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Abstract

We conduct misspecification analysis for four treatment effects estimators, IVE, IV-QRE, LSE and
QRE, in the framework of HV (2005). We first derive the pseudo-true values which shed more light
on why the IVE and IV-QRE are consistent when the essential heterogeneity is absent and why the
LSE and QRE are consistent when the selection effect is further excluded. For example, when the
essential heterogeneity is absent, the IVE is consistent because of an offsetting property, while the IV-
QRE is consistent due to a counterfactual-quantiles matching property inherited from rank similarity.
We then check two responses to model misspecification. First, we conduct a local sensitivity analysis
which provides a measure of sensitivity when the key identification assumption is locally perturbed along
a prespecified direction. Second, we summarize the sharp bounds for the ATE in the literature and
develop corresponding bounds for the QTE. We illustrate our analyses by studying the effect of veteran

status on earnings in Angrist (1990).
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" Essentially, all models are wrong, but some are useful."
Box and Draper (1987), p. 424

1 Introduction

Any econometric model is based on econometricians’ past experiences (and/or past literature which is based
on further past experiences and literature), i.e., any model is the result of an interaction of subjectivity and
objectivity rather than a genuine reflection of objectivity. On the other hand, econometric models are built
by human beings and so a good econometric model should be helpful to aid understanding of the reality for
human beings. Modeling means structures/assumptions beyond simple data description; to be more straight,
modeling is a kind of belief although we try to make our belief close to the realityﬂ Certainly, belief is not
reality, so any model is potentially wrong. However, to delve into the essence of a problem, modeling is
sometimes inevitable. More structures are imposed in a model, potentially farther from the reality is the
model.

Econometricians keep an eye on model misspecification for a long time. To adapt to the needs of applica-
tions, they use a range of models, from fully nonparametric to fully parametric. The recent trend is to impose
less structures (i.e., more nonparametric) such that the misspecification problem can be alleviated or the
model is more robust to misspecification. Based on my personal understanding, there are four responses to
model misspecification. First, use a more structured model while admit that the model is possibly misspec-
ified and check what the estimator would converge to under misspecification. The probability limit of the
estimator is often termed as the pseudo-true value, so we label this response as pseudo-true analysis. This
tradition dates back (in econometrics) at least to Halbert White’s pioneering work in the 1980s. For exam-
ple, White (1980, 1981) study the misspecification problem in the OLS estimation given that the conditional
mean may not take the linear form of the covariates; White (1982) examines the consequences and detection
of model misspecification when using maximum likelihood techniques for estimation and inference. Later, in
the GMM framework, Hall and Inoue (2003) study the consequences of misspecification and develop the as-
ymptotics for the pseudo—true parameters; in quantile regression, Angrist et al. (2006) study the estimation
and inference in a misspecified model. Second, take a nonparametric setup but find some "smart" sufficient
conditions for point identification; see, e.g., Matzkin (1994, 2007) for a summary of literature and Matzkin
(2013) and Lewbel (2016) for an introductionﬂ Generally speaking, the "key" identification conditions must
be carefully examined. In a nonparametric setup, such an examination seems rare (maybe because such
conditions are already hard to find and also because the setup is already nonparametric), while in a more
structured setup, there are usually two ways to check the validity or robustness of these conditions. The first
way is to check whether these conditions are consistent with the data, so-called misspecification testing or
goodness-of-fit testing. The literature dates back at least to Ramsey (1969, 1970)’s RESET in econometrics
and to Karl Pearson (1900)’s chi-square test in statistics. The literature on this topic is vast, see Holly
(1987), Godfrey (1988) and White (1987, 1994) for a summary of early literature and Gonzdez-Manteiga
and Crujeiras (2013) for a summary of recent developments. The second way is to check the sensitivity of
the identified parameter to these conditions. Such a checking seems routine for applied econometricians, see,
e.g., Mroz (1987) for an early example. The treatment effect literature of sensitivity analysis dates back at
least to Cornfield et al. (1959); see Glynn et al. (1986) for the Bayesian method and Rosenbaum (2002) for
a variety of sensitivity analyses in the statistical literature; see Vijverberg (1993) for sensitivity analysis in a

IFrom the philosophical perspective, there is nothing called "reality" or "objectivity". Anything must involve subjectivity;
otherwise, how can we understand it?

2Barly literature of identification concentrates on identification of simultaneous equations system; see, e.g., Hausman (1983)
and Hsiao (1983) for a summary of literature.



Roy model and Athey and Imbens (2015) and references therein for recent developments in the econometric
literature. Third, allow the model to be partially identified, i.e., the identified objects are sets rather than
pointsﬂ This part of literature builds on insights in early literature by Peterson (1976) and Holland (1986a)
and was developed by Charles Manski and his co-authors in the 1990s and 2000s; see Manski (1995, 2003,
2007) for a summary and Tamer (2010) for an introduction to the literature. Fourth, select the true model or
average a sequence of models; see Claeskens and Hjort (2008) for an introduction. Some of the four responses
are interwined, e.g., the goodness-of-fit testing is closely related to model selection.

This paper tries to examine the four responses to model misspecification in the treatment effects eval-
uation. It is well known that one main objective of microeconometrics is to explore causal relationships
between a response variable and some covariates. As a result, treatment effects evaluation is a main task for
micro-econometricians. Usually, causal inference takes the potential outcomes approach rather than regards
the treatment status as a usual covariate. This approach goes back at least to Neyman (1923, 1935) and
Fisher (1918, 1925, 1935) on agricultural experiment, but the modern version is usually attributed to Rubin
(1974, 1978), so this framework is often termed as the Neyman-Fisher-Rubin causal model. The literature
on this topic is tremendous. Roughly speaking, one strand of literature emphasizes "effects of causes" and is
more reduced-formed, and another strand emphasizes "causes of effects" and is more structural. The former
is the tradition of statistics and is borrowed to econometrics, see Holland (1986b) for a historical view and
Imbens and Wooldridge (2009) and Imbens and Rubin (2015) for a summary of literature on this tradition.
The latter is developed by James Heckman and his co-authors in the 1980s and 1990s; see Heckman and
Vytlacil (2007a, b) for a summary of relevant literature on this tradition. The distinction between these two
traditions makes their interpretation of treatment effects estimates quite different; nevertheless, the econo-
metric techniques they use are often overlapped or intertwined. Careful assessment of these two traditions is
out of the scope of this paper; rather, we confine ourselves to the mathematical side of these two traditions,
which seems to have more in common.

We will examine four treatment effects estimators in the framework of Heckman and Vytlacil (2005) (HV
hereafter) which allows for both the selection effect (i.e., the untreated outcome may depend on the treatment
status, which is the usual endogeneity problem) and the essential heterogeneity (i.e., the treatment status may
depend on idiosyncratic gains, which is new for treatment effects evaluation). This framework is equivalent to
the framework used in the first tradition (e.g., the setup of Imbens and Angrsit (1994) (IA hereafter)) in some
sense; see Yu (2015b) for a bare comparison of these two frameworks. The four treatment effects estimators
we will examine are the instrumental variable estimator (IVE), the instrumental variable quantile regression
estimator (IV-QRE), the least squares estimator (LSE) and the quantile regression estimator (QRE). The
IVE and LSE attempt to estimate the average treatment effect (ATE) and the IV-QRE and QRE attempt
to estimate the quantile treatment effect (QTE). The IVE in this general framework is examined first by
TA where the instruments are discrete. When the instrument is binary, the IVE is estimating the treatment
effect for a subpopulation called compliers, so-called the local average treatment effect (LATE); when the
instrument is multi-valued, it is estimating an average of LATEs. HV’s framework allows for more general
instruments so that the average treatment effect for a marginal population, so called the marginal treatment
effect (MTE), can be identified, and the LATE can be expressed as a weighted average of MTESH Only
if the essential heterogeneity is absent (or the endogeneity is present only in the form of selection effect),
the IVE is estimating the ATE; otherwise, the ATE can only be partially identified. Excluding the essential
heterogeneity is quite useful in practice, e.g., Angrsit and Ferndndez-Val (2013) essentially impose this

3 A weaker version of partial identification is weak identification where the parameter is only "locally" unidentified, e.g., the
weak instruments problem.

4This does not mean IA did not explore the general instruments case, see, e.g., Angrist et al. (2000) for the continuous
instruments scenario, where they also show that the MTE is a limit form of the LATE.



restriction to extrapolate the LATE estimation. The IV-QRE is put forward in Chernozhukov and Hansen
(2005) (CH hereafter). After imposing a key rank invariance or rank similarity assumption, they show that
the QTE can be identified by the IV-QRE. We examine this key assumption carefully in this paper and
show that this assumption essentially excludes the essential heterogeneity in the context of QTE. In other
words, the IV-QRE is the quantile counterpart of IVE. Finally, the LSE can identify the ATE and the
QRE can identify the QTE only if neither the selection effect nor the essential heterogeneity can be present.
They are useful in practice because valid instruments are hard to find in applications while they can achieve
identification without instruments when the required conditions are satisfied.

For each of the four estimators, we presume they are estimating the "global" treatment effects (i.e., the
ATE or the QTE), so the model is misspecified. We examine the four responses to model misspecification
in this specific context. First, we derive the pseudo-true value of each estimator, which allows us to shed
more light on why each estimator is consistent to the parameter of interest when the required restrictions
discussed above are imposed. It turns out that the IVE can identify the two counterfactual means in an
intriguing way. It extrapolates the mean of an identifiable subpopulation to the unidentifiable subpopulation,
which may induce bias, and meanwhile uses an weighted average of the two counterfactual means for the
identifiable subpopulation to replace the genuine mean, which may also induce bias, but these two biases
luckily offset each other when the essential heterogeneity is excluded so that a consistent estimator is achieved.
The IV-QRE also extrapolates to achieves consistency but in a different way. It turns out that under
rank similarity, the two marginal counterfactual cumulative distribution functions (cdfs), i.e., the cdfs for
a marginal population, and the two population counterfactual cdfs satisfy a very lucky relationship which
we label as counterfactual-quantiles matching; this relationship guarantees the consistency of the IV-QRE
in estimating the two population counterfactual cdfs. For both estimators, we concentrate on using the
propensity score as the instrument, but we also point out the difference when a general instrument is used.
As to the LSE and QRE, we decompose the bias under misspecification into two components, one from the
selection effect and the other from the essential heterogeneity, which makes it clear why only if both sources
of endogeneity are excluded can consistency be achieved. This decomposition also makes it clear that the
bias from the selection effect spreads over all subpopulations, no matter identifiable or not, which explains
why the IVE and IV-QRE need extrapolation to achieve consistency. Second, we conduct a different kind of
sensitivity analysis from those mentioned above, called the local sensitivity analysis (LSA), to assess fragility
of the estimators to their corresponding key identification assumptions. This kind of analysis is meaningful
since specifying a model is usually based on past experiences and the specification should be close to reality
(otherwise, why use a very wrong model?); in other words, possible misspecifications are only local. Our
sensitivity analysis is in the spirit of Carneiro et al. (2010). Specifically, we perturb the identified system a
little bit (or locally) in a prespecified direction and check how sensitive the identified parameter is to such
a local perturbation; in other words, a path derivative is developed. Such a path derivative is standard in
semiparametric efficiency analysis, so the LSA can be treated as an extension of the path derivative there
to a more general context. Most importantly, all components in the path derivative (excluding the direction
which needs to be prespecified) can be estimated from the data, so the LSA is very practical and is suggested
to become a routine analysis whenever a key identification assumption is imposed. Third, we conduct some
partial identification analysis when the general framework is maintained. As mentioned, the ATE and QTE
cannot be point identified now. Heckman and Vytlacil (2001b) develop sharp bounds for the ATE, and we
conduct a parallel analysis and develop sharp bounds for the QTE. These bounds can be used to assess the
validity of the identification assumptions.

By passing, we mention that we do not discuss the misspecification testing in this paper because there have

already been some related developments in the literature. For example, Angrsit and Ferndndez-Val (2013)



check the presence of essential heterogeneity by the popular J-test, Heckman et al. (2010) and Heckman and
Schmierer (2010) develop a few conditional moment tests for the same purpose, and the famous Hausman
(1978)’s test can be used to check the presence of both the selection effect and the essential heterogeneity.
We do not discuss model selection or model averaging either. Recall that model selection or model averaging
can be applied only if the data contain some but imprecise information on the true model. However, in the
framework of HV, the data do not contain any information on the the untreated outcome of always-takers or
treated outcome of never-takers, so it is impossible to trade off bias and variance of global treatment effects
estimators. Nevertheless, there is some literature on covariates selection in treatment effects evaluation under
unconfoundedness, see Kitagawa and Muris (2016) and references therein.

This paper is organized as follows. In Section 2, we state the assumptions which will be maintained
throughout the paper and also specify a running example which will be examined for each estimator. Sections
3-6 will conduct the pseudo-true analysis, the local sensitivity analysis and the partial identification analysis
for each of the four estimators, respectively. Section 7 will use an empirical example from Angrist (1990) to
illustrate the analyses in Sections 3-6, and Section 8 concludes. To save space, we relegate some discussions
to two supplementary materials S.1 and S.2. S.1 contains the proofs that are not given in the main text,

and S.2 contains points that we do not want to expand in the main text.

2 Maintained Assumptions and A Running Example
We first state the nonlinear and nonseparable outcome model as in HV,

Y1 = py (X, Uh),

Yo = p1o(X, Uo), o

where Y7 and Y| are the potential outcome for the treated and control group, respectively, X includes all

relevant covariates, and U; and Uy are random errors. The participation decision
D= 1(up(X,2) ~ V > 0), (2)

where Z includes the instruments (usually some policy variables) for the choice process, V is a scalar
random error in the participation decision, and 1(-) is the indicator function. Both X and Z appearing as
the arguments of pp does not lose generality since pp (X, Z) may not depend on all elements of X. By
transforming pp (X, Z) and V' by the conditional cdf Fy|x, z, we can rewrite

D =1(p(X,Z) = Up = 0), 3)

where Up|X, Z ~ U(0, 1), the uniform distribution on [0, 1], and p(X, Z) is the propensity score. As shown in
Vytlacil (2006), there is a larger class of latent index models that will have a representation of this form. The
equations in imply that Z is excluded from the outcome equations; this is the usual exclusion assumption.
Equation implies the monotonicity assumption of TA, i.e., when Z changes from z to 2/, the direction of
D change is the same for all individuals. Actually, as shown in Vytlacil (2002), they are equivalent in some
sense; see Yu (2015b) for more discussions on the implication of . In the setup and , we define the
MTE as MTE(up) = E[Y1 — Yo|Up = up], up € [0,1].
For the ATE, we maintain the following assumptions.

Assumption A:

(A-1) p(X, Z) is a nondegenerate random variable conditional on X.



(A-2) The random vectors (U, Up) and (Uy, Up) are independent of Z conditional on X. In Dawid (1979)’s
notation, (U1,Up) L Z|X and (Up,Up) L Z|X.

(A-3) The distribution of Up is absolutely continuous with respect to Lebesgue measure.

(A-4) E|Yy| < 00, d=0,1.

(A-5) 1> P(D=1|X)>0.

(A-6)

These assumptions are repetition of those in HV and are prevalent in the literature of heterogeneous treatment

X7 = X, almost everywhere, where X; denotes a value of X if D is set to d.

effects. A necessary condition for (A-1) is that Z contains an extra random variable beyond X. (A-2) is the
ignorability assumption; it allows for both the selection effect (Uy £ D|X) and the essential heterogeneity
((U; — Up) L D|X). (A-3)-(A-6) are regularity assumptions, e.g., (A-6) is the "no feedback" condition which
excludes the effect of D on X so conditioning on X does not mask the effects of D. Assumptions (A-1)-(A-5),
combined with the setup and , impose testable restrictions on the distribution of (Y, D, Z, X); see HV
(p. 678) for the index sufficiency restriction and the monotonicity restriction. As discussed in Yu (2015b),
the framework of HV above and that of IA are roughly equivalent. As emphasized in AIR (1996), the key
assumptions in IA’s framework are the ignorability assumption and the monotonicity assumption. Of course,
the exclusion assumption is also important in some applications. See Kitagawa (2015) and the references
therein for tests of joint validity of these three assumptions.

To facilitate our analysis, we impose the following assumption on the propensity score p(X, Z).

Assumption P: supp(p(X, 2)|X =z) = {&,f)x} C [0,1] for each x € supp(X), where supp(-) means the
support of a random variable. In other words, the conditional density function of p(X, Z) given X = z, say

fp(X7z)|X(p|ﬂf), is positive for p € (Qx,ﬁf).

This assumption tries to reflect the reality of the support of p(X,Z). Usually, the support of p(X,Z)
is different for different x values and is a subset of [0,1] staying in the middle of [0,1]. We can relax
this assumption by allowing the support of p(X, Z) to be segments of intervals without difficulty, but we
find Assumption P will provide clean results without losing the essence of our problem so we maintain
it throughout the paper. Note also that we implicitly assume Z includes some continuous components;
otherwise, supp(p(X, Z)|X = x) cannot be an interval. We focus on this general case and treat the case with
only discrete instruments as a special case.

For the QTE, we do not require (A-4). Nevertheless, we replace (A-4) by some regularity conditions on
the distribution of Yy given Up = up, d = 0,1. We label the combined assumptions as

Assumption Q:

(A-1), (A-2), (A-3), (A-5) and (A-6) plus

(Q-4) supp(Yy|X = ,Up = up) = Vua, the conditional density fy,x v, (yalz,up) is continuous in (y4,up)
for almost every « €supp(X), yqg € Vzd, d = 0,1, and up € [0, 1], where Vo = {gwo,yxo} and Y, = [gml’?xl]
are compact and need not be the same.

Assumption (Q-4) implies that the support of Yy and Y; may be different as typical in applications. Note
also that the support of Yy is compact, does not depend on Up (although may depend on X), and
Jyaix.up (Walz,up) > 0 for yq € (Qgcd’@xd) and up € [0,1]. This implies that supp(Yy|X =2z) = YV,
fya1x (yalz) is continuous in yq for yq € Via, and fy,|x (yalz) > 0 for yg € (gxd’yzd)' These regularities

can be relaxed in an obvious way without affecting our general results, but to make the discussion clean and

avoid technical complications, we maintain assumption (Q-4) throughout the paper.



We now specify a running example that will be used for illustration in all four estimators. First, let
Y1=2U,Yy=U and D =1(Z -V >0), where

U 1 07 0
V | ~N@OZ) withE=| 07 1 0
z 0 0 1

We label this case as the selection-effect-only case. For the endogeneity-free case, change the correlation
between U and V to 0. When there are both the selection effect and essential heterogeneity, let Y7 =
V 4+2U,Yy =2V 4+ U, and all other specifications are the same as in the seletion-effect-only case. Note that
p(Z) = E[D|Z] = fio ¢(v)dv = ®(Z) ~ U[0,1], where we use ®(-) and ¢(-) to represent the cdf and the
probability density function (pdf) of a standard normal distribution.

We add more comments on our running example. The label "selection-effect-only" is applied only to the
QTE scenario. As will be explained in Section the essential heterogeneity in the QTE case is defined as
Fuy,jup (ulup) = Fyy v, (ulup) for u € [0,1] and up € [0, 1], which is different from the definition in the ATE
case - E[U1|Up = up] = E[Ug|Up = up] for up € [0,1]. As shown in S.2.5, these two definitions do not
imply each other. Our running example satisfies Fy;, |, (u|up) = Fy, v, (ulup) but not E [U;|Up = up] =
E[UylUp = up]. Nevertheless, the examples in the ATE sections (i.e., Section [3| and [5) do not involve
whether E[U; — Up|Up = up] = 0 but are only related to p(Z).

