Supplementary Appendices

First, some notations are collected for reference in all proofs and lemmas. The letter C' is used as a generic
positive constant, which need not be the same from line to line. P, is the empirical probability measure,
and G, f = /n (P, — P) f is the empirical process indexed by f. Define

0=(7.8) = (7.81,8) . Bo=205Pm = 5,y — % = By + .

B¢ = By — By is the local perturbation of 3, around Bro- €t =y — X' By

h = (v,u},ub) =: (v,u') is the local parameter for 6.

s(wl0) = 5 (y —x'Br1(a < 7) = x'By1(g > 7))”.

S0 (0) = Pus (10), 5(0) = Ps(16), Gus (6) = /it (S, <e> —5(0)).

T (wlfes Bro) = (=X 252 ) ! (B0 = Bi) = (malasa) —x B35 ) X (Bio = 5,) + (B — 1) xe
- (y —x'Byg — x’262) X’ﬁe (mg(x q) —x'Byg — 2 ) X ﬁe 5;7(5@7

Z1 (w]Bs; B1g) = (y - XIW) x' (B0 — B2) = (m1($ Q) /610+E2) (510 Ba) + (Bro — 52)17{51

= (Z/ —x'By— xTﬁz) x/ (50 - Bz) = (m1($,4) —x'By — ) x/ (50 - ) + »32) XEq

=|y—xPB— )(,(522_50)> x (50 - Bz) = (m1($ q) —x'B19 — 62 %) > x/ 50 - 52) + (50 - Bg)lXEh

Za (w[By, Bao) = (y - X/%) x' (Ba0 — B1) = (m2($ q) — ,520+61) 520 B1) + (Bag — B1) xe2

(g = B) ¢ (545 = — (e 0) =B~ 2B (50 ) = (4

=- (y —X'Byg — X/(éowl)) x/ (50 + E1) =- <m2($7 q) —x'Bao — X/(éo;ﬁl)) x/ (50 + 31) - (50 + 31)/X€2,

Z1i = 21 (Wil Bag, Bro) = (vi — XiBo) Xib0, Zai = Z2 (wil B19, Bao) = — (yi — XiBy) X}do.

where Z1; and Za; reduce to d40¢; (yi — ngO) and —d,40¢; (yl — xgﬁo) in CTR and reduces to (Eh‘ + x'/i;(’) X500
and (—agi 2‘50) /80 as in Yu (2014) and YZ in CS models.

The following formulas are used repetitively in the following analysis:

s(wlf) =3 (y—x'B11(g <v) —x'By1 ((1>7))2:§( ~x'B))°1 (q<v)+%(y—X’ﬂ2)21(q>7)
=3 (ma(w, )+81*X'5)2 1(q < v A7) + 5 (ma(z,q) +e2 — X' By)° (g > ¥V )
+ 3 (ma(z,q) + 61 — x'B,)° (vAvo<quo)Jra(mz(%q)Jrsz—X51)21(70<q§7v70)7

SO

s (w]6) — s (wl6o) = (y —x' LY ' (Brg — B1) 1a < 7 Ayo) + (y =% 222522 ) ! (B — B5) La > 7V 70)
+ [(y Xlﬂlﬁ%) x' (B1o — 52)] Ly Avo <qg <)+ [(ZJ - Xlﬁmjﬂ) x' (B0 — ﬁl)} (v < g <7 V)
=T (w|B1,B10) 1(g < v Avo) + T (w|By, Bag) g > vV )
+ Z1 (Wil B; B10) Lv Avo < g < v0) +Z2 (w[B1,B820) v < ¢ <7V 0)
=T (w|By, B10) 1(q < 7o) + T (w|Bs, Bag) (g > 7o)
+ (21 (w[B2, Bro) — T (w[B1: B10)) Ly Avo < @ < 7o) + (Z2 (w]By, Bag) — T (w[Ba: B20)) L(vo < a <7V ).

We use VW for an abbreviation of Van der Vaart and Wellner (1996), KP for Kim and Pollard (1990),

and GC for Glivenko-Cantelli. ~~ signifies weak convergence over a compact metric space.



