy (0)} ma(v)do
R\{0}

%

= ; T10+ZGXP Zzlj T1¢+T20+26XP ZZQj To;

exp{D
P { Dy ( j=1 i=1 j=1

depends on vy only through exp {D,,(0)}.
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Aoo (hO)

First, we will derive the point-wise power envelope. For this purpose, the distributions of D (vg) and —D,, (0)
are developed. If vy < 0, then for any A € R,

N1 (Jvol

I
e
/
N\./
o

i=1
N1 (lvol)
P Y zu<A[N(lwl) =k | P(Ni(jeol) = k)
i=1

k
P<ZZ ) (N1(Jvol) = k)

i=1

eIl (1, () o))"
Kl Z s A

1
Me I 11

=
Il
=)

k
If z1; follows a nonstable distribution, then the cdf of Y zp; is hard to derive. In practice, the simulation
i=1
2 2
method can be used to derive this cdf. If zy; follows NV (—2%, %) as in the example of Section 4 without

k
. . o A
threshold effect in variance, then P <i_§ 1z17; < A) =& (\/Eﬂl/s

similarly developed with zy; substituted by z9; in the final equality above. As mentioned in the main

+ \/E%) The case of vg > 0 can be

test, there is a point mass at zero in the distribution of D (vg). The probability of this point mass is
P (Ny(|vo]) = 0) = e~ Ta(r0)lvol For a fixed vg, there may be no b such that P (D (vg) > Inb) = a and the
randomized test is used. Usually, such vy falls into an interval around 0, but this is not a general resultm

As to —D,, (0), a similar procedure can be used. If vy < 0, then for any A € R,

P (=D, (0) < A)

Na([vol)

Z z9; > —A
i=1

|
e

I
Mg

(Zzzz> A) (Na(Jool) = k)
k=0 i=1
_ L e Fa(vo)lvol ( fq(% |U0| (Zz > A)

k=0

k
If z; follows N (—25—?2, B—;) , then P (E Z9; > —A) =& (fA — \/E%) For the case vg > 0, z9; is
s7s i=1 kB1/s S
substituted by z1; in the last equality.

For the likelihood ratio test, the distribution of A, is derived to find the critical value. Notice that there
is a point mass at zero and no density on A < 0 in the distribution of A% The probability of the point

oo —fq(vo)lvol k k
27Note that P (D (vo) >0)= > £ ! k(|fq(70)\vo\) P <E 215 > 0) is not generally a decreasing function of |vg|.
k=1 ’ i=1
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mass is pio from Yu (2007). When A > 0,

p(A‘X’SA)
2

P10 + P(O < maX{Zl, ZQ} < A)

— F,(0)F(0) /dF1 ) Fy (2)
= F1(0)F2(0) + F1 (A) F> (A) — F1 (0) F» (0)

= (AR (D)

(0) Fy
) F:

k
where Fj () is the cdf of the random variable Z; = max{z 214, k= 1,2,--~}, and Fy () is similarly
i=1

understood. From Yu (2007), F; (-) satisfies a homogeneous W;ener—Hopf equation of the second kind with
boundary condition Fi(—occ) = 0, Fi(c0) = 1. So the density of %52on the positive axis is f1 () Fa(z) +
Fi(z) f2(z). When the distributions of z1; and zo; are the same, then Fy (-) = F5 (-) and P (%= < A) reduces
to Fy (A)?, so the density on the positive axis is 2f1 (z) Fi(z). When o < 1 — pyg, then the critical value
b > 0 is determined by

Fi(b)F(b)=1-a.

The power function for vy < 0 is

P (s0p (D1 (0) = D1y (0)) > 0)

veER

= > (s (D )~ Dy 00} > s ) =)

= vER

> e—fa(vo)lvol J J
= © ’ ,(fq(% [vol) P <sup D,, (v) — Z 29; > b) ,

|
J: veER i—1

<.
Il
o

where

P

sup D, (v Z 29 > b)

g
(

Zzgl< bsupDvO —0)—1—2}7(22“ ZZQZ>bMa:EL—k>

i=1

P

+ZP<Zz%—Zz% >b,MamR:k>7
=1

k=1

MaxL = k means the maximum of D,, (v) is attained at the kth jump on the left of vy, and MaxR = k
can be similarly understood. There is a recursion form for the above probabilities. Such a recursion solution
is a natural extension of Appendix D in Yu (2007). The power on vg > 0 can be similarly derived. But

when a > 1 — pyg, no such a b exists and the randomized test is used. The power in this case requires the
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calculation of P (sup,cg {Dv, (v) — Dy, (0)} = 0). Note that for vy < 0,

P

7 N\

sup {Dy, (v) — Dy (0)} = o)
vER

M2

P (MaxR =k, N> (Jvo]) = k)

-
I
<

eIl (7, (30) o))"
k!

M2

P(MaxR =k)

=~
Il
o

0 o= fa(vo)|vol k
= e fallvolp 4 58 (f4(70) vol) Do

k!
k=1

where the second equality follows from the independence between the two events { Max = k} and {Na (Jug|) = &},
and pop, = P (MaxzR = k). A similar result applies to vy > 0 with pgy substituted by pig.
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