A word on notation: first, we depress the conditioning on X = x throughout the paper to simplify
notations. C (Z) is the space of continuous functions on a compact set Z. d is always used for indicating
the two treatment statuses, so is not written out explicitly as "d = 0,1" throughout the paper. p,; =
BIYd.A = iy — py. Falya) = P(Ya<ya) and A(7) = Q1 (r) — Qo(r) = Fy' (7) = Fy (), where
F;' (1) = inf {ya|Fa (ya) > 7}. We use the superscript star to indicate pseudo-true values for the IVE and
IV-QRE and use the upper bar to indicate pseudo-true values for the LSE and QRE. For example, p}; is the
probability limit of the IVE for p,, and A () is the probability limit of the QRE for A (7).

3 IVE

In this section, we first derive the pseudo-true value of IVE when the propensity score is used as the
instrumemﬂ and explain why the IVE is consistent when the essential heterogeneity is absent; we then
conduct the local sensitivity analysis and a parallel analysis when a general instrument is used, and conclude
by summarizing the partial identification results in Heckman and Vytlacil (2001b). To start, recall that the

moment conditions used by the IVE are

1 * *
(J(Z) )(Y—NO_D'A)

where J(Z) is a scalar function of Z. Note also that for evaluating the ATE, we can use the additively

:0,

separable outcome model, Yy = u,(X) 4+ Uy, without loss of generality since we can redefine Uy as Yy —
E[Yy4|X]. In this setup, the selection effect means E[Uy|Up] # 0 and the essential heterogeneity means
E Uy — Up|Up] # 0, where X is depressed.

% As to why use p(Z) as an instrument, note from Chamberlain (1987) that in the model Y = p§+D-A*+U with E [U|Z] = 0,
the optimal instruments are E [(1, D)|Z] = (1,p(2)).



3.1 Pseudo-true Values

The following theorem states the pseudo-true values of IVE under misspecification when the propensity score
is used as the instrument.

Theorem 1 Under Assumptions A and P, when J(Z) = p(Z),

wi /OpE Vi|Up = up] dup + /pp{E 1|Up = up]hi(up) + E[¥olUp = up] (1 = h1(up))} dup

1
+/ E[Yy|Up = up)dup,
P

r [ EYolUp = up] dup + /,, (B |Up = un] ho(un) + E [Yo|Un = up] (1 — ho(up))} dun

P
+/ EY1|\Up = up|dup,
0

and _ 1
A" =pul —ph = /p MTE(up)h(up)dup :/0 MTE(up)h(up)dup
where
hi(up) = m/ [E [P(Z)2] —pE[p(Z)]+ (- E [P(Z)D] dFy(z)(p),
hwn) = gz | [E(ZP) = pE R dFy o)
and . )
) = ha(up) ~ ho(up) = 7o [ o= B aFyn 0)
Note that

1 '3 D 1
,ulz/ E[Y1|UDZUD]duD= E[Y1|UD=uD}d’UJD+/ E[Yl‘UDZUD]d’UJD—F/ E[Y1|UD=uD]dUD,
0 r

0 P
(1)
so in ui, we use a weighted average of F [Y1|Up = up| and E [Yy|Up = up] to approximate E [Y1|Up = up]
for up € [p,p] and use E[Yy|Up = up] to approximate E [Y1|Up = up] for up € [p,1]. Similarly, in pug, we
use a (different) weighted average of F [Y1|Up = up| and E [Yo|Up = up] to approximate F [Yo|Up = up]
for up € [p,p] and use E[Y1|Up = up] to approximate E [Yy|Up = up] for up € [0,p]. The approximation
error depends on how close E [Yy|Up = up] (E[Y1|Up = up]) is to E [Y1|Up = up] (E[Y1|Up = up]) for
up € [B, 1] (uD € [O,ﬁ])
Since we can only identify £ [Y1|Up = up] and E [Yy|Up = up] for up € [p,p] by

dE[Y DIp(Z) = p] Emﬂb:ungﬂEW“_Lmﬂm:ﬂ

EYi|Up = up| = ,
[ 1| P D] dp p=up dp p=up



the true values p; and p, are not identiﬁableﬂ However, since
7 1

/ E[Y1|Up = upldup = pE [Y|D =1,p(Z) = p| »/ EYo|Up =upldup = (1-p)E[Y|D = 0,p(Z) =],
0 D

w5 and pf use the identifiable to replace the unidentifiable and thus are estimable where [Y\D =1,p(Z2) = gj
is the mean of Y7 for always takers and F [Y|D = 0,p(Z) = p] is the mean of Yj for never-takers, and both
are estimable.

From the proof of Theorem

i= B s (B (2 - E@)) + 02 (- B2} BYID = 1,5(2)]
+8 |G BT (B (2~ E@)) +0(2) (1~ E@)) EYID =0.(2)]
i = B[ PO B 2P - w2 B W2 BYID = L2
48 |G B (B (2] - WD B )]} EYID = 0.0(2)].

In other words, p7 is an expected weighted average of E [Y|D = 1,p(Z)] and E [Y|D = 0,p(Z)], while ujj is a
different expected weighted average of these two conditional expectations, and the two conditional expecta-
tions and the weights are all estimable. Note that given a p(Z) value, the weights in p; for E[Y|D = 1,p(Z)]
and E[Y|D = 0,p(Z)] are positive but their sum need not be 1; nevertheless, the expectation of this sum
is 1. In other words, p}; is a weighted average of E[Y|D = 1,p(Z) = p] and E[Y|D = 0,p(Z) = p] over all
possible p values.

As to hg and h, first note that they are only related to p(Z) but do not involve Y. It is not hard to check
hq(up) = 1 for up € [0,p] and hy(up) = 0 for up € [p, 1], which implies h(up) = 0 for up € [0,p] U [p, 1].
This also implies that the three terms of p; in Theorem [I| can be combined:

M’l" = f()l {E [Y1|UD = uD] hl(UD) +E[}/0‘UD = UD] (1 - hl(uD))}duD

o = fol {E [Y1|Up = up|ho(up) + E [Yo|Up = up] (1 — ho(up))} dup. ®)

Note also that h(up) is the same as hLYZ) (up) in HV, so we reproduce the weighted average expression of
A* as in HV by analyzing pj and p separately. The new thing here is the new weights hqy and hg, whose
properties are studied in the next proposition. For completeness, we also state the properties of h as studied
in HV.

Proposition 1 hy, hg and h satisfy the following properties:
(i) ffhl(uD)duD =1 —B, fol hl(uD)duD = 1,‘
(ii) f:ho(uD)duD =-p, fol ho(up)dup = 0;

(iii) f;h(up)duD = [ h(up)dup = 1;

dE[Y |p(Z)=p]

6This implies MTE(up) = E [Y1|Up = up] — E[Yo|Up = up] = 0

Vytlacil (1999, 2001a).
"In S.2.1, we provide alternative formulas for w; to show that it is estimable.

, up € [p,p], as in Heckman and
p=up -



_ 2 _ 2
(iv) when up < %, hi(up) is strictly increasing, and when up > %, hi(up) is

strictly decreasing;

2 2
(v) whenup < %, ho(up) is strictly decreasing, and when up > %(ZZ))], ho(up) is strictly increasing;

(vi) whenup < E[p(Z)], h(up) is strictly increasing, and when up > E [p(Z)], h(up) is strictly decreasing.

From (iv), there is a point uj, such that when up € (p,uip), pj overweights E[Y1|Up = up], and when
up € (ujp,p), pi underweights E[Y1|Up = up|. Over up € [p,p), E[Yo|Up = up] is underweighted and
the weight can even be negative when up € (p,ujp). From (v), ug always underweights E [Y1|Up = up] for
up € (p,p]. Because ho(p) = 0 and hy is strictly increasing at the left of P, there is a point g, such that
when up € (u$p,D), the weight is negative, so E [Yy|Up = up)] is overweighted over these up’s. From (vi),
h is always positive on (p,p).

In summary, hy is a proper weighting scheme on [0, 1] since h;(up) > 0 and fol hi(up)dup = 1, but is not
a proper weighting scheme on [p,p] since ff hi(up)dup =1 —p < 1; hg is not a proper weighting scheme on
either [0, 1] or [p, p] since it can be negative and f: ho(up)dup = —p < 1, fol ho(up)dup = 0 < 1; while h is
a a proper weighting scheme on both [0, 1] and [p,p] since h(up) > 0 and fol h(up)dup = ffh(up)duD =1
Nevertheless, from , since fol [h1(up) + (1 — hy(up))]dup = 1 and fol [ho(up) + (1 — ho(up))] dup = 1,
both pf and p§ are weighted averages of E [Y1|Up = up| and E [Yp|Up = up] over up € [0,1]. Note also
that the weights in uf on E[Y1|Up = up] over up € [0,p] satisfy foﬁhl(up)duD = 1 and the weights
on E[Yy|Up =up] over up € [p,1] satisfy fpl [1 —hi(up)]dup = 0. Similarly, the weights in pf on
E[Yo|Up = up] over up € [p, 1] satisfy fpl [1 — ho(up)]dup = 1 and the weights on E[Y1|Up = up] over
up € [0,p] satisfy jf ho(up)dup = 0. This implies that in the unconfounded case, where F [Yy|Up = up| =
lg, [ = pg; that is, in the unconfounded case, p; can be identified with or without instruments.

The following example intuitively illustrates the shape of hy, hg and h.

Example 1 Consider the setup of treatment status D in the running example. In this example, p(Z) ~
Ul0,1], sop=0 andp = 1.

hl(uD) = (1 + 3’U,D)(1 — uD), ho(uD) = (1 — 3UD)<1 — UD) and h(uD) = 6uD(1 — uD)

are shown in Figure [l From Figure[1, hi(up) is increasing on [0,1/3] and decreasing on [1/3,1], ho(up)
is decreasing on [0,2/3] and increasing on [2/3,1], and h(up) is increasing on [0,1/2] and decreasing on
[1/2,1]. pi overestimates E [Y1|Up = up)| for up € (0,2/3) and underestimates E [Y1|Up = up] for up €
(2/3,1], while u§ overestimates E [Yo|Up = up] for up € (1/3,1) and underestimates E [Yo|Up = up] for
up € [0,1/3). The area between hi(up) and the horizontal azis is 1, while the area between ho(up) and the
horizontal azxis is 0. Since hy is always above hy for up € (0,1), h(up) is positive on up € (0,1) and the

area between it and the horizontal axis is 1.

Without unconfoundedness, the following proposition shows that it is still possible to have u; = p, as

long as there is no essential heterogeneity,

Proposition 2 If E[U, — Up|Up = up] =0 for all up € [p,1], u} = py; if E[U1 — Ug|Up = up] =0 for all
up € [0,p], py = po- If E[Ur — Ug|Up = up] = 0 for all up € [p,p], A* = A.
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Figure 1: hy,hg and h = hy — hyg

Proof. Since when E[U;—Uy|Up = up] = 0, p1; takes the form of (@) with E [Y;|Up = up] = E[Yo|Up = up]+
A,

D 1
/ hl(up)duD —/ duD
P P

pr— = A =A[l-p -(1-p]=0

from Proposition i). Similarly,

D P
MS—M(J:A[/ duD+/ ho(up)dup| = Alp—p] =0

0 p

from Proposition ii). Finally,

D
A — A Z/ E[Ul — U()|UD = ’LLD]h(’LLD)dUD =0.
p

]

Suppose p1y > py > 0. p} overestimates E [Y1|Up = up] over up € (p,ujp) but underestimates E [Y1|Up = up)]
over up € (u}p,1]. These two forces offset each other and we get a consistent estimator. Similarly, u§ overes-
timates E [Yo|Up = up] over up € [0, ugp] but underestimates E [Yy|Up = up] over up € [ufp,p] such that
a consistent estimator is achieved. Here, uj, and uj, are defined after Proposition From the above proof,
we can see that if the pseudo-true values of an estimator can be expressed in the weighted average form as
in Theorem then as long as the weights satisfy Proposition (1) and (ii) (especially, ff hi(up)dup =1—p

and f: ho(up)dup = —p), the results of Proposition [2| can be applied.
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3.2 Local Sensitivity Analysis

Take E[U; — Ug|lUp = up] as a function in C[0,1], the space of continuous functions on [0,1]. Assume
E[U; — Up|Up = up) stays in a parametrized space

1
Ggr = {Ga ():aeM,0eM,Gy(up) =0,up € [0,1], and / Guo(up)dup = 0};
0

then ) and A* depend on o, where fol Go(up)dup = 0 because we normalize E[U;] = E[Uy] = 0. We can

now study the sensitivity of x5 and A* to the local deviation of E[Uy — Up|Up = up] from zero along the
Ga(")

path G. Specifically, give a direction of deviation, say g(-), let lim, o =% — g(-); then our targets are

o) = 1o (@) =t P ()
Dg(g) = (}llglo o and D} (g9) = (11310 o
or path derivatives along the path G}, where we use p}(a) and A*(a) to indicate the dependence of p} and
A* on «, and note that p5(0) = p,; and A*(0) = A. We impose the following conditions to guarantee the

limits in D} and D} exist.
Assumption LA: sup,, cio.1],aen ‘%‘ < 0o, where N is a neighborhood of 0.

Proposition 3 Under Assumptions A, P and LA,

p

5 1 1
Di(g) = - / 9(up) (1 — ha (up)) dup — / g(up)dup = / g(up)hi (up)dup,

Di(g) = /Opg<uD>duD+ /png)ho(uD)duD: /0 9(up)ho(up)dup,

and
7 1
DA (9) = / 9(up)h(up)dup = / o(up)h(up)dup = D5 (g) — Dj (g).

D7 (g) depends on g(up) for up € [p,1], and Dg (g) depends on g(up) for up € [0,p]. This is because only
on these areas of up, u} and pf have mis-estimated E[Y1|Up = up] and E[Yy|Up = up], respectively. Since
hq and h are estimable, D} (g) and D} (g) are estimable.

The following example numerically illustrates D (g) and DX (g) for a specific g.

Example 2 Consider the setup in the running example. Suppose g(up) = 1—2up; i.e., the individual with

higher propensity to participate has a larger idiosyncratic gain. Then

3

Di(g) = /0(1—2uD)(1+3uD)(1—uD)duD:

S| = O =

and )
DA (g9) = / 6up(l —up) (1 —2up)dup = 0.
0

In this simple case, although there is essential heterogeneity locally, A can be consistently estimated. This
is because both 1] and pg overestimate their corresponding true value while the biases offset each other. Of

course, it is easy to construct examples where A cannot be consistently estimated.
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The local sensitivity analysis above is closely related to semiparametric efficiency bound calculation in
the literature; see, e.g., Newey (1990) and Bickel et al. (1998) for an introduction. For a real parameter
B, we need to check how it changes as the response to a local variation of the parametric submodel fy to
calculate its semiparametric efficiency bound, where if we use () to denote the dependency of 5 on 6,
then S (6y) equals the true value. The local sensitivity analysis has two differences. First, we do not need
to parametrize the density (or distribution) function, but parametrize any characteristic of the model, e.g.,
E[Uy — Up|Up = up] in this example. Second, the parameter of interest need not be real-valued, but can
belong to any normed space. Although for this example, p; and A* are indeed real-valued, in Section @
below, the parameters of interest belong to C ([0, 1]). Finally, we mention that if the parameter of interest
is real-valued and its path derivative is a continuous linear functional from the Hilbert space that g(-)
stays to R, then by the Riesz representation theorem, its path derivative can be represented as an inner
product, where we still use g(-) to denote the path derivative of the parametrized characteristic of the model.
Conversely, if the path derivative of the interested parameter can be represented as an inner product, then it
is a continuous linear functional. For example, D (g) = fol s(up)g(up)dup is an inner product on L?([0,1]),
where s(up) = —1(p < up < P)(1 —hi(up)) — 1(p < up < 1), so it is a continuous linear functional.
Sometimes, we may restrict the space g(-) staying to be a subspace of a Hilbert space, e.g., in this example,
we have restricted g(-) € Cp ([0, 1]), where Cy ([0,1]) = {g() 19 €C(0,1]) and fol g(up)dup = O}.

In practice, it is quite often that there are a few possible directions of deviation and there is some
prior information on the distribution of these deviations. Rigorously, suppose g € G and there is a prior
distribution F(-) on G, where G can be parametrized or fully nonparametricﬂ Then we can summarize such

prior information by

D;(G) = / D; (g)dF (g) and D} (G) = / D (9) dF (g).

This is somewhat like Bayesian model averaging. This technique can be applied to any local sensitivity

anslysis so we will not repeat it in the future.

3.3 Using General Instruments

When a general instrument J(Z) is used in the IVE, the pseudo-true values are stated in the following
proposition. To distinguish from the pseudo-true values as p(Z) is used as the instrument, we add the

subscript J to all objects.

Proposition 4 Under Assumptions A and P,

P P
,U,L*]l = / E[Y1|UD:uD] duD—i—/ {E[Yi‘UD:uD] th(uD)+E[Y0|UD:uD](l—th(uD))}duD
0 P

1
+/ E[Yy|Up = upldup,
P

1 2
- [ EYolUp = up] dun +/ (E|UD = un] hyo(un) + E [YolUp = un] (1 huo(un))} dun
P P

P
+/ E[Y1|UD :uD] duD,
0

8Note that Cp ([0, 1]) is separable, so any g € G can be approximated arbitrarily well by countably many basis functions, e.g.,
classical orthogonal polynomials, Fourier series, neural nets, or wavelets. Since it is easy to evaluate DF (-),D§ () and DX (-)
at these basis functions, Dj (g),Dg (g) and D} (g) for a general g € G can be easily approximated by linear combinations of
D3 (+),D§ (-) and D} (-) values at these basis functions.
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and

D 1
AT] = ,U,L*]l — M}O = / MTE(uD)hJ(uD)duD = / MTE(uD)hJ(uD)duD
0

where )
hji(up)
= Cov (J(;) p(Z))/ [Ep(2)J(2)] - E[J(Z)lp(Z) = pl Ep(Z2)] + (E[J(Z)|p(Z) = p] = E[J(Z)])] dFyz)(p),
hyo(up)
1 1
~ Cov(J(2) p(z))/ (B [p(2)1(2)) = E[1(Z)|p(Z) = p| E [p(Z)]] dFy(z) (p)

and

1 1
h =h —h = EJ(Z2)|p(Z) =p| — FJ(Z)]] dF, .
s(up) = hyi(up) = hao(up) = 7= (J(Z)7P(Z))/HD [E[J(Z)|p(Z) = p| = E[J(Z)]]| dFyz)(p)

The structures of p%, and A% are similar to those of 1; and A*, and the only difference is the weights, so
we concentrate on hjg and hy in the following discussion. Similar to hg, it is not hard to check hyq(up) =1
for up € [0,p] and hy4(up) = 0 for up € [p,1], and hy(up) = 0 for up € [0,p] U [p,1]. hy(up) is

exactly hry (up|J) in HV, so we reproduce the weighted average expression of A% by analyzing p%, and u%,
separately.

We can still prove the first two properties in Proposition [I] for 41 and h o, so the results in Proposition
still hold for p%, and p%,. However, the last three properties of Proposition [I] cannot be proved generally.
Nevertheless, if E [J(Z)|p(Z) = p] is a strictly increasing or decreasing function of p, we can still prove similar
properties for hjq and hy. To avoid repetition, we summarize the properties of hys and h; in S.2.3. When
E[J(Z2)|p(Z) = p] is not monotone in p, hj(up) need not be positive as emphasized in HV; see Figure 4 of
HV for the possibility that hy (up) is negative at some area of up. From the alternative expression of h,

E[J(Z) - E[J(Z)]Ip(2) = up]
Cov (J(2),p(%))

_ Cov (J(Z),1(p(Z) > up))
Cov (J(Z),1(p(Z) > Up))’

hy(up) = P (p(Z) = up)
we can see if E[J(Z)|p(Z) > p] is weakly monotone in p, then hy (up) is nonnegative for any up. This
condition is weaker than the weak monotonicity of E [J(Z)|p(Z) = p].