Appendix A: Proofs

Proof of Proposition Note that

1 Ela'lqg =] gl da
VBxx'|g =76 = (0a:0,,04) | Blzlg=1] Elza'lg=1] ~Ez|g=1] 8z
v VE [2'|g = ] V2 8q
= bg + 0, B [22'|q = 7] 05 + 7707 + 290,B[2'|q = 7] 6> + 2B [2'|g = 7] 8200 + 27000,
1 E[z'|qg =] Oo 9
= (6,0, + 9282 + 290, B [2'|g = 7] 6 + 27040
( )<E[xlq=7] B[z2'|q = )] 8z ! ! !

= A+~%07 + 27 (E[2'|qg = 7] 0z + 0a) g

"e—="If §, = 0, then 0'E[xx'|¢g =~]d = 62 + 5372 + 20,047 = (60 + 847)°, which is equal to zero only if
0o +047. "="If v =0, then

e s 1 E[2'|g = 0] Oa
5E[xx|q—7]5—(5av5x)<quzo] E[M’IQZO])(‘S“)’

1 Elz'|q = 1
which is equal to zero only if (5(“ 6;)/ = 0 when [= /‘q 0] =K (1,2")|g=0| >
E[zlg=0] Elzz'|¢=0] x

0 (equivalently, Var (z|g = 0) > 0). In this case, (6a, 6;)’ = 0 is equivalent to §,, = 0 and d,+d,y = 0. When

v # 0, is there any other case such that §'E [xx’|g = 7] § = 0 but not the case that §, = 0 and §,+d,y = 0? If
—27(E[2'|q=1]0s+00 ) £1/472 (B2 [g=1]0:+00)2—472A  —(B[a'|¢=1]02+00 )£/ (Blz'[¢=1]62+0a)>— A
272 =

v > 0, letting 0, = >
can serve the purpose. However, A—(B [2/|q = 7] 6, + 60)> = 8, B [x2'|q = 7] 6. —0,B [z]qg = 1) E[2/|qg = ] 6, =
8 Var (xz|lg=7)6, > 0if 6, # 0, so §, must be 0. If §, = 0, we have shown that §, + J,7 must be zero to
have §'E [xx'|¢ = 7] § = 0. The case for v < 0 can be similarly analyzed. In summary, if Var (z|qg = v) > 0,
then the only case where §'E [xx’|¢ =] d = 0 but § # 0is 6, = 0 and 6, + 51qu =0. m

Proof of Proposition Making the change-of-variables v = (%)m r, noting the distributional

equality By(a?r) = aBy(r), and setting w = Z=, we have

1 T i
_1 —B{(— fo<o0
wamas, { TH T £ VB, <0
—§/J,+UT+\/ZU7+BQ(/U)’ lfU>0,
—T !
_ L 7%#_ (%) ‘7‘|T —+ \/ﬁBl(* (ﬁ) T)a ifr< 0,
:(E> arg max, [ e ifr>0
o (52) ()1
1
w” \Z7=1 , 1 wl 271
L ()T ()T B, Hr <0,
= w1 arg max, - 1/2 = if r >0
@\ T T . - w’ \ 271 iuwr 5
S ()T (2) T ()T B,
o LY B, <0,
= w271 arg max, 1
— QOTT+\/$BQ(T)’ lf'f'>0,

where ¢ = 1, /u_ and ¢ = w{ /@, . From the analysis above,

r

e —2p_v|"+ @-Bi(—v), ifv <0, _<w7_>2*1—1max —2r["+ Bi(-r), ifr<o,
v —2p v + /T Ba(v), ifv>0. I —2or™ +/@Bs(r), ifr>0.



In € (p,0:1), & = maxco{Bi(=1) = 5}, & (p,0) = maxeoo (VBB (r) = ¢5 }, and & and &, are
independent. From Bhattacharya and Brockwell (1976), £; follows the standard exponential function, and
&5 (v, @) follows an exponential distribution with mean ¢/¢. It follows that

P(E(p¢) S7)= P& <2, (p,0) @) = P(§ <2) P (p,0) S7) = (1— e ") (1 — e 7¥/9).