We re-emphasize a point made by HV here. For different J(Z), u%, and A are different; in other
words, the estimands depend on the instruments employed (even if the set of Z is fixed) unless the essential
heterogeneity is excluded; see Heckman (2010) and footnote 6 of Carneiro et al. (2011) for an intuitive
explanation.

We next discuss the discrete instrument case. A discrete instrument can appear when Z is discrete and
p(Z) is used as the instrument or Z is continuous but the employed instrument J(Z) is discrete (e.g., J(Z)
is an indicator function for different ranges of p(Z)). We consider only the former case since the latter can
be similarly discussed. As in Section 4.3 of HV, suppose p(Z) can take only K values, {p1,---,px}, with
0<p; <p2 <--- < pg < 1. In this case, h1(up) = hi(pg+1) for up € (pk,pr+1), k=1,--- , K — 1, and

13



similarly for ho(up) and h(up). As a result,

Pk+1
pjlk = Z/ Yl‘UD 7’LLD] hl(pk+1)+E[YO|UD :UD} (1_h1(pk+1))}d’U/D

K

= Z (1 — o) [Pa (i) af + (1 = Ry (prsr) ) ety
k=0
K Pr+1 h

= Z Dk+1 — {E[Y0|UD =upk| + MTE(UD)l(pk—H)duD},
k=0 Pk Pk+1 — Pk

where

EY -1(D=d)|p(Z) =pry1] = EY -1(D =d)[p(Z) = p]
P (D =d|p(Z) = px+1) — P (D = d|p(Z) = p.) 7

k 1 Pk+1
/,Ldzi/ E[Yd|UD:uD]duD:
Pk+1 — Pk

k=0,1,--- /K, are identiﬁableﬂ pY is the mean of Yy for always-takers A = {Up < p1}, pX is the mean
of Yy for never-takers N' = {Up > px}, ,u’;, k=1,---,K —1, is the mean of Yy for compliers C; =
{pr < Up < pi+1} who are induced to switch from D =0 to D = 1 as p(Z) changes from py to pgi1, Upk
is defined by E [Yo|Up = tupk] = &, po =0, pxs1 =1, hi(p1) = 1, hi(pr+1) = 0, and

Cov (p(2),p(Z2)1 (p(Z) = pr+1)) = Cov (p(2)*,1(p(Z) = pr+1)) + Cov (p(2),1 (p(Z) = pr+1))

hi(pry1) = Var (p(2)) ;

k=1,---,K — 1, are identifiable. Similarly,
Pk+1
.UJS = Z/ Yl‘UD = uD] hO(pk—l—l) + E [Y0|UD = UD} (1 - hO(pk+1))}duD

= Z (Pr+1 = pi) [Po(Prr1)pf + (1= ho(pr+1))mg]
o

—0
K Prk+1 h,
= Z (Pk+1 — Pk) {E Yo|lUp = upk] + MTE(UD)O(pk)duD} )
k=0 P Pk+1 — Pk

where the @py’s are the same as in uf, ho(p1) = 1, ho(pr+1) = 0, and

Cov (p(2),p(Z)1 (p(Z) > pr41)) — Cov (p(2)%,1(p(Z) > prs1))

ho (pk+1) =

Var (p(Z))

are identifiable. Therefore,

K-1 Ph+1 1 K-1

= (pra1— pk+1)/ MTE(up)————dup = Y (pk+1 — Pk) B(prs1) LATE (pi, piy1)

Pt Pr Pk+1 — Pk 1
as shown in HV, where

1 Pre1 _ E[Y|p(Z) = —EY|p(Z) =
Pk+1 — Pk Jp, Pk+1 — Pk

oIn pf and pK, E[Y - 1(D=1)|p(Z) =0]=E[Y -1(D=0)|p(Z) =1 = P(D =1|p(Z) =0) = P(D =0|p(Z) = 1) = 0.
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is the average treatment effect for compliers Cy,

Cov (p(2),1(p(Z) > pri1))
Var (p(Z))

h(pr+1) = ha(Pr+1) — ho(pr+1) = k=1, K —1, (6)
and the summation is from k =1 to k = K — 1 because h1(p1) = ho(p1) = 1 and hi1(prx+1) = ho(Pr+1) =0
Finally, we explain why 335" (pry1 — pi) h(prs1) = 1. Note that p(Z) = 34 (prs1 — pi) 1(p(2) >
Prt1) = D1+ Zf:_ll (Pr41 — k) 1((Z) = pry1) + (1 = pK), s0

K-1

Var (p (Pr41 — o) Cov (p(2),1 (p(Z) > pr+1))
k=1

S K—1
which implies >, " (Pr+1 — k) h(Pry1) = 1.
A special case is K = 2 as discussed in TA, where Z can take only two values. In this case,

1-— 1
hi(p2) = h sho(p2) = — PL_ and h(p2) = ,
P2 —P1 P2 —P1 P2 —p1
SO
X 1—p1 1—po
Ky = piptya+ (P2 —p1) [Muc —c + (1 = p2)toyn
P2 —P1 P2 —

= pipgga+ (L =p1) pye + (1 = p2) (Mow - No|c) ;

1
———— | +P1p
- 1|c] 114

D2
= (1-p + (p2 —p {
10 ( 2)tojn + (P2 — p1) - .

Lole —
—m ojc

= (1 — p2)ﬂ0|N —|—p2,UJ0‘c + (/J'1|,A - /J’1|C> )
A* = ,LLlIC — /’[/O‘C = LATE,

where A* is exactly the LATE in IA, p1,ps — p1 and 1 — py are the probabilities of always-takers, compliers
and never-takers, and iy 4, ftq)¢, Hojc and g n- are the means for always-takers A = {Up < p1}, compliers
C = {p1 < Up < po} and never-takers N' = {Up > p} in the two counterfactual statuses. Obviously, p
is a weighted average of these four means, but pj overweights ;0 and negatively weights i while pg

overweights p o and negatively weights fiy)c. Overall, if pyc — poie = pan — Bopns then pi = pipg a4 +

(I =p1) pyje+(1—p2) (lhw - Muc) = p1igjat (P2 = p1) pyje + (L=p2) iy pr = gy Similarly, if py e — pigjc =
B1ja — ojas then pg = po. Finally, if e — poje = faa — Hoar = H1j4 — Hoja» Which is the conditonal
constant effects assumption (Restriction 2) of Angrist (2004) or the conditional effect ignorability assumption
(Assumption 3) of Angrsit and Ferndndez-Val (2013), then A* = A.

Finally, when a general instrument J(Z) is used, D (g) and D3} (g) in Section take similar forms
except replacing hq(up) and h(up) by hyi(up) and hy(up), so similar analysis as above can be applied.
For example, when p(Z) is discrete,

K-1
Di(g) = (Prt1 — pr) (1 = ha(prs1)) g — (1 — i) 9x,
k=1
K—-1
Di(9) = pigo+ Y (Drsr — pr) ho(Drs1) gk,
k=1
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and D} (9) = Di (9) — Dj (g), where

1 Pe+1
gk = / g(uD)dukaZOala"' 7K' (7)
Pk+1 — Pk Jp,

Of course, we can specify gy, directly, k =0,1,--- , K, rather than g(-) in practice.

3.4 Partial Identification Analysis

We summarize the sharp bounds for u; and A developed in Heckman and Vytlacil (2001b) in this subsection.
To avoid trivial bounds for p; and A, we maintain the bounds of Yy as in assumption (Q-4). Specifically,

we impose a weaker version of assumption (Q-4):
Assumption (Q-4'): P (Yy € V,q|X = z) =1 for almost every x €supp(X).

Note that assumption (A-2) implies that supp(Yy|X = x) does not depend on Z, so the conditioning on Z
in (Q-4') is not necessary. As usual, we depress the conditioning on X = z to simplify notations. It turns
out that

I, = PE[Y|p(2)=p,D=1+(1-Dy, <m <PEY|p(2) =p,D = 1]+ (1-p)g; = T,
Iy = (1=p)E[YIp(2)=p,D=0]+py,<p<(1=p) E[Yp(2) =p,D=0]+pyy = I,
lA = ll_TOSASTI_lOETAa

where p and p are defined in Assumption P. Note that [l As TA] does not necessarily cover 0. Since the width
of the bounds for A is Iy — I; +Io — I, = (1 —p) (@1 f%) +p (@0 fg()), p =0 and p = 1 are necessary
and sufficient for point identification of A under Assumption A and (Q-4’). To evaluate the bounds for
p1, we need p, y , ¥ and E[Y|p(Z) =p,D = 1J; to evaluate the bounds for 11y, we need p, y, g, and
E [Y|p (Z)=p,D = 0]; to evaluate the bounds for A, we need all of them. Anyway, we need only evaluate

two conditional means to construct these bounds.

4 IV-QRE

The structure of this section is the same as that of Section 3 except that we explain at the beginning why the

IV-QRE, as an estimator of QTE, implicitly excludes the essential heterogeneity to guarantee its consistency.

4.1 Understanding the IV-QRE

CH express
Yy = q(d, X,Uy) with Uy| X ~ U(0,1)

by the Skorohod representation, where ¢(d, z,7) is the quantile function of Yy conditional on X = z. This
representation is a special case of the setup and is essential in developing their identification results. CH

impose the following assumptions on the model:

Al. Potential Outcomes: Conditional on X = z, for each d, Yy = ¢(d,z,Uy), where ¢(d,x,7) is strictly
increasing in 7 and Ug ~ U/(0, 1)@
A2. Independence: Conditional on X = z, {Uy} are independent of Z.

10Note that Uy here should be understood as the conditional rank given X = a.
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A3. Selection: D = §(Z, X, V) for some unknown function § and random vector V.

A4. Rank Invariance (RI) or Rank Similarity (RS): Conditional on X = z, Z = z, (a) {Uy} are equal to
each other; or, more generally, (b) {Uy} are identically distributed, conditional on V.

A5. Observed Variables: Observed variables consist of Y = ¢(D, X,Up), D, X, and ZE

The frameworks of CH and HV do not include each other. Roughly speaking, HV’s setup is more general
in the outcome equations while CH’s setup is more general in the selection equation. For example, by the
Skorohod representation, HV’s framework represents Yy as

Yo =q(d, X, V,Ug) with Uy| (X, V) ~U(0,1),

in other words, there are two random errors in each counterfactual outcome, while Y, in CH’s framework
has only one random error; see Yu (2014) for more discussions on these two representations of Y;. Under
rank invariance, Y = ¢(D, X,U) in CH’s framework while Y = ¢(D,X,V,U) in HV’s framework, where
U = U; = Up. On the other hand, Assumption A3 does not impose any restriction on D, e.g., there is no
restriction on the dimension of V', while HV assume D takes the additive latent index form with only
one random error. Under the general setup of outcome equations, the monotonicity assumption, which is
implied by the indexed choice model, is hard to relax; see Section 6 of HV for more discussions. Given the
indexed structure of D, it is without loss of generality to assume Z L V|X; see the discussions in Section
2. Because we maintain the framework of HV, we strengthen the assumption on D to but maintain
the restrictive assumption on Yy by CH. The relaxing on D and strengthening on Yy by CH allow for a
weaker assumption on the relationship between Z and the error terms. For example, HV require joint
independence (Uy,Uy,Up) L Z|X, while CH require only (Uy,Uy) L Z|X and Z can even be dependent of
V. As emphasized in Yu (2015b), the joint independence between Z and (Ug, Up) (in contrast to Uy L Z|X
and Up L Z|X) is very important for all developments in HV. Finally, note that in HV’s framework, V in
A3 is equal to Up and (Ug,Up) L Z|X implies Fy,|x z,v, (ulz, 2,up) = Fy,x,up (u|x,uD)H so the rank
similarity assumption can be restated as

Assumption RS: Fy, vy, (ulup) = Fy, v, (ulup) for v € [0,1] and up € [0, 1], where the conditioning on
X =z is depressed.

From this assumption, we denote Fy, |, (ulup) = Fy, v, (u|lup) as Fyju, (ulup). See Yu (2015a) for testing
rank invariance and Dong and Shen (2015) and Yu (2016b) for testing rank similarity in various contexts of
treatment effects evaluation.

We now explain why Assumption RS essentially excludes the essential heterogeneity in the context of
QTE. Intuitively, E[U;—Uy|Up] = 0 reduces two random errors to one in the context of ATE, Fy, v, (u|up) =
Fy, vy (ulup) is doing the same thing in the context of QTE. Fy, |, (u|lup) = Fy, v, (ulup) implies that the
7th conditional quantiles of U; and Uy given Up = up are the same, which seems a natural counterpart of
E[U1|Up] = E[Up|Up]. In the unconfounded case, Fy, |, (T|up) = 7 = Fy,ju, (7|up). Under Assumption
RS, Fy, |, (T|up) need not be 7 but equals Fy i, (T|up). This is just like the assumption E[U; —Up|Up] = 0:
although E[U;|Up = up] need not be zero, E[U|Up = up| = E[Up|lUp = up]. On the other hand,
Assumption RS does not imply E[U; —Uy|Up] = 0. To see why, recall that the definitions of U; and Uy in the
ATE case are different from those in the QTE case. The Uy in the former case equals ¢4(Uy)— fol ¢q(u)du in the
latter case, where gq(u) = ¢(d, u) and the conditioning on X = x is depressed. So E[U; —Up|Up = up] in the

1 Note that their Up = DU; + (1 — D)Up is different from our Up.
RTntuitively, if Z L (U1, Up), but Z £ Up, then Z can affect Uy through its correlation with Up (which must be correlated
with Uy).
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former case equals [ [q1(u) — qo(u)] dFy v, (u|lup) — [ [g1(u) — go(u)] du in the latter case under Assumption
RS, and need not be ZGTOE
Assumptions A1-A5 imply
P <q(D)|Z) =, (8)

where ¢(d) = ¢(d,7). Under a key full rank condition, CH show that there is a unqiue ¢ = (¢(0),¢(1))
satisfying when Z is binaryE Before examining this full rank condition, we first check the set £ of
(y0,y1) defined in their (2.12). First, for (yo,y1) € £, z = 0,1,

P (Y <(1-D)yo+ Dy1|Z = z)
=PY <(1—-D)yo+ Dy1|Z=2D=0)P(D=0|Z==z)

Y P(Y <(1-D)yo+Dy|Z=2D=1)P(D=1Z=2) )
=PYo<yl|Z=2D=0)1-p(z)+PY1<wnlZ==z2D=1)p(z)
= fpl(z) Fy, v, (Yolup)dup + fé)(z) Fy,jup, (y1lup)dup € [T — 6,7 + 9]

for some & > 0, where the second to last equality indicates that P (Y < ¢(D)|Z) is the distribution of a
mixed population from observable treated and untreated invidivuals given Z = z. Second, for z € {0,1}
with P(D =d|Z = z) > 0 and (y0,%1) € £,

Iyviz,p(Walz,d) > f (10)

for some f > 0. Since Fy |z p(y1]2,1) (Z) fo FY1|UD (y1lup)dup and Fy |z p(yo|z,0) = #(z) fpl(z) Fy,\up (yolup)dup,

1 /1
—_— up)dup,
00 Ly fyolun (Wolup)dup

1 p(2)
fyiz,p(Wilz,1) = 7/ Iviup Wilup)dup, fyiz,p(yolz,0) =
p(2) Jo 1

where note that p(z) = P(D=1|Z=2) >0and 1 — p(z) = P(D =0|Z = z) > 0 are assumed. As a result,
1) is implied by our assumption (Q-4) for any yq4 € (y o Ya)- It seems that the main restriction on L is
(19); is only a regularity condition. The full rank condition is to assume that

fy.p1z(¥0,010)  fy.pjz(y1,1]0) | _ fpl(())fY0|UD(yO|uD)duD J2 fyjop (1 lup)dup
Fy.012 (w0, 011)  fy,pjz(y1,1]1) Jocwy Frovo @olun)dun [ fya o, (o [up)dun
(11)

is full rank for any (yo,y1) € £, where IT' (yo, y1) is the Jacobian of the moment equations (8] with respect to

I (yo, 1) = (

(yo,y1)- It is not hard to see that assumption (Q-4) implies that II'(yo, y1) is continuous for (yo,y1) € L, so
the regularity condition in CH’s Theorem 2 is satisfied. Note that the full rankness of II' (yo, y1) is equivalent

to a monotone likelihood ratio condition

fypiz(i, UL) _ fypjz(y1,1/0)

fy,p1z(¥0,0[1) ~ fv.p12(40,0[0)” 12)

The following proposition shows that this condition is equivalent to the positivity of the probability of
compliers, p(1) — p(0), after regularizing p(1) > p(0). Such a condition seems easier to check than since
we do not need to check the joint conditional density of Y and D.

13 As to the definition of selection effect, in the ATE case, it is E [Ug|Up = up] # 0 for up € [0,1], and in the QTE case, it
is Fuojup, (wolup) # o for up € [0,1] and up € [0,1]. Obviously, E [Uo|Up = up] = [ qo(u dFUO\UD(UWD) — [qo(u)du =0
if Fy,ju,, (volup) = o, so the selection effect in the ATE case is stronger than the counterpart in the QTE case.

14When Z is not binary, we just pick two values that Z can take to identify (g(0), g(1)). More general identification assumptions
are further discussed in Chernozhukov and Hansen (2013).
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Figure 2: Asymptotic Biases of the QRE and IV-QRE When There is Only Selection Effect and When There
is ALSO the Essential Heterogeneity

Proposition 5 If Assumption (Q-4) holds and p(1) > p(0), (19) holds if and only if p(1) > p(0).

Proof. From , is equivalent to

p(1) p(0)
/ Jyvijup Wilup)dup Jyvijup Wilup)dup
L > <0 : (13)
/ fYO|UD (Yolup)dup fY0|UD (yolup)dup
p(1) p(0)
Necessity: If p(1) = p(0), then the left hand side (LHS) is equal to the right hand side (RHS). Sufficiency:
p(1) p(1)
When p(1) > p(0), Assumption (Q-4) implies that Ivijup (W1lup)dup > 0 and / Jvolup Wolup)dup >
p(0) p(0)

0 for (yo,y1) € L, which implies that the numerator of the LHS is larger and the denominator is smaller
than the counterparts of the RHS. So is equivalent to p(1) > p(0), i.e., Z has a nontrivial impact on D
(rather than (Y, D) as in (12)). =

We close this subsection by a simple example to illustrate the bias of the QRE when the selection effect
exists and the bias of the IV-QRE when the essential heterogeneity exists.

Example 3 Consider the setup in the running example. The left panel of Figure[q shows that although the
IV-QRE is consistent to estimate the QTE, the QRE is inconsistent when the selection effect exists. The
right panel shows that when there is also the essential heterogeneity, the IV-QRE is not consistent to estimate
the QTE either although compared with the QRE, it corrects part of the endogeneity bias. In summary, the
QRE is inconsistent as long as D is endogenous, and the IV-QRE is consistent only when the endogeneity

comes solely from the selection effect.
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4.2 Pseudo-true Values

First, similar to the IVE, suppose the moment conditions used by the IV-QRE are

E

1 * * _
( 7(2) )(T—l(YSQo(T)JrD'A (™| =0

where J(Z) is a general scalar instrument, and note that we use Q4(-) instead of ¢(d,-) as in CH to denote

the true quantile functions.

Theorem 2 Under Assumptions P and @, when J(Z) = p(Z),

p P -~
Fin) = [ Pawsntun)dus + [ [P o)1 = Fye (un)) + Py (Fi B () un) Pz (up)  du
p

1
+/ Fyy oy (Fy ' Fy (1) |up)dup,

P
and
1 5 o
Fo(yo) = [ FYo\UD(y0|UD)dUD+/ |:FY1‘UD(F1_1FO (o) [up)(1 = Fyz)(up)) + Fyyjup (Yolup) Fy(z)(up) | dup
p 2
P ~ 1~
+/ Fy,jup (Fy " Fo (yo) lup)dup,
0
where

_ 5 ~ 5
Fy(y1) =/ Fy,jup (y1lup)h (up) dup and Fy (yo) :/ Fy,jup, (volup)h (up) dup,
p p

and h(up) is defined in Theorem|i]

As in the u case, the three terms of Fj(y4) can be combined since Fj,(z)(up) = 0 for up € [0,p] and
Fyzy(up) = 1 for up € [p,1]. The weight A (up)in F, is exactly the weight in the IVE case. Note that
since h (up) is nonnegative with [ h(up)dup =1 and h(0) = k(1) = 0, both Fy () and Fy (-) are proper
cdfs such that F a1 1() in Fj(yq) is well defined. They are counterfactual cdfs for a mixed population with
the weight h(up) on the subpopulation Up = up.

Since

D i 1
Fa(ya) Z/Fyd\UD(ydWD)duD :/o FYdlUD(yd|uD)duD+/ Fyd\UD(yd\uD)duD-FL Fy,jup, (yalup)dup,
P

p

and we can only identify Fy,i,, (y1|up) and Fy, i, (yolup) for up € [p,p| by (see, e.g., Yu (2014))

dE[1(Y <yq) D|p(Z) = p]
dp

dE[1(Y < ya) (1 — D)|p(Z) = p]
dp ’

p=up

7FY0|UD (y0|UD) = -
p=up

Fy, v, (y1lup) =

the true cdfs Fi(y1) and Fo(yo) are not identifiable. As an alternative identification scheme, the IV-
QRE uses the weighted average of Fy, |y, (y1|up) and Fy, v, (150_1151 (y1) lup) (Fy,jup (F7YFy (o) lup) and
Fy,jup (Yolup)) to approximate Fy, v, (y1|up) (Fy, v, (Yolup)) forup € @, ﬁ] and uses Fy, |, (ﬁo_lﬁl (y1) |lup)
(Fyv,jup (ﬁflﬁo (yo) |lup)) to approximate Fy, |y, (y1|up) (Fy,u, (Yolup)) for up € [p,1] (up € [0@]). This
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is somewhat similar to the identification scheme of ;). Note that

P 1
/OiFYuUD (y1|up)dup :BFlezl,p(Z):g(y1)7[ Fyyjup (Yolup)dup = (1 = D) Fy|p=0,p(2)=5(%0),

P
and Fy (ya) are all identifiable from the data, where Fy|p—i pz)—p(y1) is the cdf of Y; for always tak-
ers and Fy|p—op(z)=p(¥0) is the cdf of Y for never-takers, and both are identifiable, so the IV-QRE
uses the identifiable to approximate the unidentiﬁable The approximation error depends on how close
Fyyjup (F5 ' F1 (1) [up) (Fyi o, (Fy ' Fo (90) [ub)) is to Fyyju, (91]un) (Fyyju, (yolup)) for up € [p, 1] (up €
[0,p]). In the unconfounded case, Fy, |, (yalup) = Fa(ya), so Fq (ya) = Fa (ya) and thus

Fyyjup (Fg "Fy (1) lup) = Fo(Fy 'F1 (y1)) = Fo(Fy 'Fi (1)) = F1 (1) = Fyyjup, (y1|up),
Py, v (F7 Fy (wo) lup) = Fu(Fy ' Fo (y0)) = Fi(FT ' Fo (o)) = Fo (y0) = Fyy v (Wolup),

for any up € [0,1] and the IV-QRE of Qu(-) is consistentm
From the proof of Theorem

Fi () = E[p(2) Frip=ipz W)+ (1 =p(2) - Fripoopz (F'Fr )],

Fi () = E[p(2) Frip=ipz (T Fo®) + (1= p(2) - Frip=opz )] -

In other words, Fy(-) is an expected weighted average of Fy|p—1,,(z) (-) and Fy|p—q p(z) (130_1131 ()), while

F§ (+) is an expected weighted average of Fy|\p=1p2) (f‘flf‘o ()) and Fy|p—o,p(z) (150_1151 ()), and all these
components and the weights are estimable.

In the unconfounded case, Fy, v, (yalup) = Fa(ya), and thus the IV-QRE of Qq(-) is consistent. The
amazing result of CH is that in the absence of unconfoundedness, when the ranks of Y7 and Y; for individuals

with Up = up are preserved, they can still prove Fj(-) = F4(-). One may suspect that this is because

P JUR
0# / {FYMUD(FJlFl (y1) lup) = Fy,jup (y1|UD)} Fy(z)(up)dup
p

1
= L {FYAUD (1lup) — Fyyjup, (Fg ' F1 (1) \UD)] dup # 0,
p
and

0z | [ Faiom (T Fo (o) ) — P (ohun)| (1 By (up)

p ~ ~
= /0 {FyolUD (Yolup) — Fy,up (F0*1F1 (v0) |UD)} dup # 0

as in the IVE case, i.e., the biases in estimating Fy, |y, (y1|up) (Fy,ju, (Yolup)) over up € [p,p] and over
up € [P, 1] ([0, p]) offset each other. The following proposition shows that under rank similarity, this is not

the case.

15Tn S.2.2, we provide alternative formulas for F7(ya) to show that it is estimable.
'6For point identification of (Q1(7),Qo(7)) in the unconfounded case, note that since fy, v, (y1lup) and fyy v, (Yolup)
does not depend on up, reduces to p(1)/(1 —p(1)) > p(0)/(1 — p(0)), which is equivalent to p(1) > p(0) as in Proposition

B
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Proposition 6 Under Assumption RS, FYO‘UD(ﬁJlE (y1) |lup) = Fyyju, (W1lup), and Fy, )y, (F7YFy (yo) |up) =
Fy,iup (olup) for any up € [0,1] although Fy,u, (yalup) need not equal Fy,(yq) as in the unconfounded

case.

Proof. We only prove the first statement since the second statement can be similarly proved. Recall that
under Assumption RS, the common conditional cdf of U; and Uy given Up = up is denoted as Fyy,, (-|up).
The key implication of Assumption RS is Fy (-) = F{:(Fy (-)) and Fy () = Fi(Fy (), where the same mixture
cdf F} = [ Fyju, (lup)h (up) dup appears in both Fy and Fy. To see why, first note that

Fy,jup(y1lup) = P (Y1 <y1|Up = up) = P (U1 < F1 (y1) |[Up = up) = Fy,jup, (F1 (11) lup),

where the second equality is from Assumption Al, so

Fi(y) = /FY1|UD(y1|uD)h(uD)dUD = /FU\UD (Fy (1) lup)h (up) dup = F}(Fy (1)),

and similarly, Fp (yo) = FM(Fy (yo)). Since F{(-) need not be an identity function, F, () need not equal
F,(+) as in the unconfounded case.

Now,
F Py () = Fy (R R R () = Fy (B ().

On the other hand, since Fy, v, (yalup) = Fuju, (Fa (ya) [up),

_ _ —1 _
Fy v, (Fyviup lun)up) = Fo ' (Fupwp=un)  Fulvp=up (F1 (1)) = Fy H(Fy (1))

This finishes the proof. m

The above proof shows that if the pseudo-true values of an estimator take the form in Theorem [2] then as long
as the weight h(-) satisfies Proposition iii) (especially, h(up) > 0 for up € [p,p] and f:h(uD)duD = 1), the
results of Proposition [6] hold. For future reference, we label the property in Proposition [§] as counterfactual-

quantiles matching. This following example numerically illustrates this property.

Example 4 Consider the running example with only the selection effect. In this simple example,

“1
Fyioy ilup) = P(2U <p|V = & (up)) = @ (yl/Q\/%(uD)> ’
Yo — 0.7® 1 (up)
)
y1/2 —0.70" 1 (up)
V1-0.72
Yo — 0.7® 1 (up)
(e

also, we need only consider the middle term of Fy(y1) and F§(yo), i.e.,

Fy i, (wolup) = P (U <ylV=90"(up)) =2 (

Fi(y) = /OlelUD(yﬂUD)h(UD)dUD = /1 ® <

) 6uD(1 — UD)d’U,D,
0

1 1
/FYO\UD(yO|UD)h(UD)dUD:/ )
0

0

ﬁg(yo) > 6up(l —up)dup;

. ol w2 0te ) Ft (E (yl)) = 0.797 (up)

Fl (yl) = A (I)< m ) (1—’LLD)+(I) m Uup d’LLD,
. 1 [ ﬁl_l (ﬁo (y0)> /2 - 0-7(I>_1(UD) Yo — 0.7q)—1(uD)

FO (yo) = /0 [ m (1—UD)+‘I)( m )UD d’LLD.
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CDF

Figure 3: Fy(-) # Fi(-) and Fy(-) # Fo(-), but Fy (ﬁl (.)) = Fy (Fy () and F! (ﬁo (.)) = F (Fo ()

The true cdfs are

1 —1
B Y1\ _ y1/2 — 0.7 (up)
Al = ¢(2)__Z;¢( V=07 dup,
1 —1
Yo — 07(13 (’U,D)>
F = ¢ = P
O(yO) (yO) /0 < m
so the difference between Fy(y1) and Fy (y1) (Fo(yo) and F§(yo)) depends on how different between ﬁo_l (ﬁl (yl))
and Fyt (Fy (y1)) = /2 (F7 (ﬁo (y0)> and F;7 ' (Fo (yo)) = 2y0). Although different from the uncon-

founded case, Fy(y1) # Fi(y1) and Fo(yo) # Fol(yo), Fy (ﬁl (yl)) = F;Y(Fy (1)) and (ﬁo (y0)> -
F7 1 (Fy (yo)) as shown in Figure @

On the contrary, the following example shows that with essential heterogeneity, ﬁ(; ! (ﬁ 1 (y1)> # F 071 (F1(y1))
and ﬁfl (150 (y0)> £ Ffl (Fo (90))-

Example 5 Consider the running example with both the selection effect and the essential heterogeneity. In

this case,
21207 (u
Pyjupilup) = P(V+2U <yi|V =0 (up)) :q)(yl/ m( D)>’
- 2.7
~ ! ! 2120
Fi(y1) = / Fyvp (y1lup)h ( :/ ‘1><y1/ 2( )>6uD(1—uD)duD,
0 0 V1-0.72
~ ! ! — 2.7
Fo(yo) = / Fy,up (volup)h ( :/ ‘P(yo (2 )>6up(1—uD)duD,
0 0 V1-0.72



CDF

Figure 4: 5 (Fy (1)) # Fo ' (B (90), B (Fo (o)) # Fi* (Fo (W), Y () # Fa() = Fo(?) # Fi ()

and
. ! | y1/2 — 1.20" Y (up) Fy! (E (yl)) — 2.7 (up)
Fl (yl) - /(; (D< m ) (l_uD)+(b m up duD7
. 1 [ ﬁl_l (ﬁo (y0)> /2 — 1.2@71(UD) Yo — 2~7(I)71(UD)
Fi(yo) = A ‘I’( o7 )(1—uD)+<I>( Ao )uD dup.

The true cdfs are

Fi(y1)

yi \ [t (y1/2- 1207 (up)
(D(m)/oq’( Vioor >d“D’
_ vo \ [t (vo—2.79 (up)
Fo(yo) = @ (ﬂ) 7/0 @ ( T2 )duD-
Figure shows that not only fﬁ(yl) # F1(y1) and f‘o(yo) # Fo(yo), but }~70_1 (ﬁl (y1)> # FO_1 (F1(y1) =wn

and ﬁl_l (f‘o (yo)> # FrH (Fy (wo)) = wo- Figure also shows Fy(y1) # Fi(y1) and F§(yo) # Fo(yo), which
explains why the IV-QRE of the QTE is not consistent in Figure [2

Finally, given F}j(-), we can express A*(7) in the following corollary.

Corollary 1 Under Assumptions P and Q, when J(Z) = p(Z),

A(r) =B (R (@5()) = A (R (Qi(r)
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Proof. From the proof of Theorem [2| Fy (Q1(7)) = Fy (Qi(7)), so

A*(T) Fi ' Fy (Q5(7)) — Q4 (r) = Fy ' Fo (Q3(7)) — By ' Fo (Q5 (7))

A (Ro@in) =& (F (@)

|

This corollary states that the pseudo-QTE is the QTE for a mixed population at transformed quantile levels.
This interesting result is the main result of Wiithrich (2015) as stated in his Theorem 2 and 7. This corollary
generalizes his result to the continuous and/or multiple instruments case where the definition of the mixed
population is different.

We close this subsection by two further comments. First, given Fj, we can estimate py by f YadF; (ya),
but this estimator need not equal i; even if Assumption RS holds; 5.2.5 provide more discussions and some
numerical illustration. Second, although ﬁd is monotone, its finite sample analog need not be, but we can
rearrange the original estimator before inversion as suggested by Chernozhukov et al. (2010). An interesting
problem is to compare the estimator of A*(7) which rearranges the inverse quantile regression estimator of
Chernozhukov and Hansen (2006) and our estimator of A*(7) which rearranges F in the expression of F3,

but a detailed comparison is beyond the scope of this paper.

4.3 Local Sensitivity Analysis

From Proposition [6] the key assumption to guarantee the consistency of IV-QRE is

Fy,jup, Wilup) = Fyyu, (F1 (y1) lup) and Fy, v, (yolup) = Fuu, (Fo (yo) lup),

for the same function Fy|yy, (-lup) for any up € [p,p|. Generally,

Py, jup (y1lup) = Fu,jup, (F1 (1) [up) and Fy, o, (Yolup) = Fyyju, (Fo (Yo) [up),

where Fy, v, (+|) and Fy, |y, (+|-) may not be the samem so we assume Fy, v, (+|-) — Fyyu,, (+]-) falls in the

parametrized space
1

“7:; = {FOé() HIORS M70 € Ma Fa(0|uD) = Fa(1|uD) = 05/ FQ(U|U,D)d’U,D = 07F0(U|’U,D) = O,U, up € [07 1]}5
0

where F*(0lup) = F*(1lup) = 0 because Fy, v, (0lup) = Fyy v, (0lup) = 0and Fy, |y, (1jup) = Fy,ju, (1lup) =
1, and fol F*(u|lup)dup = 0 because f01 Fu, vy, (ulup)dup = fol Fyyjup (ulup)dup = u. If we use g(-|-) for
shorthand of 2 F© ([-)],—o» then g(0lup) = g(1|up) = 0 and fol g(u|up)dup = 0. Because fol g(ulup)dup =

0, g(ulup) cannot be the same for all up € [0,1] unless g(u|up) = 0. We assume g(-|-) € C ([0, 1]2>; other-
wise, there is a point mass shift in u for some up, or there is a sharp change in the shape of Fy, i, (u|up)

for two close up values.

Our targets are

F;(ydva) — Fd(yd) and D*A (g) (7_) = lim A*(T;Oé) —A (T)

DF, (9) (ya) = lim " lim "

7Note that Fu,jup (1)) = Fyyup (') means that the two copula functions Cg (ug,up) = P (Ug < ugq,Up <up), d=0,1,
are completely the same. Deviation from Iy, |y, (') = Fy,up (1) means difference between Ci (u1,up) and Co (uo,up).
Note further that since Uy and Up are not independent, Fis, |7, (-lup) is not the same for all up € [0,1].
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or path derivatives of Fj(yq) and A*(7) along the path F, where we use Fj(yq; o) and A*(7; «) to indicate
the dependence of Fj and A* on «, assume lim,_,o % — g(+|-), and note that Fj(y4;0) = Fy(yq) and
A*(7;0) = A(7). We impose the following conditions to guarantee the limits in D}, and D} exist.

F(u

Assumption LF: sup,  ci0,1),uc[0,1],0eN ’ﬂ‘ < 00, where N is a neighborhood of 0.

Proposition 7 Under Assumptions P, @ and LF,

D;l (g) (yl) = / ‘DFYl\U y1|uD) P(Z)(UD duD+/ DFY1|U ()(y1|uD)duD

/0 Dry, 10, (9) (W1|up) Fy(z)(up)dup,

D@ = [ “Driy, () olu)dun+ [ Dy, (6) olun) (1 = Fyzy(up)dun

A DFYO\UD (9) (yolup) (1 — Fp(z)(UD))duD,

and
e DR (@ (7 () Di (o) (57 (1)
PR ) == "mm) ARG
where
frolup (Fy ' F u P
Dy, (9) (iup) = Y?EFFS)))' 2), / 9(Fy (1) [up)h (up) dup — g(Fy (1) |up),
B u _fyl\UD(Fleo(yo)WD) P " un) du
Dy, @) nlun) = Fo () lup) — 2 S / 9(Fo (40) [up)h (up) dup

Tyaup 18 the pdf of Fy, v, fd f Jyajup (lup)h (up) dup is the pdf of ﬁd, and fgq 1s the pdf of Fy.

If g(-]) € C([0,1]*), then Dj, (g)(ya) is a continuous linear mapping from Co ([0,1]%), a subspace of
€ ([0,1]%), to C(Yq), and DA (g) (7) is a continuous linear mapping from Cy ([0,1]%) to C([0,1]), where
Co ([0,1]%) = { 1) :g€C([0,1]?),9(0lup) = g(1|lup) = 0 and folg(u|uD)duD:Ofor U, up € [0,1]}.

As D7 (g) in Proposition 3} D% (9)(y1) depends on g(Fi (y1)|up) only for up € [p,1]; as Dg(g),
D3, (9)(yo) depends on g(Fy (yo) |up) only for up € [0,p]. This is understandable since only on these
areas of up, F" and Fj have mis-estimated Fy, v, (y1|lup) and Fy, |y, (y0|uD) respectlvely

Dpy,\y,, (y1|up) is the effect of mis-estimating Fy, |i7,, (~y1|uD) as Fy, v, (F 'Fy (y1) Jup) and Dry, 0, (Yolup)
is the effect of mis-estimating Fy, i, (yolup) as Fy, vy, (Fy " Fo (o) lup). The terms in Dry, s, (y1lup) and
Dpy,y,, (Yo|lup) can be well interpreted. For example, the first term of D, |, (y1up) is from the misspeci-
fication of Fy, |, as Fy, v, in Fy of Fy, v, (150_1151 (y1) lup), and the second term is from the misspecification
of Fy\u, as Fy,jup in Fy,ju, of FY0|UD(ﬁo_1ﬁ1 (y1) lup). Note that

f Frolun (Fo 'y (1) [up) Fyz) (up duD‘f‘f]g1 Fyorvn (Fo ' Fi (y1) lup) dup
fg Fyoion (Fy " Fi (1) Jup)h (up) dup

Dy, (9) (y1) =

~ /pg<F1<y1>|uD>h<uD>duD— [ / 9(Fy (1) [up)Fyizy (wp)dup + [ 9(Fi () up)dun

p

| I

where all terms (except the terms involving g which need to be specified) are estimable. For example,
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although fy; v, (‘|up) for up € (p, 1] is not estimable, fﬁl fvolup (lup) dup can be estimated by the derivative
of fﬁl Fy,ju,, (-|lup)dup which is equal to (1 —p)Fy|p—o,p(z)=p(-) and is estimable. Other terms such as Fy(-),
Fyz) () and fy, v, (‘lup) for up € [p,p] are all estimable. Similarly,

5 Friwn (B Fo (yo) [up) dup + foYuUD (Fi ' Fo (yo) lup) (1 — Fyz)(up))dup
7 Fvavn (B Fo (yo) lup)h (up) dup

Dx, (9) (o) = —

/0 " 9(Fo (o) lup)dup + / " 9(Fo (00) [up) (1 — Eyz (up))dup |

p

-/ " 9(Fo (o) lup)h (up) dup +

where although fy, |y, (-lup) for up € [0, p) is not estimable, fogfyﬂUD (-lup) dup can be estimated by the
derivative of fog Fy,\up, (lup) dup which is equal to pFy|p—1 ,(z)=p(-) and is estimable. Finally, DA (g) (1) =
Dy @ (Fr (M) DR @(F ) . . o .
1o (P ) ) involves further of f; (F; "' (7)), while fq (F;' (7)) can be estimated by
dFq(ya) or 1
WaNyu=ryi)  Sa(F ()
In summary, D% (g)(-) and D} (g) (-) are estimable for a given g(-|-); only fy,ju, (+|-) is involved

can be estimated by Q:ili(:), the sparsity function for Qu(-).

in D%, (g9) and only fy, |y, (-]-) is involved in D7, (g), which is an indication of misspecification. Given
D3, (9) (y1) and DF, (9) (o), we can study the path derivative of any Hadamard differentiable functional of
Fy and Fy, e.g., Lorenz curves and Gini coefficients. Since such kind of calculation is standard, the details
are omitted.

Example 6 Consider the setup in the running example with only the selection effect. Suppose g(ulup) =
6u(l —u)(2up — 1). It implies that the ranks of individuals who want most to participate move up, and visa
versa. Since only Fy(ya) is involved in D, (g) (ya), we plot D}, (g) as a function of Tqa = Fy(ya) instead
of ya and denote it as Dy, (g) (a). To provide more intuition on the form of D3, (g) (Ta) and D} (g) (T),
we report their formulas for this example below.

. Y = Jo Frow (Fg ' (11) [up) Fy(z(up)dup ! e (e dum — | (el Vs
D ) () = ) | strhun)hup) dup = [ glrsun) Py (wp)du,

. o Fws (BT (7o) [up) (1 = Fyzy(up))dup [
Dg, (9) (o) = fol fyom(FL (o) [up)h (u) dup /o g(tolup)h (up) dup

+ / g(rolup)(1 — Fyz)(up))dup,

and
. _ DR @) Dg(9)(7)
PR = F T @) T R 0)

where

_ —1
le\UD(y1|’LLD) — %(b <91/2\/%(u0))7
Yo —0-7<I>‘1(uD))

V1I-0.72 :

Tyolun (Wolup) = ¢(

Fol(r) = @7 (), Fy (1) =207 (1),
fo(o) = & (wo), f1(y1) = %¢ (%1) ;
h(uD) = GUD(].—UD)7FP(Z)('LLD) =up.
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Figure 5: g(ulup), Df, (9) (T1); D, (9) (T0) and D3 (g) (7)

Figure @ shows Dy (g) (Ta) and DA (g) (7). For this local misspecification, Fy () tends to underestimate
F1(+) (especially in the middle quantiles), while Fi(-) tends to overestimate Fy(-) (especially in the middle
quantiles). In other words, Fy first-order stochastically dominates Fy, while F§ is first-order stochastically

dominated by Fy. This results in an overestimation of A(-) (especially in the middle quantiles).

4.4 Using General Instruments

Now, consider a general instrument J(Z). As in Section we add a subscript J to distinguish from the

case with p(Z) as the instrument.

Proposition 8 Under Assumptions P and Q, F3,(y1) and F3q(yo) take the same form as in Theorem@
except replacing Fy (y1) and Fy (yo) by

Fr) = / Fyayun (s lup)hs (up) dup,

Fio(yo) = /FYOIUD(y1|uD)hJ(uD)dUDa

respectively, where hy (up) is defined in Proposition ‘

Similar to the IVE case, the estimands depend on the instruments employed. Moreover, a general
instrument J(Z) may make the intuitive interpretation of Fj(y4) break down. This is because hy (up) may
not be nonnegative for all up when a general instrument J(Z) is used (although [h; (up)dup = 1 and
hy (0) = hy (1) = 0 still hold) such that F4(-) may not be a genuine cdf anymore, i.e., ﬁ;dl() in F5;(y1)
may not be well defined. As a result, the monotonicity assumption in Assumption 7 of Wiitherich (2015),
where Z may be a continuous scalar and J(Z) = Z, need not hold unless p(Z) is monotonically increasing
in Z. In the discrete Z case, we can always reorder p(Z) to make it monotonically increasing. This is why
Fi(-) and Fy(-) are genuine cdfs in his Theorem 6.
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As in Section [3.3] we discuss the discrete instrument case here. Besides considering the case with discrete
Z and using p(Z) as the instrument, we also consider the case in Wiitherich (2015) where Z is a discrete
scalar and J(Z) = Z. We first discuss Fy(-). Assume p(Z) takes K values as in Section then

K-1 Pr+1 1 K-1
Fa(ya) =Y (Prsr — (pk+1)/ Fy,jup (Yalup) ————du (P11 — pi) h(Prt1) Ff (ya),
P Pk Pk+1 — Pk P

where h(py1) is defined in (6]), and

Fc]lc(yd)

1 Pk+1
M/ Fy,jup (yalup)dup
k

EL(Y <ya) - 1(D=d)[p(Z) =pea] = B[ (Y <ya) - 1(D = d) [p(Z) = pi]
P (D =dlp(2) = pry1) — P(D = d|p(Z) = px) ’

k=1,--- K —1, is the cdf of Y for compliers C, and is identifiable. If Z takes K values, {z1, -, 2K},
with —0o < 21 < -+ < zg < oo such that p(Z) is a strictly monotone function of ZE then as J(Z) = Z,

K—1
FJd (ya) Z Pra1 — k) h(zr1) FR (y1),
k=1

h
where Cov(Z,1(Z > zg+1))

Yhsy (Prar — ) Cov (Z,1(Z > 211))

is equivalent to the weight in Theorem 6 of Wiitherich (2015). Given Fy (ya), we can see

hy(zps1) =

M=

Ff(y1) =) (Prs1—pr) {Flk(yﬁ [1— Fyz)(pr)] + FE(FYR (yl))Fp(Z)(pk)} ,

i
(=)

and

] =

Fé‘(yo) = (Pr+1 — Pr) {ch(ﬁflﬁo (v0)) [1 - Fp(Z) (Pk)] + Féc(yO)Fp(Z)(pk)} )

B
I
o

which are equivalent to the formulas in Theorem 6 of Wiitherich (2015) when Fy (yq) is replaced by
Fq(ya), where FO(y1) = E[L(Y < 1) D|p(Z) = p1] /p1 is the cdf of Yy for always-takers, FX(yo) =

EN(Y <yo)(1—D)|p(Z) = pk]/ (1 —pk) is the cdf of Y; for never-takers, and Ff(-), k =1,--- | K — 1,
is defined above. When K = 2, these formulas can be much simplified. In this case,

Fy(ya) = Fy,c(ya),

Ff(y1) = piFyaly) + (2 —p1) {Fyl\c(yl)(l — 1) + Fyie(Fy i Fre (yl))fh} + (1= p2) Py v (Fyy (e Fraje (1))
= 2Py aly1) + (02 = p1) Fyyje(yn) + (1= p2) Fyo v (Fyy (e Fra e (11),

Fi(yo) = (1=p2) Frow (o) + (b2 = 1) [Fryie(FyleFyoie (90))(1 = @) + Fyje(y0)ar | + p1 B (P e Fra e (0))
= (1—p2) Fyyin (o) + (02 — p1) Fygie(%0) + p1Fyvy a(Fy, e Frole (%0)),

18Note that different Z values may generate the same p(Z) value, in which case, we combine the corresponding Z values.
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as claimed in Theorem 1 of Wiitherich (2015), where g1 = P (Z = 21), Fy,4("), Fy,1c(+), Fy,jc(-) and Fyyar(+)
are the cdfs for always-takers, compliers and never-takers in the two counterfactual statuses and can be
identified as in Abadie (2002) and Imbens and Rubin (1997).

Finally, when a general instrument J(Z) is used, D%, (g) (-) and D} (g) (-) in Section take similar
forms except replacing h(up) by hy(up) at all appearances of h(up), so similar analysis as above can be

applied. For example, when p(Z) is discrete,

S (Prgr — i) Fozy (o) f§ (ot (71)) + (1= pr) 8 (Fy " (1))
Zk:l (Pr+1 — Pr) (PkJrl)f (Fo ( 1))
K-1

' Zk:l (Pr+1 — pr) R(Pr+1) gk (71)

- {Zf__ll (Pr+1 — k) Fozy (1) gr (1) + (1 — pK)gK(Tl)] ,

P (FL ' Fo (o)) + St a1 — o) (1= Fpizy (1) £ (BT (70))
Sey s — i) h(pera) fF (F (10))
K—-1

. Zk:l (pk+1 — pk) h(pk+1)gk(T0)

Dy, (9) (1) =

D, (9) (To) =

+ [Plgo(TO) + Z,:ll (Prr1 — i) (1 = Fp(z) (pr) gk(TO)] ,

Diy (9)() Dy (9)()
fo(Fot (™) A(FH(T)

and D3} (9) (1) = 1k where 74 = Fy(yq) as in ExampleH

& 1 Pk+1
fd (yd) = Phil — Dh / de\UD (yd‘uD)duDak =1, aK -1,
k

can be estimated by the derivative of F¥ (y4),

1 P1
fyolun (Wolup) dup, f7 (1) = o Fyijup (W1lup) dup
0

K —
fo* (o) 1= Joe

can be estimated by the derivative of

1 ! E[L(Y < » »
FOK(yO) = / FYolUD (y0|uD)duD: [ ( yO)( )l ( ) K]
17pK PK 1*]71(
= P(Y <yolp(Z) =pr,D =0),
LM E[1(Y <) D|p(Z) =
Flo(yl) = — FYl\UD (y1|uD)duD: [ ( —yl) |p( ) pl]
PrJo D1
= PY <wulp(Z2)=pm,D=1),
respectively, and
1 Pk+1
gr(u) = 7/ g(ulup)dup,k =0,1,--- | K. (14)
Pk+1 — Pk

4.5 Partial Identification Analysis

We now develop sharp bounds for Q4(7) and A (7). Our analyses are parallel to those in Heckman and
Vytlacil (2001b).

Theorem 3 Suppose Assumptions P and Q with (Q-4) replaced by (Q-4') hold.
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(1) Q1(1) and Qo(7), 7 € (0,1), have sharp bounds

~
—_
N
~—
IA
O
[
3
~—
IA
~il
—
—~
L

where
1-52051), i1
sy~ [ @ (1), g1
v, otherwise,
71
_ |5, 1), P>
11(7') _ QY|p(Z),D (p D ifp > 'T
T1s otherwise,
and

QY\p(Z),D (1 - %:; b, O) ’ Zfﬂ <T,
lO(T) = - h .
Yy otherwise,

7 _ {Qyp(zw(lip‘l%o)v ifp<1—m,

To» otherwise.

This implies A(T) has sharp bounds,

In(r) = Li(7) = To(r) < A7) < i (1) = Lo(7) = Ia(7).

(i) p=1 (p = 0) is sufficient for point identification of Q1(1) (Qo(7)), and p =1 and p = 0 are sufficient
for point identification of A(T) for any fized T € (0,1). When assumption (Q-4') is replaced by (Q-4),

these sufficient conditions are also necessary.

Example 7 We use a specific evample to provide some intuition for why I,(7) < Q1(r) < I (T) similar
intuition can be applied to the bounds for Qo(T). From the proof of the theorem,

P <ypp(Z2)=p,D=1)p<P(M1 <y) < P(Y <y|p(2) =p,D=1)p+ (1 -p).

Suppose (Y1,V) ~ N (0, ( 1 /1) )), then
p

PY <ylp(2) =p,D=1)p= /Opcb <y_’@_1(“w> dup.

V1= p?

Figure [6] shows the bounds for P(Y1 < y) when b= 0.8 and p = 0.5. Inverting the bounds for P(Y1 <y), we
can get the bounds for Q1 (t). When 7 <1—p, I (1) =y,; when 7 > p, I,(17) =7%,. Only if T € (1 —7,p),
both bounds are nontrivial. This is not always possible; only if p > max(r,1—7) > 1/2 (p < min(7,1—7)),
neither the left nor the right bound for Q1(7) (Qo(7)) is trivial. Pushing 7 — 0 or 1, we can see that there
are nontrivial bounds for Q1(7) (Qo(7)) for all T if and only if p =1 (p =0), but from Theorem @(m}, these

nontrivial bounds coincide. In the figure, I1(12) =0, so [L,(7),11(7)] need not cover 0 for a given 7. It is

19The setup of this example is different from that of the running example because p = 0 and p = 1 there such that point
identification can be achieved.
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Figure 6: Intuition for I,(7) < Q1(7) < I1(7): p=0.8, p = 0.5, 71 = 0.15, 79 = 0.46 and 75 = 0.91

also not hard to see that neither [1y(7),Io(7)] nor [In(7),Ia(7)] need cover 0 for a given T.

We first provide some comments on the bounds in Theorem i). Note that I,(7) and I4(7) are increasing
functions of 7; hence the bound for Q4(7) shifts to the right as 7 increases. Also observe that

1—71 1—7

-
— <7< —-and 1-—

ST<I;
p p L—p p

1—

hence Qy|,(z),p (7|P, 1) and Qy (2,0 (T|B, ()) lie within the bound for Q1(7) and Qo (1), respectively. This
implies that F1(-) = Fypz),0(-[P, 1) and Fo(-) = Fy|p(z),p(:|p,0) are not rejectable in the absence of other
information. Evaluating the bounds for @1(7) requires knowledge of p, Y,» Y1 and Qypz),p (1|p,1) at
1- % and %; evaluating the bounds for Qo(7) requires knowledge of p, Yy Yo and Qyp(z),p ('|B’ 0) at
1— % and ﬁ; evaluating the bounds for A(7) requires knowledge of all of them; nevertheless, only four
conditional quantiles are needed for all these evaluations. Estimators of these objects can be constructed in
an obvious way, so are omitted here.

We next turn to the sufficient and necessary conditions for point identification in Theorem ii). Compar-
ing with the identification result in Proposition |5, we require not only p(1) > p(0) but further that p(1) =1
and p(0) = 0 for point identifying Q1 (7) and Qo(7). This is of course due to the general assumption on the
outcome equations as discussed in Section 4.1. Our results are parallel to those of Heckman and Vytlacil
(2001b) but with subtle differences. Although p = 0 and p = 1 are sufficient for point identification of A(7),
they are not necessary when Yy is not continuously distributed. Here, note that since assumption (Q-4’)
requires only P (Yy € V.q|X = z) = 1 not supp(Yy|X = z) = Vu4, the bounds for A(7) in the theorem can
be applied to cases with discrete, continuous or mixed response variables. In S.2.4, we provide an example
to illustrate that p = 0 and p = 1 are not necessary for point identification of A(7) when Yj is binary. Note
further that we require only that Y| (p(Z) =p,D = 1) and Y| (p(Z) = p, D = 0) are continuously distributed
with a positive density on(y,,y;) and (y,,Y,) respectively to make p = 0 and p = 1 necessary for point
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identification of A(7), but Assumption (Q-4) implies this condition.

5 LSE

The LSE estimates the ATE by the coefficient of D in the linear regression of Y on (1, D). The following

theorem states the resulting pseudo-true values.

Theorem 4 Under Assumptions A and P,

po= [P S - Fyz(un)
ny = / duD+/ Y1|UD:UD} — A dup,
b ERO) . Ep(2)
5 LE[Yo|Up =
Ho = / E[Ys|Up = up] p(Z 0‘ D uD]duD
» Efl - Z)]
and 1
A =Ty — Ty = / MTE(up)w(up)dup,
0
where o S ] )
w(up) = L4 == “MTE(un) p=uplwo(vp) MTE(up) #0
0 otherwise,
with L E () —
— 'p(2)(UD p(z)(UD
wl(uD) = — e and (JJ()(’U,D) = 7
Elp(2)] El—p(Z)]
Since E [p fo ( (Z) )) dp = BJrff (1 - Fp(Z)(p)) dp, Ti, is a weighted average of E [Y1|Up = up]
among up € [O,ﬁ], where the weight on [0, p] is a constant m and the weight on [p,p] is %?)Z(;]‘D)

Similarly, since 1 — E[p(Z)] = 1—-p + f:Fp(Z) (up), o is a weighted average of E [Yo|Up = up| among

Fp(z)(up)
%. Actually,

since F,z)(up) = 0 for up € [0,p] and F,(z)(up) = 1 for up € [p, 1], fiy can be re-written as

up € [p, 1], where the weight on [p, 1] is a constant ﬁ and the weight on [p,p] is

3 —/1E[Y|U _up) L fr ) —/1E[Y|U —u
- 1\YD — UD| — (=7 7> D - 0|YD —
! 0 Ep(Z)] 0 0

Fyz)(up)

ST

When E [Y1|Up = up] = pq, fy = f41, and when E [Y5|Up = up] = g, By = Ho- Different from uf, fi; does

not extrapolate E [Y1|Up = up| to (P, 1], rather, it averages E [Y1|Up = up] over up’s that are guaranteed

to be treated given the data. Similarly, 7i, does not extrapolate E [Yo|Up = up] to [0,p) but averages

E[Yy|Up = up) over up’s that are guaranteed to be untreated given the data. Actually, it is not hard to

see that 1y = E [%Y} =F [ B[ ]Yl} uses only treated data and fip = E [11131[)[)] Y} =F [1 FD] YO]
P

uses only untreated data. As mentioned before, / EM1|Up =upldup = pE[Y|D =1,p(Z) =p| and

0
fﬁl EYo|Up =upldup = (1=p)E[Y|D = 1,p(Z) = p] are identifiable, so i; and fi, are indeed identifiable.
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From the formula of @; and iy, we can see

X A — [PE-UlUp=upl, [T _ 1 L B un)
A-A = /0 Eip(2)] d D+/p E U = Ug|Up = up] Eip(2)] dup (I)
LEUo|Up = up] ? _ w1 (L Tz (up) - Fuzp(up) N
| =R dD*AlWM““‘“< o B

E]| UO\UD up)
/ “El-p] e W

As a result, when E[U; — Up|Up = up] = 0 over up € [0,p], the (I) part of bias will be gone. When
E[UplUp = up] = 0 over up € [0,1], the (II) part of bias will be gone. The (I) part of bias comes solely
from fi;, while the (II) part of bias comes from both 7i; and ;. To understand such a result, note that
Y =Yo+(Y1-Y0)D = py+A-D4+Ug+(U1—Uy)D. To consistently estimate A, we need FE [U; — Up|D =1] =0
and E [Up| D] = 0P Violation of the former generates the (I) part of bias and violation of the latter generates
the (IT) part of bias. The IVE eliminates the (II) part instead of the first part of bias, so it must extend the
estimation of y; to (7, 1] and the estimation of p to [0,p) to cure this bias. Note further that the weight

w(up) is the same as in HV. w(up) need not be positive, and fol w(up)dup need not be one, so even if

1
E[U; —UoglUp =up] =0, A = A/ w(up)dup need not be A.
0

To provide more intuition on the discussion above, we consider the discrete instrument case here. We
will use the same setup and notations as in Section [3.3] Now,

K-14_ Pr+1 — u
K K
_ Fyz)(Pr) Pt EYolUp =up] Fp(Z) (Pr)
fo = ; El=p(2)] (Prt1 — Pr) /pk ﬁduD = ; Bl = p(2)] (1 — D) 16
K—-1
~ P1 0 1- Fp(Z) (pk) Fp(Z) (pk') 1-pk
&= Ewmf“*hf““‘”ﬂ o B -
When K = 2,
) 1— Fy(m
Hy = m#u/\ + E[p((ZZ))(]p) (P2 — 1) baycs
Fyom (o1 _
o = E[zlj(i)z()];Z))] (p2 — p1) tojc + ﬁﬂowa
~ _ p1 1 — Fyz)(p1) Fyz)(p1) 1 —po
]

(2N [p(Z)],UMA + (p2 — p1) E[p(Z) Hic B =) - p(Z)]#mc TEN (2] - p(Z)]'uOW’

where 71, is a weighted average of yy) 4 and p|¢, and 1, is a weighted average of iy and pg|z. Indeed, there
is no extrapolation in Ji;, and A is different from the LATE. When P14 = Bajcs 1 = fq; when g = popnrs
Fo = po; When iy 4 = piyc and pgiec = fiopn, A = A.

The bounds in Section can still be used to assess the validity of LSE. We next conduct the local

sensitivity analysis on 7i; and A. Assume (E[U; — Ug|Up = upl, E [Up|Up = up]) stays in a parametrized

208trictly speaking, we only require E[Up+ (U —Up)D|D =1] = E[Up+ (U1 —Uo)D|D =0], ie., E[U1]D = 1] =
E[Uo|D = 0]. However, E[U1|D = 1] — E[Up|D =0] = (E[U1|D = 1] — E [Uo|D = 1]) + (E [Uo|D = 1] — E [Up|D = 0]), so
E U1 — Up|D = 1] =0 and E [Up|D] = 0 are sufficient for consistency of the LSE.
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space

Go = {(Ga(-),G(:) € M,0€ M, (Go(up),G(up)) = 0,up € [0,1],

[e3

1 1
/ Guo(up)dup =0, and / Gg(uD)duD - 0} )
0 0

Our targets are
- o la) — _ Ala) - A
Dy (9790) = lim w and Da (9790) = lim L,

a—0 « a—0 «

where we use Ji,(a) and A(a) to indicate the dependence of fi, and A on a with 7i,(0) = p,; and A(0) = A,
©) G ()

. G
and assume lim,_,g —>~ —e

> — ¢°(-). We impose the following conditions to guarantee

— ¢(+) and lim,_,q
the limits in D, and DA exist.

0
%"'D) < oo where N is a neigh-

. Gl
Assumption LA’: SUPy 1, €[0,1],aeN ‘%‘ < 00, and SupuDE[O,l],aEN‘
borhood of 0.

Proposition 9 Under Assumptions A, P and LA',

P a(u 0(w P 1 — u
Dilo.s?) = [ UL by [Tt D L) () + o )]
B 11— Fp(z)(up)
= /0 W[Q(“D)‘FQO(UD)] dup,
. 2 F U 1 0 "
Doad) = [ en) g2 i + [
_ [ oy T )
= /og wo) T pizy ™
and
_ 2 o 71— Fyz(u
Da(9:9°) = /0 ;Ep(l;))]duD+/p B [p((%()]D)g(UD)dUD
2 g’(up) T(1-Faplup)  Fypuo) \ o0 0 [0 ¢%up)
+/o Ep2)" “/p ( Ep(2) E[l—p(Z)]>g( p)dup /pEu—mznd &
("1 = Fyz(up) ' (1= Fyz(up)  Fpz)(up)
= | Ena s+ [ ( EZ)] Euz—mzn)go(“D)d“D

= Di(9.9°) — Dy (9,9°)

The proof is similar to that of Proposition 3| so omitted. Note that D (g,go) only involves ¢°, while
D (g,9") and Da (g, ¢°) involve both g and ¢°. In other words, only the misspecification of E [Up|Up = up]
will affect the consistency of fi,, while the misspecification of both E [Uy|Up = up| and E [Uy — Up|Up = up]
affect the consistency of 77;. From this proposition, Dy (g, go) and Da (g7 go) are continuous linear functionals
on Co (]0,1])%, where Co ([0,1]) is defined in Section

The following example numerically illustrates these path derivatives.

Example 8 Consider the setup in the running example with both the selection effect and the essential het-

erogeneity. Suppose g(up) =1 —2up as in E:z:ample@ and g°(up) = up — 0.5, i.e., the economic status of
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the individual with higher propensity to participate is relatively low when the treatment is absent. Then

1
- 1
Dy (g9,9°) = /O 2(1 —up) (05— up)dup = ¢,
Dyg (9,90) = A 2UD(UD — 0. 5)duD = 6
Da(9.9°) = Di(9.9°) — Do (9,9°) = 0.

In this local misspecification, both [, and fiy overestimate their corresponding true value, but the biases offset
each other such that A can be consistently estimated. Of course, it is easy to construct examples where A

cannot be consistently estimated.

Finally, when p(Z) is discrete,

Do) = S s o) )
Dol9.9°) = Z,il(pk“ Pr) g 1E)[;2Z]€Z))]’

and Da (g,go) =D, (g, ) Dy (g g ) where gi, k=0,1,--- , K — 1, is defined in , and

1 Pk+1
7})/ gO(UD)dUD,kZO,l,"' aK'
k

0
g =
b Pr+1 —

6 QRE

The QRE estimates the QTE by the coefficient of D in the quantile regression of Y on (1, D). The following

theorem states the resulting pseudo-true value.

Theorem 5 Under Assumptions P and @,

Fl(yl) - APWdUD + Lp FY1‘UD (y1|UD)1_-E,P})[p((Z%(;fD)duD7

and
A(r)=F, (r)=Fy ().

The formula for Fy is similar to 7i; except that E [Y4|Up = up] is replaced by Fy,u, (yalup), so some
comments on 7i, can be applied to Fg, e.g., there is no extrapolation, Fy is estimable and the two terms
in Fy can be combined. On the other hand, different from F}, F'; involves only Fy, |y, but not Fy,,;

similarly, F involves only FYolUD but not Fy,|y,. This makes the expression for F4 and A (7) much neater.

From the last section, /0 Z) dUD =+ fp 1}3{}(}7?2()7D)duD =1 and #&7}"3) >0, so F1(y1) is a genuine

cdf. Similarly, Fo(yo) is a genuine cdf. This makes the inverting operation in A (7) valid. This also implies
that if Fy,u, (yalup) = Fy,(ya) as in the unconfounded case, Fq = Fy, and thus A (1) = A (7). Note also
that different from F; and p, iy = [ yadF 4(yq) regardless of whether there is endogeneity.
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We can also decompose the bias in Fy; into the part due to the selection effect and the part due to
the essential heterogeneity. The selection effect means Fyy i, (uolup) # uo (or Fyy v, (Yolup) # Fy,(yo))
and the essential heterogeneity means Fy, v, # Fuy v, (or FYOlUD (Fyvyjup (1 |up)|up) # Fy ' (Fy (11))).
Obviously, Fy only suffers from the selection effect, while F'; suffers from both. To see that, note that

Fo(yo)—Fo(yo) = /p [Fuojus (Fo (yo) lup) — Fo(yo)] mduD+/ [FUO‘UD(F;) [(1310_)52))]_ Folyo) dup
and
Fi(y1) — Fr() / Fuy vy (F1 yl)(lg]) A g, " [FUI‘UD(Fl(yl)\uD) ~ R wdw
/BFUllUD Fi(y1)lup) — Fuy o, (Fi(y )| D)—I—FU0|UD(F1(y1)|uD)_Fl(yl)dUD
Ep(2))
*/ [Funjon (Fiw)lun) = Firywp (Fy () un) + Fuypup (Fi(41) up) = Fi(y1) 1_;2((2()?]3)

where Fy, v, (F1(y1)|up)—Fuy v, (Fi1(y1)|up) # 0is due to the essential heterogeneity and Fy 17, (Fa (ya) |up)—
Fi (ya) # 0 is due to the selection effect.
As in the last section, we consider the discrete instrument case to aid intuition. Here, we employ the

notations in Section [4.4]

Fi(p) = I;Z: [(ZZ))(?) (Pr+1 — Pr) /pjm wdup = I;Z: m (Pr+1 = pi) By (1),
Fo(yo) = Z Bl ralvn) pk) (D1 — Pr) /ij Wdup = :1 m (Pr+1 — pr) Fy (30)
take similar forms as fi;. When K = 2,

Filn) = gt Fuatn) + 5 22 (o) Rl

Fo(yo) = Em (P2 = p1) Foje(yo) + ﬁﬂ)w(@/e),

so Fy () is a weighted average of Fyj4 (-) and Fyic (), and Fy is a weighted average of Fy|c (-) and Fop (+).
Like 74, there is no extrapolation in Fg (-), and different from F (+), F4(-) involves only two rather than
three types of participants.

The bounds developed in Section can still be used to assess the validity of QRE. We next conduct
the local sensitivity analysis on Fgq and A (7). Assume (Fy, v, (-]') = Fuoup (1), Fuejup (--)) stays in a
parametrized space

Fo= {(FO‘(\),F@(U) ra € M,0e M,F*(Olup) = F*(1jlup) = (),fo1 F(u|lup)dup = 0,
F§'(Olup) =0, F§(1|lup) = 1, F§* (ulup) is nondecreasing in u7f01 F§ (u|lup)dup = u,
F(ulup) = 0, F(ulup) = u,u,up € [0,1]} .
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Our targets are

Fd(:‘/d; Oé) - Fd(yd) and EA (g gO) (7_) — lim Z(T; a) - A (T)
o ’ a—0 a ’

Dr, (9,9°) (ya) = lim

where we use F4(yq; @) and A(7; ) to indicate the dependence of F4(ys) and A (1) on « with Fy(yq;0) =
Fy(yq) and A(7;0) = A(7), and assume lim, ¢ W — g(-]') € €([0,1]?) and lima_.0 £ (ulup)mu

9°(ulup) € C ([0,1]?). We impose the following conditions to guarantee the limits in D}, and D} exist.

E?(ulup) £ (ulup)—u

Assumption LF’: SUDy, ;, €[0,1],u€l0,1], aeN‘ < oo and SUDy, 1, €[0,1],u€[0,1],0eN = < 00,
where N is a neighborhood of 0.
Proposition 10 Under Assumptions P, Q and LF,
- Lg(F1(y1)|up) + ¢°(Fi(y1)|up) P1— Fyz(up)
Dpr, (g,4° :/g du—|—/p—F up) + ¢°(F up)| du

F (g g )(yl) 0 E[p(Z)] D ) E[p(Z)] [g( 1(y1)| D) g( 1(y1)| D)] D

"1 - Fyz)(up)
p(Z)\UD 0
= —— o 9(F1(y1)|up) + ¢"(F1(y1)|up)| dup,
| e | ]

_ P Fyz)(up) °(Fy y0)|uD)
D 0 = —————q" (Foy( s

7 (9,9°) (o) B[ (Z)] 9°(Fo(yo)|up) duD+/ B[ - p(2)] dup

— /E”(Z DZ)) O(Fo(yo)|up)dup,

and
Dr, (9.9°) (Fy ' (1)) Dr, (9,9°) (FT" (7))
fo (F(fl (1)) f1 (Ffl (7))

The proof for Dy, is similar to that in Proposition |3| and the proof for D (-) is similar to that for D} (-),

Da(9.9°) (r) =

so omitted. Similar to Do (g,¢°), D, (9,9°) (yo0) only involves ¢°, and similar to D1 (g,9°) and Da (g,¢°),
Dp, (9,9°) (1) and Da (g,¢°) (7) involve both g and ¢°. From this proposition, D, (g, ¢°) (v4) is a con-
tinuous linear mapping from C ([0, 1]2)2 to C(Ya), and Da (g) (1) is a continuous linear mapping from
Co ([0, 1]2)2 to C ([0,1]), where Co ([0,1]?) is defined in Section

The following example numerically illustrates these path derivatives.

Example 9 Consider the setup in the running example with both the selection effect and the essential het-
erogeneity. Suppose g(ulup) = 6u(l —u)(2up — 1) as in Ea:ample@ and ¢°(ulup) = 3u(l —u)(1 — 2up). ¢°
implies that the ranks of individuals who want most to participate move down in their untreated state (but
not as much as in g), and visa versa.

Since only Fy (yq) is involved in D, (g,9°) (ya), as in D3, we plot Dp, (9,9°) as a function of 74 =
Fy (ya) instead of yq and denote it as D, (g, gO) (14). To provide more intuition on the form of D, (g, go) (Td)
and Da (g,go) (1), we report their formulas for this example below.

D, (9.4°) (1) :‘A2a—mﬁwnmm+fvmmﬂwm
Dr, (9,9°) (o) = /OQUD'QO(TOWD)dum

and

Dr, (9,9°) (1) Dr, (¢°) (7)

Da(9,9°) (r) = fo(Fg (M) A (FTH()
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where

Fy () = VT8e~ (1),
foly) = f1<y>—¢%¢(¢%>.

Figurelj shows D, (9,9°) (T4) and Da (g,¢°) (7). For this local misspecification, Dp, = Dp, < 0, so Fq(*)
tends to underestimate Fy(-) (especially in the middle quantiles), but the biases offset each other such that

a consistent estimation of A(-) is achieved. Of course, it is easy to construct examples where A cannot be

Fo_1 (1)

consistently estimated.

2 " 0
-0.1
&
_
-0.2
2 -0.3
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
U 1
1 0
0.5
-0.1
q o
la) 0 IS
-0.2
-05¢+
-1 * * * * -0.3 * * * *
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T0

Figure T gO(’U,|U,D), EFl (gvgo) (Tl)v EFO (gago) (T(]) and ﬁA (gvgo) (T)

Finally, when p(Z) is discrete,

Dri (9:9°) (r1) = ZkK:_Ol (P41 = pi) (90(T1) + g8 (11)) 1EIE;((ZZ))(]]%),
EFO (9790) (ro) = Zf:l (Pr+1 —pk)gg(TO)%’

— Dr (9.9°)(r) D (6°)(r . _
and Da (g,go) ()= ;Eg—il;; — fli}’(lflzi)))’ where gi(u), k=0,1,--- | K — 1, is defined in ; and

Pe+1

1
92(“):7/ ¢°(ulup)dup,k=0,1,--- , K.
Dk+1 — Pk Jp,

7 Empirical Illustration

In this section, we use the data from Angrist (1990) to illustrate the implementation of our analyses. For
this application, Y is the annual earning, D is the Vietnam veteran status and Z is the U.S. draft lottery.
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The data set contains information about 11637 white men, born in 1950-1953, from the March Current
Population Surveys of 1979 and 1981-1985; among which, 2461 are Vietnam veterans and 3234 are eligible
for U.S. military service. See Abadie (2002) for additional information on the data and the construction of
the variables.

Using notations in Sections and K =2,p; =p=0.179 and p, =P = 0.295, so there are
p1 = 17.9% always-takers, 1 — ps = 70.5% never-takers, and ps — p; = 11.6% compliers. Also,

E[YD|Z=0
i - [p|1]:11301.54,
E[YD|Z=1]- E[YD|Z =
w, = EDIZ=1-E¥DIZ=0_ 50,
11 D2 — D1
EFlYQ-D)|Z=1-FE|Y(1-D)|Z=
b, = BXQ-D)Z=1-BY(Q-D)Z=0_ .0
o|c D1 — P2
EY(1-D)|Z=1
Hojnv | (l—p)2| ]:11462'327

so by the results in Section [3.3]
pi = 10552.86, p; = 11830.64 and A* = LATE = —1277.78.

As expected, A* < 0; i.e., participating the Vietnam war is harmful to subsequent earnings. It is interesting
to observe that p1q) 4 < pq)¢ and pgj¢c > popp; 1-€., the average earning of always-taker veterans is lower than
that of complier veterans, and the average earning of never-taker non-veterans is lower than that of complier
non-veterans. As to the shape of hy and h, note that hi(ps) = 7.10, ho(p2) = —1.55 and h(p2) = 8.65, so
there is indeed overweighting of E[Y1|Up = up| in pf and E[Yo|Up = up] in u§ for up € (p1,p2].

We next conduct the local sensitivity analysis and the partial identification analysis for the IVE. For the
former, suppose g(up) = (1 — 2up)Y, where Y = 11560.42 is the sample mean of Y. Here, we add Y to the
specification of g(up) in Example [2| to accomodate the scale of Y. For this g,

go = p% (fl g(up)dup = 0.15Y,

g1 = 5 [ g(up)dup = 0.53Y, (15)
92 = 1—1])2 fm g(up)dup = —0.29Y,
SO
Di(g) = —(p2—p1) (1 —hi(p2)) g1 — (1 —p2)gs = 0.58Y = 6688.54,
Di(g9) = pigo+ (p2 —p1)ho(p2)gr = —0.068Y = —784.71,
DA(9) = Di(g)— Dj(g) =0.65Y = T7473.25,

i.e., for this local misspecification, we tend to overestimate p; and A but underestimate 1. As to the partial

identification analysis, it turns out that

p, € [I,,T,] = [3372.67,39098.01],

fy € [y, Io] = [9574.66, 20828.66),
A € [Ix,Ta] = [-17455.99,29523.34].

All these bounds cover the corresponding pseudo-true values, and [I 5, Ia] covers 0, i.e., the bounds for A
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CDF

Figure 8: E, (-), F;(-) and Fy(-)

cannot exclude null ATE.
We now turn to the analysis for the IV-QTE. From Abadie (2002) and Imbens and Rubin (1997),

E1(Y <y1)D|Z =]

FYl\.A = o1 :P(ngl‘ZZO,Dzl),
E[L(Y <y)DIZ=1]-E[1(Y <y)D|Z=0]
Fae = P2 —P1 ’
7 _ EQ(Y<y)(1-D)|Z=1-E[Q(Y <y)(1—-D)|Z=0]
vle b1 — P2 ’
EF1(Y < 1-D)|Z=1
FYO\N = [ ( yi)EpQ )| ]:P(Y§y0|Z:17D:0)'

Figure [8] shows F (-)(= Fy,c (+)) and Fj(-) whose formulas are stated in Section Recall that pge =
J wadFy,c (ya) but pf # [yadF;(yq). Note also that from the tests in Section 4.1 of Kitagawa (2015),
the inversion of Fy,c () in Fj(-) is justified. In finite samples, we rearrange Fy,c (-) before inversion to
guarantee the monotonicity of I (-); note that Fy,|4(-) and Fy, () are automatically monotone in finite
samples. These functions are similar to those reported in Section 5.3 of Wiitherich (2015) and Section 3.1
of Chernozhukov et al. (2010). Figure [J] shows the sharp bounds for Qq(7) and A(7), 7 € [0.12,0.95].
Here, we restrict 7 > 0.12 because there are about 9% Y7 = 0 and 11% Yy = 0 in the sample. From
these bounds, we can see that for 7 € [0.12,0.95], (i) Q;(7) € [Ly(7), Ta(7)]; (ii) 0 € [La(7),1a(7)] and
A*(7) € [Ia(7), Ia(m)] £ (iii) the width of the bounds depends on 7.

For the local sensitivity analysis, suppose g(ulup) = 6u(l — u)(2up — 1) as in Example[6] Different from

2L A* (1) is generally negative especially for 7 < 0.5. This matches the result that A* < 0 although A* # [ A*(7)dr.
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Figure 9: Bounds for Q4(7) and A(7), 7 € [0.12,0.95]

g(up) in the IVE case, g(u|up) is unit-free since both u and up are in [0, 1]. For this g,

go(u) = o [¢" g(ulup)dup = —6gou(1 — u),

gi1(u) = o4 [ glulup)dup = —6g1u(1 — u),

92(u) = =5 [, 9(ulup)dup = —6gzu(l — u),

(16)

S

where gy, k = 0,1,2, are defined in the local sensitivity analysis for the IVE. As in Example [6 we report
D7, (g) as a function of 74 = Fyy (ya). Specifically,
DL (9) (1) = (p2 —p) aufy (Fy ' (7)) + (1 —pa) f5 (Fy ' (1))
F = =
' f3(Fg (1))
—[(p2 = p1) 191(71) + (1 = p2)g2(71)]

O (F7M(r 2 — D1 —1111717'
Diy ) (o) = LI ) T Z g CCa R0,

+ [P190(70) + (P2 — p1) (1 — q1) 91(70)] ,

91(7'1)

and
DX (9) (1) = D, (9) (1) - s0 (1) — D, (9) (1) - s1.(7)

where ¢y = P(Z =0), and sq4 (1) = Wll(ﬂ) is the sparsity which includes the information about the scale
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of D (9) (7). fa (yo) and f{ (y1) are estimated by the sample analog of

E[Ly(Y —yo)(1 = D)|Z =1] — E[Ly(Y — yo)(1 — D)|Z = (]
P1— P2
ElL(Y —yo)|Z=1,D=0](1 —p2) — E[Ls(Y —y0)|Z=0,D =0] (1 — p1)
P1— P2
J10(yo)(1 = p2) — foo(yo)(1 — p1)
b1 — P2

and

E[Ly(Y —y1)D|Z = 1] — E[Ly(Y —y1)D|Z = (]
P2 —p1
E[Lb(Y — y1)|Z =1,D = 1]p2 — E[Lb(Y — yl)\Z =0,D = l}pl

P2 —p1

J11(y1)p2 — for(y1)p1
P2 —P1 ’

respectively, and f2(yo) and fY(y1) are estimated by the sample analog of

ELy(Y —yo) (1 —D)|Z =1]
1—pa

= E[Ly(Y —90)|Z =1,D = 0] = fi0(30)

and
ELy(Y —y1)D|Z = 0]

D1

=E[L(Y —y1)|Z=0,D=1]= fo1(v1),

respectively, where Ly (-) = 3 L (3) for a kernel function L (-) and a bandwidth b, and f.4(-) is the conditional
density of Y given Z = z and D = d. We use the standard normal kernel and select b based on Botev et al.
(2010). sq4 (7) is estimated based on the difference quotient, as discussed by Siddiqui (1960) and Hendricks
and Koenker (1992):
Qa(r+b) — Qu(T —b)
2b ’

1/5
where Q%(-) = F;; ' (-) is consistent to Q4(-) under Assumption RS, b = n;I/S {4.5(;54 (@ (1)) / ((2@‘1(7'))2 + 1)}

depends on d and 7 and is based on Bofinger (1975) with ng = Y ., 1(D; = d)@ Figure shows
D3, (g) (ta) and D} (g) (1) for 74,7 € [0.12,0.95]. From this figure, we can see a few facts for this local
misspecification: (i) F (-) tends to overestimate Fp (-) but the magnitude is quite small; (ii) F; () tends to
underestimate F} () especially at lower quantiles; (iii) A* () tends to overestimate A (-) especially when the
quantile index is not small, where both the large values of A (-) and the wiggles of A (-) are inherited from
84 (+). These results match those in the IVE case: Df (g) <0, D (g) > 0 and D3} (g) > 0.

We next consider the LSE. From f; = % and [, = Eg%%p, we have 71i; = 11352.55 € [I;,14],
Tip = 11616.17 € [I,,Io] and A = —263.62 € [IA,Ia], where the bounds are stated in the analysis for the
IVE, |f1,| > [p3], [Fo| < || and |A] < |A*|. For the local sensitivity analysis, suppose g(up) = (1 — 2up)Y
and ¢°(up) = (up — 0.5)Y as in Example [8 but add Y as in the local sensitivity analysis for the IVE. For

22 An alternative bandwidth in Hall and Sheather (1988) is designed for confidence interval construction for quantiles, rather
than optimizing MSE-performance for the sparsity estimated itself as in Bofinger (1975), so is not suitable here.
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Figure 10: D, (9) (Ta), Dr, (9) (T4), DA (9) (1) and Da (g) (7) for 74,7 € [0.12,0.95]

this specification of local deviation, g, k = 0, 1,2, are defined in , and

9 = p% (;Dl ¢°(up)dup = —0.5g0Y,
g? = Pzipl fpl2 gO(UD)duD = —O.5giY’
95 = 1jp2 fm ¢°(up)dup = —0.5g5Y".
So
D, (g 90) _ P1 (go +98) + (p2 —p1) (1 —q1) (91 —l—g‘f) 01097 = 1183.90
’ E[D] E[D] ,
D — 1—po —
Do(g.e") = =P 0 _ 0.104Y = 1202.73
ol d) = T T B ,
Da (g’go) = Dy (9’90) — Do (g,go) = —0.00169Y = —19.52.

We finally discuss the QRE. Note that F(y;) = W and Fy (yo) = %I[(DY]SM; we plot
F4(yq) also in Figure for comparison, where F4(y4) is automatically monotone. Different from F; and Fy,
F; and Fy are much closer to each other. Q,(7) and A (1) are plotted in Figure |§| for comparison; it turns
out that Qu(7) € [Ly(7),1a(7)], A(7) € [La(7),1a(7)] and A(7) is much smaller than A*(7) in absolute
value for 7 € [0.12,0.95]. For the local sensitivity analysis, suppose g(ulup) = 6u(l — u)(2up — 1) and
g°(ulup) = 3u(l — u)(1 — 2up) as in Example @ For this specification of local deviation, gx(u), k =0,1,2,
are defined in , and

90(u) = p% (fl ¢°(ulup)dup = —0.5g0(u),
i (u) = p;pl 17 9°(ulup)dup = —0.5g1(u),
) = 0 [ () = 0,505 ).
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So

Dr, (9,9°) (11) = % (go(T1) +g0(11)) + (p2 _gfl% —a) (91(71) + gY(m1))
D, (g,go) (t0) = wg?(m) + 11__71919[2]98(7'0),

and
Da(9,9°) (1) = Dg, (9,9°) (1) - 50 (1) = D, (8°) (1) - 51 (1),

which are also plotted in Figure for comparison, where sg(7) is similarly estimated as in the local
sensitivity analysis for the IV-QRE but replacing Q% (-) by Q4 (-) = F;l (). From Figure M we can see a
few facts for this local misspecification: (i) Dp, ~ D, at all quantiles, which is inherited from F; ~ F;
(ii) Fy(-) tends to underestimate F,; (-) but the magnitude is quite small; (iii) A () tends to underestimate
A (+) especially at extreme quantiles, but the magnitude is relatively small compared to A* (+).

We conclude this section by one more comment on the analyses above. Neither of the four estimators
contradicts the partial identification analysis, so it seems that the sharp bounds are too wide to be informative
in this application. On the other hand, the local sensitivity analysis seems more informative. For example,
although the consistency of the LSE and QRE requires stronger assumption than the IVE and IV-QRE, they
are more robust in the sense that they are less sensitive to the local perturbation from the correctly-specified

models.

8 Conclusion

In this paper, we analyze the IVE, IV-QRE, LSE and QRE, in the framework of HV, i.e., we analyze four
treatment effects estimators under misspecification. We derive the pseudo-true values, conduct the local
sensitivity analysis, and develop sharp bounds for the QTE which are parallel to the bounds in Heckman
and Vytlacil (2001b).

We concentrate on the identification issue in this paper. This can be justified by Varian (2014), "In
this period of "big data," it seems strange to focus on sampling uncertainty, which tends to be small with
large datasets, while completely ignoring model uncertainty, which may be quite large." Nevertheless, for
the size of most treatment datasets, inferences may still be important and we plan to investigate this issue
in another occasion. Actually, because all the four estimators are defined by moment conditions, their
asymptotic distributions can be developed in a standard way. On the other hand, because all our analyses
are conditional on X, we may be interested in pseudo-parameters averaging over the distribution of X. This
is somewhat like the average derivative estimator in Stoker (1986) and PSS (1989) and the techniques there
may be employed. Another limitation of this paper is to maintain the monotonicity assumption throughout
our analysis. This assumption promises a neat analysis although the consistency of the IVE and IV-QRE
does not require such a restriction (as long as the essential heterogeneity is excluded); we will relax this

assumption and conduct a parallel analysis in a companion paper Yu (2016a).
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where the second equality is from Fubini’s theorem. Similarly,
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v - | 7 [ Ep(2)J(2)] - ELI(Z)p(Z) = 1) E[p(Z
[P0 =l o L | B - ) ) e
v - | w [ Ep(2)J(2)] - EL(Z)p(Z) = p E p(Z
: - 1 7 [ Ep(2)(2)] - EJ(2)Ip(Z) = ) E p(2)]
o, Bl =l g, | s eoiome - sy | e
= /OPE [}/1|UD = uD] dup + /p {E [Y1|UD = ’U,D] th(uD) + F [YE)‘UD = U,D] (1 — hjl(uD))}duD
+L E [Y0|UD = ’U,D} duD,
and
Wi = | EMlUp =upldup+ [ "B YlUD = up] hso(un) + B [YolUp = up] (1 - ho(up))} dup
+/OPE [Yi‘UD = uD] dU,D7
where
hn(up) = 5 (J(;),p(z)) / B p(2)J(2)) - E[J(Z)(Z) = ) Ep(2)] + (B J(Z)p(Z) = p] — E[J(2))] dFy ) (0)
and _
1 4
ha0(40) = oo Tz ) . E D2 = EU(Z)N0(Z) = 1 E D)) dFyi (o)




This means

i 1
AL*] = :U’jl — /J‘L*]O = / MTE(uD)hJ(uD)duD = / ]\4T.E(UD)hJ(’U,D)d’LLD7
p 0

where

o BV =5~ EUE)) ko)

Cov (J(Z

hj(up) = hji(up) — hjo(up) =

satisfies hj(up) = 0 for up € [0,p] U [p,1]. m
Proof of Theorem When use p(Z) as the instrument, the moment conditions are

E

1 * * _
(p(Z) )(T—l(Y<QO(T)+D'A (T)))] =0.

Using a similar analysis as in the proof of Theorem [I} we have

( /1 /meUD@af( o + | 1FYO|UD<Q3<T>|uD>duD} AFyi(0) ) < . )

/ [ / Fyyjup (Q1(7)|up)dup + / 1FYOUD(Q;(T)|uD)duD] dFy 2 (p) TE[p(Z)]

or

( | P @@ un)aun + / IFYOUD<@3<T>|uD>duD} By (p) ) i ( )

4 1
[t | [ B @i lun)don + / Fuup (Q5(u)dun | dFyz) )

where Q7(7) = Q§(7) + A*(7). This implies

/ < pp(Z 1) E,/ Fy v, (Q1(7 )|uD)duD} dFy(z)(p)

o ) { p/p FY‘)'UD(QS(T)'uD)d“D} dFy(z)(p)-

Deviding both sides by / p (midzy - 1) Ay (p) = YEH) 5 0, we have

F(Qi(r) = pvaf[p { Fy,jup (Q UD)dUD:| dFyz)(p)

Ja- )(VM(Z ) [ / Fuuy (Q3(r)lup)dup| dF(v) = Fa @3(0),

Elp(Z Ep(Z)]—
where [ pbERBLaF, ) (0) = [ (1 —p) (B2EEE) dFyn (o) = 1.

[ B [ B Qi) up)dus)| o)

~ [Bwn@ionn) [ 5 E OB oy = [0 @i ) i,



and

Ju-n (FEEZE) |55 Fowa @ undus)] arie )
= /FYO|UD(Q3(T)|UD)/O Wde(Z)(P)dUD = /FYU|UD(QE(T)\UD)h2(Z) (up) dup

with
'p—E]p(2)] "2 Ep(Z)] —p

ey 40) = [ Stz Fon ) o e o0) = | G i )

Note that
h;ly(Z) (up) — hg(z) (up) =0,
and they are exactly the same as h(up) in Theorem
From Fi (Q}(r)) = Fo (Q3(r)), Q4(r) = Fy 1 Fy (Q}(r). Substituting in / [ /0 " Foujun (@i (7)lup)dupt

1
/ Fyyji <Q3(r>|uD>duD] dF,(7)(p) = 7, we have
P

r@i) = | [ / Py oo @ un)dun + [ Fro, (Fr ' Fy <Q1‘<¢>>uD>duD} 4F,2(p)

Py, 0, (Qi (Dlup) (1 = Fyz)(up)) ] .
+Fyojup (Fy P (Q1(7)) [up) Fyz) (up)

P 2
/ FY1\UD(QT(T)|UD)duD+/
0

P

1
+ [ Py (B Fi Q1) [up)dup
P
= T’
where the second equality is from Fubini’s theorem. Since this is valid for any 7, the IV-QRE is estimating
Fy(y1) by the formula stated in the theorem. Similarly, we can prove the result for Fij(yo). m

Proof of Proposition First consider Ff". The key is to study the path derivative of Fy; |y, (ﬁ071ﬁ1 (y1) |up)
along the path 7. It is better to use Fy, |y, as a benchmark and express FgO‘UD = Fy,|u, — F“. Specifically,

Fg 0, (Fs ™ Fy (1) [up) — Fy, o, (11 ]up)

lim
a—0 o

P, (R (Fe T RL) fun) = P, (Fa(yn)fun)
a—0 (6]

Fooup (FO (ﬁg_lﬁl (3/1)) |UD) — Fujup (Fo (Foa_lﬁl (y1)> |UD)
+Fu,\up (Fo (ﬁoa*lﬁl (y1)> |UD) - Fuup (Fo (15071151 (yl)) |UD>

= lim
a—0

gl () [up) + oy (s () up) o 0T (00)) [ 9t ) un)h (u) dup

Jo (Ft;lFl (yl))
 Fyelos (Fy V(B () lup) [P i
— ﬁ) (F071F1 (yl)) /p g(F1 (y1) lup)h (up) dup — g(Fy (y1) |up)

where Fg  (Jup) = F 1, (Fo()lup), Fg () = ijgOlUD(.mD)h(uD)duD, funjvy (lup) is the pdf of
Fuu,, (lup), frijup (1up) = fuyju, (Fr () [up)-f1(-) is the pdf of Py, iy, (lup), fa(-) = [y fraup (lup) dup



is the pdf of Fy(-), fo () = fffy0|UD(~|uD)h (up) dup is the pdf of Fy(-), the second to last equality is from
Assumption LF, and the last equality is from

i (B o) o) = F () o) = F, (R (s (o)) = L0200 G o)
0 1 1

as a = 0. As a result,

Fr(y1;a) — F
iy T W130) — Fi(y1)
a—0 (6%

_ / [fyouDN(Fol (F1 (1))
P fo (B ' Fu (y1))
+/ 1

Frolv (Fo " (F1 (1)) lup)
Jo (Fy 'Fi (1))
which is the formula in the proposition.
Next consider F. The key is to study the path derivative of Fy, v, (F ' Fy (yo) |up) along the path Fr.
It is better to use Fy, |7, as a benchmark this time and express Fgl‘UD = Fy,|up, + F@. Specifically,

Fp(Z) (uD)duD

- /pg(F1 (41) [up)h (up) dup — g(F1 (y1) [up)

/ " 9(Fy (1) lup)h (up) dup — g(F (41) [up)

duD

- Fg 0, (FY 71 F (y0) [up) = Fyyjup (olun)

a—0 (0%

gy (i (B Fo () fep) — P, (volun)
= 1m

a—0 (0%

Fg (B (FP ™ Fo (0)) lup) = Foiu, (Fr (FP ™ Fo (30)) fup)
+Fuojun (B (FP ™ Fo (10)) [un) = oy (F1 (FTFo (o) ) lup)

= lim
a—0 [0
B un) " S (FTM R (o)) [P u un) du
= (P ) up) = Fry (o ) ) 5 o0 / 9(Fo (40) [up)h (up) dup
Fvius (FrH (Fo (o)) lup) [P
= Fo (yo) lup) — = Fo (yo) lup)h (up) dup,
9(Fo (40) [up) AC=rYm / 9(Fo (40) lup)h (up) dup

where Fyp\; (lup) = Fy 1y, (F1()|up), Fp() = fZF{?ﬂUD('WD)h(UD)dU& fogiup (lup) is the pdf of

Fuup (lup), fYo\UR("uD) = fuolup (Fo () [up) fo(-) is the pdfOfFYN(,\UD (‘lup), fa(:) = fol Jyvaup (-lup) dup
is the pdf of Fy(-), f1(-) = f; fvilup (lup)h (up) dup is the pdf of F(-), and the last equality is from

foolvn (Fo (w0) lup) = furjun (Fo (y0) [un) = fo o (Fi(Frt (Fo (y0)))|up) = fylz;j ((le ((?2 E;/E;;)mo)




as a = 0. As a result,

lim F§ (yo; ) — Fo(yo)

a—0 o

-
of

up) /pg(Fo (%o) |UD)h(uD)duD] dup

Frivn (BT (o (y)) |
fi (FT'Fy (o))
le\UD~(F1_1 (Fo (y0)) |UD) /”
h (F171F0 (90)) P

9(Fo (yo) lup) —

9(Fo (yo) lup) —

9(Fo (yo) [up)h (up) duD] (1= Fyz)(up))dup,

which is the formula in the proposition.

Finally consider A* (7). Since A*(r;a) = Fy ™' (1;0) — F; 7' (1;), the result in the proposition is
straightforward by the relationship between the derivatives of the cdf and the quantile. m
Proof of Proposition The moment conditions for the IV-QRE when J(Z) is used as the instrument
are

B ( ) )(7—1<Y<Q§O<T>+D~A3<T>>>] ~o,
which implies
/ [ Fyijup (@1 (7)|up) duD+/ Fyyjup (@fo(T )|UD)duD} dFy(z)(p) ( . >

m Fy, v, (@1 (7)|up)dup + 1FY<,|UD(C»?Jo(T)|UD)dUD dFyz),7(2) (s J)
ot [ | |
So
/p (E[j(Z)] - 1) B/OPquD(Q§1(7)|UD)CZUD} dFy(z),7(2) (s J)
= /(1 - D) <1 - E[jj(Z)]) L 1p/plFY0|UD(Q§o(T)|uD)duD] dFy(zy,7(2)(P; J)-

Deviding both sides by /p (

- 1) dFy 2,002y, J) = M, we have

J
E[J(2)] E[J(2)]

Fn@n) = [ CO'U‘( 757 (Z(” 57 |3 ] P (@i | aFy iz 0.5

By similar arguments as in the proof of Theorem [2] we can show the results in the proposition with

Fn(p) = /Cojv_(Jb(ﬂZ[tg,(j()]Z)) [/OPFY1|UD (y1|'UJD)dUD:| dFy7),5(2) (D, 5)
= /Fyl\UD (y1lup)hs (up) dup,
o = (B ) o] st

= /FYO\UD(ylluD)hJ(uD)duDa



where

ha(up) = / Cov_ {7;);))/ dFP(Z)IJ(Z)(pU)dFJ(Z)(j)
— -~ E[J(Z)]

a /uD/ Cov ( (Z),p(Z))dFJ(Z )p(2)(3|P)dFy(z) (p)
]

/ E[J(Z)|p(Z) =p] - E[J(Z)]
Cov (J(Z),p(2))

]
P 1
Proof of Theorem From the discussion in Section Fy, v, (ylup)dup and / Fy, v, (ylup)dup
0 P

1
can be identified, but the distribution of (D,Y,Z) contains no information on / Fy,\u, (ylup)dup and
P
P
/ Fy,ju, (ylup)dup. Nevertheless, note that
0

1
Fy,\up, (ylup)dup (19)

D

PY <ylp(Z)=p,D=1)p< P(Y1 <y) = / Fy, v, (ylup)dup +
0

T~

SPY<Lypp(Z)=p,D=1)p+(1~-D
and

P (Y <vylp(Z) =p,D = O) (1 _B) <PYo<y)= [ Fy,ju,ylup)dup —I—/ Fy, v, (ylup)dup

w\H

< P(Y <ylp(Z2) =p,D=0) (1 —p) +p.

We concentrate on bounding @1 (7) since the results for Qo (7) can be similarly derived. We divide the proof
into five steps. The first four steps are similar to the proof of Proposition 2 in Manski (1994).
Step 1: I;(7) is an upper bound for Q; (7).

By (19),

PY <ylp(Z)=p,D=1)p>7= P(Y1<y)>T. (20)

The premise of is empty if that p < 7. Suppose that p > 7. Then the definition of I;(7) states that

T1(7) Emin{t:P(Y§t|p(Z) =p,D=1)> ;}

It follows that P(Y; < I1(7)) > 7. Hence Q1(7) < I1(7).
Step 2: I,(7) is a lower bound for Q (7).

By (19),

PY <ylp(Z)=p,D=1)p+(1-p) <7= P(Y1 <y) <

which can be rewritten as

]__
P(ngp(Z):;ﬁ,D:l)<177T:»P<Y1gy><7. (21)

10



The premise of is empty if p < 1 — 7. Suppose that p > 1 — 7. Then the definition of I,(7) states that

Il(r):min{t:P(Ygtp(Z):p,Dzl)21— 1p7}.

It follows that, for all n > 0, P (Y1 < I;(7) —n) < 7. Hence Q1(7) > I,(7).
Step 3: I;(7) is the least upper bound for Q1 (7).
First let p > 7. For any A > 0,
1

P (Y1 S 71(7') - A) =P (Y S Tl(T) — )\|p(Z) Zﬁ,D = 1)?—1—/; FYl\UD(Tl(T) — )\|U,D)d’U,D

Suppose Fy, |y, (I1(1) — Alup) = 0 for up € (p, 1], as is possible in the absence of other information. Then
the definition of I1(7) implies that

PYi<T(r)=A) =P <Ti(r) = Ap(Z) =p,D=1)p < 7.

Hence Q1(7) > I1(1) — A\. Now let p < 7. For any t < 7,

1

P(Yl < t) =P (Y < t|p(Z) =p,D = 1)?+[ Fy1|UD(t|uD)d’LLD. (22)

Suppose that Fy, |y, (tlup) = 0 for up € (p,1]. Then
P(Vi <t) = P(Y <tjp(Z) =5, D =1)p <.

Hence Q1(7) > t.
Step 4: I,(7) is the greatest lower bound for @ (7).
First let p > 1 — 7. For any A > 0,
1
PYi<ILi(r)+ N =P Y <I,(7)+Alp(Z) =p, D = 1)ﬁ+/ Fy, v, (L1(7) + Alup)dup.

P
Suppose that Fy, |y, (L;(7) + Aup) = 1 for up € (p,1], as is possible in the absence of other information.
Then the definition of I, (7) implies that

PWM<Li(r)+A) =P <Li(1) +Ap(2) =p,D=1)p+ (1 -p) > 7.

Hence Q1(7) < I;(7)+ X Now,let p<1—7. Let t > y, and suppose that Fy, |y, (tlup) =1 for up € (p,1].

Then by ,
PYi<t)=P(Y <tp(Z2)=p,D=1)p+(1-p) > .

Hence Qq(1) < t.
Step 5: I1(7) =1,(1)ifp=1;p=1if I, (r) = I,(7) when Y| (p(Z) = p, D = 1) is continuously distributed
with a positive density on (y,, 7).

Suppose p = 1; then I1(7) = Qyp(z),p(7[1,1) = I1(7).

Fix 7 € (0,1/2]. When 0 < p < 7, I1(r) =y, <y = I1i(r). When1 >p > 1-7, I;(7) =

Qy|p2),D (1 - %‘?, 1) < Qy|pz),D (%’ﬁy 1) =1(7). When1—7 >p > 7, L;(7) =y, < Qv|pz).0 (%‘ﬁ, 1)-
So when 7 < 1/2; @1 (7) cannot be point identified unless = 1. Similarly, when 1 > 7 > 1/2, 1 (7) cannot

11



be point identified unlessp=1. =
Proof of Theorem The moment conditions for (i, fi,) are

(ll))(y_MO_D.A)

E

where A = 1y — [y, i.e.,

( iy ) _ E {%]
Tho E {(El[‘l?)[)ﬂ

D D
ﬁ/ |: E[Y1|UD = UD} duD:| de(Z)(p)
D 0

5ol
BT [/ E[Yo|Up = up] dUD:| dFy(z)(p)
p Lp

4
/ E [Y1|UD = uD] dUD} de(Z)(p)
0

D 1
B [11;)/ E[Yo|Up = up] duD] dF,z)(p)
P

P
ﬁ / [Y1|UD—uD/d p(2)( duD"’f EY1|UD—UD/ dFy(z)(p )duD]
0

up

E[ll,D] f;E[Y(ﬂUD :UD]/p dFyz)(p) duD+/ E [Yo|Up —UD]/p de(Z)(P)dUD]
P _

m |: E[Y1|UD = uD] duD =+ f;E[YﬂUD = UD] (1 — Fp(Z)(uD)) d’U,D:|

- 1

W [f E YO|UD = uD] Fp(z)(’uD) +/p E[Y0|UD :uD] dup

Given fi; and Ty, A = [i; — Tig-
To derive the weight for A in HV, note that

~ e 1= Fyz(up) ! B 1 — Fyz)(up)  Fyz)(up)
A=A = | Bl =TlUp = unl =507 dup + [ B(UolUp = “D]< Ep(Z)]  Ell —p(zn> dup
_ / MTE(uD)E[Ul‘UD = uD]WI(XfI)’;(fD[[)JOUD = UD]WO(UD)duD.
where
w (u )_ ]‘_FP(Z)(UD) w (u )_ FP(Z)(UD)
NPT Bz N T EL—p(2)]

Since A = [ MTE(up)dup, & = [ MTE(up)w(up)dup withw(up) = 14 Zl0e=uple o) BllolUp =upleolup)
| ]

Proof of Theorem The moment conditions to identify (Qy(7), A(T)) are

E

( ; >(T—1(Y§Q0(T)+D-A(T))) =0,

12



ie.,

( T >:< P(Y<Qy(r)+D- Z@) )
TE[D] E[D-1(Y <Qu(r)+ D - A(7))]

We calculate these moment conditions in our framework. First,

P(Y Qo)+ D-B(n) = [P (¥ <Qy() + D-B(MIpl2) =) dEyiz (o),
where

D =1)P(D =1|p(Z) = p)
p, D =0) P(D =0[p(Z) = p)
Yo < Qo(m)|Up > p) (1 = p)

) + P
- / Py @ (lun)dun + [ Fry, @o(r)lun)dun

where

E[D-1(Y < Qy(1) + D - A(1))|p(Z) = p]
=E[D-1(Y <Qu(r)+ D -A(r))|p(Z) = p,D = 1]P(D = 1|p(Z) = p)
=P£Y1 <Q(n|Up <p)p

In summary,

)

( 7/ (1 —p) dFyz2)(p) ) - ( / Upleo|UD(Qo(T)IUD)duD] dFy(z)(p)

r[riram )\ [ Friun @ un)iun | ar ) )

or

P _ 1 -
FO (@0(7)) = / |:1 —153 [pp(Z)] 1 ip/ FY0|UD (QO(T)|UD)duD:| de(Z)(p)

/prolUD(QO(T)|uD)mcluD+ l Fyogfﬁ(?;(&)lﬁp)

F(Qi(r) = /pl) {E[;(Z)];/Op Fy, o, (@1 (7 )|uD)duD] dFy(z)(p)

f&%@mm>
, T Ep(2)

d'LLD:T,

dup+ [ P @ (un) 22, =

where the second equalities use Fubini’s theorem. Since the formula for Fyq (Q4(7)) is valid for any 7, the

QRE is estimating F4(y4) by the formula stated in the theorem. Given F4(y4), the formula for A (1) is
followed. m
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Supplementary Material S.2

S.2.1. Alternative Formulas for .

Different parts of p); in Theorem |I| can be re-expressed as

/OPE[YlUD =upldup = pE[Y|D=1p(Z)=p|,
1
[ EYolUp = upldup = (1-D)E[Y|D=0,p(2) =7,

and

"3\@

[Y1|UD = uD] hl(uD)duD

I
\’s\
&y
=)
X

o) = TP o ¥ID = 1(2) = 4l 9B [YID = 1.6(2) = ] dFyi ()

E [YO|UD = UD] (1 — hl(uD))duD

—PEPp(Z)] + (- Ep(2))) (1—p)
Var (p(2))

?\@ |

o
=
N

EY[D =0,p(2) =p| - (1 =p) E[Y|D = 0,p(Z) = Pl| dF},(z)(p)

E [Y1|UD = uD] ho(uD)duD

\'s\ \’s\

]

E [p(Z2)?] —pE[p(Z
[p(v)al (p(pz))[p( ) [PE[Y|D =1,p(Z) =p| = pE [Y|D = 1,p(Z) = p]]| dFyz)(p)

E [Y0|UD = uD] (1 - ho(uD))duD

|

IS

P E[p(2)*] - pEp(2)]
Var (p(2))

(1=p) EY|D =0,p(2) =p] = (1 =p) E[Y[D = 0,p(Z) =Pl dF,z)(p)-

3

Finally,

D

MTE(uD)h(uD)duD

IS
S|

i
E [Y1|UD = ’LLD] h(uD)duD — / E [Y0|UD = uD] h(uD)duD
P

— E[D]
ar(p(2))
p— E[D]

, Var(p(2))

where pE [Y|D = 1,p(Z) = p] can be rewritten as F[YD|p(Z) =p] and (1 —p) E[Y|D =0,p(Z) = p| can
be rewritten as E[Y (1 — D) |p(Z) = p].

PE[Y|D =1,p(Z) =p] = pE [Y|D = 1,p(Z) = p|] dFy(z)(p)

I
\v\ IS
3| < 3

[(1=p) E[Y|D =0,p(2) =p| = (1 =D) E[Y[D = 0,p(Z) =Pl dF,2)(p),
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S.2.2. Alternative Formulas for F) (Ya)

Different parts of F) (yq) in Theorem [2| can be re-expressed as

D
/Fyl\UD(yﬂUD)duD = BFY\Dzl,p(Z):p(yl),
0 -
1
‘/7FY0\UD(yO|uD)duD = (1 =D)Fyp=0p2)=5¥0),
p
and
p
~ p—EI[D]
Fi(y1) = | Var(2) [pFY|D:1,p(Z):p(y1)—QFY\D:Lp(z):g(yﬂ dFy2)(p),
P E[D] -

Z50 (yo) = p) [(1 - p)FY\D:O,p(z):p (yo) — (1 _T))FY\D:O,p(Z):ﬁ(yO)] de(Z)(p),

Var(p(2))

S

S|

Fy vy (yilup)(1 = Fyz)(up))dup

kS

[
S

{PFY|D:1,p<Z):p(Z/1) _BFY\D:I,p(Z):B(yl)} dF,z)(p),

7
Fy,jup (y1lup) Fyz) (up)dup

Il
m\%‘ ——

(1= p)Fy | p=0,p(2)=p W0) — (L = D) Fy|p=0,p(2)=5(¥0)] dFp(2)(p),

where pFy|p=1,p(z)=p(y1) can be rewritten as E[1 (Y < y1) D|p(Z) = p] and (1 — p)Fy|p=o,p(z)=p (Y0) can
be rewritten as E[1 (Y < yo) (1 — D) |p(Z) = p].

Note that the expressions for fgp Fy,ju, (y1lup)(1 = Fpz)(up))dup and fgp Fy,jup, (ilup) Fpz)(up)dup
can be extended to the formulas for the LSE and QRE.

S.2.3. Properties of hj; and h;

First note that hjyq and hy are only functions of p(Z) and J(Z) and do not involve Y; and Yy. For com-
pleteness, we restate the first three properties of hg and h for hyg and hy.

Proposition 11 hyi, hjo and hy satisfy the following properties:
(i) fchl(uD)duD =1 —]2, fol th(uD)duD = 1,'
(ii) fchO(uD)dUD =-p, fol hjo(up)dup = 0;

(iii) f;hJ(uD)duD = [ hy(up)dup = 1;

(iv) if E[J(Z)|p(Z) =p] is a continuous and strictly increasing or decreasing function of p, then when
up < uhy, hyi(up) is strictly increasing, and when up > uhy, hyi(up) is strictly decreasing, where

Wiy € [p.7] is defined by E[J(Z2)p(Z) = up,] = ELALERAIE),
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(v) if E[J(Z)|p(Z) = p] is a continuous and strictly increasing or decreasing function of p, when up < ujy,
hjo(up) is strictly decreasing, and when up > upy, hjo(up) is strictly increasing, where up, € [p, ]

is defined by E[J(Z)|p(Z) = ufyy] = E[%zégf)] ;

(vi) if E[J(Z)|p(Z) = p] is a continuous and strictly increasing or decreasing function of p, when up < u}),
hj(up) is strictly increasing, and when up > u},, hj(up) is strictly decreasing, where u}, € [p,p] is
defined by EJ(Z)|p(Z) = up) = B [J(2)).

Proof. First,

/pphﬂ(“D)d“D - / Cov <J<;>,p<2>>/u;
1 ’

- E[J(Z)|p(Z) = p] E [p(Z)]
J(Z)|p(Z) =p] - E[J(Z)))

1 Iz
- Cov(J(Z),p(Z))/p
= l—g,

where the second equality is from Fubini’s theorem. Similarly,

/phJo(uD)duD = Cov (] / / [E[p(Z E[J(2)|p(Z) = p) E [p(Z)]] dFyz)(p)dup
7 = . ElJ2)p(Z)=p| Ep(Z pd dF
FIRTCANTOAY / E(2)I(2) - EV@IZ) =) EWD)) | dundFyz)0)
" Cov (J(;)vp(z)) /: [E[p(2)J(2)] - E[J(Z)|p(Z) = p| E [p(Z)]] (p — p) dFp(z) (D)
= —p
So
/Olhﬂ(uD)duD = /Ophn(uD)duD+/pphJ1(uD)duD+/pth1(uD)duD
= p+1-p+0=1,
and

1 1
/ h]o(uD)duD = / uD duD +/ hJo(uD)duD +/ h]o(uD)duD
0 P

I
\@
\@

which implies
D 1 1 1
/ hJ(uD)duD = / hJ(uD)duD = / th(uD)duD —/ h.]()(UD)d'U,D = ].7
P 0 0 0

as shown in HV.
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For the last three properties, note that

fo(z)(up)

Wp(up) = [EJ(2)] - Ep(2)](Z)] - (1= Ep(2)]) E[J(Z)|p(Z) = up]] 5~ J(2).p(2)

fo(z)(up)

Wyplup) = [EW(Z) EV(@)Ip(Z) =up] = EP2) D)) g2

fo(z)(up)
Cov(J(Z),p(Z))’

so the shape of h 4 and h; depends on the property of E [J(Z)|p(Z) = up]. If j(up) = E[J(Z)|p(Z) = up]

is strictly increasing,

hy(up) = [E[J(Z)] - E[J(Z)lp(Z) = upl|

P
Cov (J(Z),p(2)) = / p(E[J(Z)|p(Z2) = p] = E[J(Z)]) dFyz)(p) > 0,
P
and similarly, Cov (J(Z),p(Z)) < 0 if E[J(Z)|p(Z) = up] is strictly decreasing.
Consider the strictly increasing case only since the other case can be similarly analyzed. For b/ (up),

note that EJ(2) - E[p(Z

1-E[p(2)]

where j = min j(up), and j = max j(up). So there exists a u},, € [p,p] such that
= up€p.p up €[p,p] -

)J(2)] 5.7,

() = VD] = Ep(2))(2)]
S\ 1- E[p(2)] ’

and when up < ujy, h';;(up) > 0 and up > u},y, h';y(up) < 0. For h/;,(up), note that

Ep(2))(Z)] _ . =
“ebi) <2

so there exists a u},, € [p,p] such that

e Ep(2)J(Z)]
j(upg) = W;

and when up < u}, hjo(up) < 0 and up > u}y, hjo(up) > 0. For A/} (up), note that E[J(Z)] € [4,7],
so there exists a u}, € [p,p] such that j(up) = E[J(Z)] and when up < up, h';(up) > 0 and up > up),
/’L{](’LLD) <0. m

S.2.4. Unnecessity of p = 0 and p = 1 for Point Identification of A(7)

The following example illustrates that p = 0 and p = 1 are not necessary for point identification of A(7)
when Y} is binary. A similar example where the distribution of Yy is a mixture of continuous and discrete is

available upon request.

Example 10 Suppose Yy € {0,1}. by = P(Y = 0p(Z) = p,D = 1) € (0,1) and p, = P(Y = 0[p(Z) =
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Figure 11: p (p) and p; (p,) Combination for Point Identification of Q1(7) (Qo(7)): Red Area for Qq (1) =1

and Blue Area for Q4 (7) =0

p, D =0) € (0,1). First check the bounds for Q1 (7):

1 fp>1—7and1 -7 >py,

Iy(7) = 0, fp<l—7orfp>1-71 andl—%ﬁ@/y

_ P> I<p

L) = (1) Z; -, Z:iﬁpz_f;d T >p
When maX{l—T,ﬁll} <p< 11__T>T1 or - <p<l-m, I(1) = Li(r) = 0; when 11—_FT1 <pP<Tor
max{ll__gl,T} <P < £, L,(7) = I,(1) = 1. Similarly, when 1 — 11__—50 <p< min{ﬂl—glo} or T <
p < 1_17%0’ Iy(r) = To(r) = 0; when 1 — 7 <p<1l- 11__;0 orl—BL0 <p< min{l—T,l—ll__pTO}’

Iy(1) = To(r) = 1. Figm"e shows the combination of p (p) and Py (p,) for point identification of Q; (1)
(Qo(7)) at 7 = 0.1,0.25,0.5,0.75,0.9. Obviously, p =0 and p = 1 are not necessary for point identification
of A(t). Only ifpy = p, =7, p =0 and p = 1 are necessary. Note also that p > min{r,1—7} and
p < max{7,1— 7} for point identification of A(r) for any py, p, € (0,1) as predicted by Theorem ? of Yu
(2016a).

S.2.5. [y4dF;(ya) # p; Under Assumption RS

As shown in Section E[U, — Uy|Up = up] in the ATE case equals [ [q1(u) — qo(u)] dFy v, (ulup) —
J la1(w) — go(u)] du in the QTE case under Assumption RS, and need not be zero. Under Assumption RS,
F3(ya) = Fa(ya) so that [ yadF(ya) = [ yadFa(ya) = pq while g need not equal puy since E[U; — Ug|Up =

up| need not be zero.
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We use the running example to illustrate this result. In this example with only the selection effect,

q(u) = 207 (u),qo(u) = 2~ (u),

that is, Assumption RS holds and [ y4dF;(yq) = pq- On the other hand,

E[U, = Uo|Up = up] = / [a1(w) = qo(w)] dFyju, (ulup) = 0.707  (up) # 0.
In other words, there is essential heterogeneity in the ATE case. It is not hard to check that

/LT = /{E [Yl‘UD = U,D] hl(uD) + E [YO|UD = UD] (1 - hl(uD))}duD

/{1411,1)(1 + SUD)(l — UD) + O.77.LD [1 — (1 + 3UD)(1 — uD)]}duD
0.64 # 0 = 1,

Q

and

W / (EYi|Up = up] ho(up) + E [YolUp = up] (1 — ho(up))} dup

/{1.4u,3(1 — 3up)(1 — up) + 0.7up [1 — (1 — 3up)(1 — up)]} dun
0.29 # 0 = pg.

Q

From this example, the IV-QRE can handle some cases that the IVE cannot handle. Of course, the
IVE can also handle some cases that the IV-QRE cannot handle. For example, in the running example, let
Y1 =V +2U and Yy = 2V+%U; then

VTEg-1(g) — 1951(u

Fu,jup (ulup) = P(Y1<F11<u>v=<1>-1<uD>):<I>( =} (D)>,
77\/& —1 w) — 4. —1 u

Fygup(ulup) = P (Yo <Fy'(w)|V =@ '(up)) q;( . (1)_;13;13 ( D)>'

where a = 28/5 + 16/49. Obviously, Fy, v, (ulup) # Fy,ju,(ulup), so Assumption RS does not hold.

However,

E[U1|UD=’U,D] = Cov(Yl,V)uD=2.4uD,
E[U0|UD:’ILD] = COU(Yo,V)uD=2.4uD,

ie., E[U; — UplUp = up] = 0. Certainly, it is not hard to find cases that both the IVE and IV-QRE can
handle, e.g., in the running example, let Y1 =1+ U and Yy =U.
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