To derive the asymptotic distribution of an estimator, we will follow the standard procedure, (a) consis-
tency, (b) convergence rate, and (c) derive the weak limit. Consistency is proved in Lemma [l| except the
shrinking threshold effect case in Section whose consistency is proved in Lemma
Proof of Theorem First, 6 = argming S, (0) implies

hn : :(n(:Y\—’Yo)a\/ﬁ(ﬁ—ﬁo)>
u

= argminnP, (s ( ‘70 + %,BO + m) —s(- |'yo,,6’0)) = argm}}n {M,, (h) +0,(1)}.

(/U7u)
where from Lemma
1 1 ,—
M, (h) = §u’1M0u1 + §u§M0u2 — W, (u) + Dy, (v),

and (W, (u), D,, (v)) is defined there. Now, a modified version of the argmax continuous mapping theorem
(Theorem 3.2.2 of VW) is used to derive the asymptotic distribution.

(i) Dp(v) = W, (u) ~ D (v) — W (u), where D (v) is defined in the main text and W (u) = uj Wi + uyWo
with W, defined in @ This is proved in Lemma

(i) n(7 —vg) = O,(1) and /n (B - ﬁo) = O,(1). This is proved in Lemma
(iii) argmin D(v) = O,(1) and arg min { 1w} Mou; + 2ubMous — uf Wi — uyWa} = O,(1). The former is
v U1,u2
shown in Appendix D of Yu (2012) and the minimizer in the latter statement is equal to (M(; wa, M, 1W2> =
Op(1).
(iv) arg mvin D(v) is unique and arg ;?[11512 {3ui Mour + ubMoug — uy Wy — ubWa} is unique. The former is
guaranteed by Assumption (x) and the latter is obvious.

The asymptotic independence between 7, 51 and BQ is implied by the independence between D(v), W
and Wj which is shown in Lemma [
Proof of Theorem First, 6 = argming S, (#) implies

o o= (anG=70) Vi (B 0))

= arg mir;nPn <s <

(v,u

Yok By ) = o Bo) ) = ang i 08, (1) + 0, (1),

where from Lemma [0}
1 1 ,—
M, (h) = §UI1M0U1 + §u'2M0u2 - W, (u) + Cy (v),

and (W, (u), Cy, (v)) is defined there. Now, we apply Theorem 2.7 of KP to derive the asymptotic distribu-
tion.

(i) M, (h) ~ M (h) = 3uj Mouy + subMougz — W(u) + C (v) € Cpin (R?**3), where C (v) is defined in the
main text, and W (u) = u'W is the same as in the proof of Theorem [1} Cynin (R?#F3) is defined as the



subset of continuous functions z(:) € Bjoe (R?¥3) for which (i) z(t) — oo as ||t|| — oo and (ii) =(t)
achieves its minimum at a unique point in R24t3 and By,.(R??*3) is the space of all locally bounded

real functions on R24t3

, endowed with the uniform metric on compacta. The weak convergence is
proved in Lemma We now check M (h) € Cpin (R2d+3). Because v and v are separable in M (h),
we can check M (u) := %u’lMgul + %ugﬂouQ —u'W € Cuin (de“) and My (v) := C (v) € Cpin (R)
separately. First, M (u) € Cuin (RQ‘“‘Q) because it is continuous, has a unique explicit minimizer
and lim,||—o Mi (u) = oo with probability one given that for each value of W, M (u) is a quadratic
function in u. Second, My (v) € Cuin (R) because it is continuous, has a unique minimum (see Lemma
2.6 of KP), and lim|,| o Mz (v) = oo almost surely which follows since lim|,|_. B, (v)/[v| = 0

almost surely by virtue of the law of the iterated logarithm for Brownian motion.
(i) an(F —v9) = 0,(1) and /n (E - 60) = 0,(1). This is shown in Lemma
Now, by Proposition i),

—su_|v|+ @_Bi(-v), ifv<0,

=w( (p, P51
—Lpy o+ @TBa(v),  ifv >0, ¢lpo51)

an (¥ — 7o) -, arg max{—C(v)} < arg max {

where w = w_/p?, ¢ = p, /p_ and ¢ = @y /@y . The asymptotic independence between 7, Bl and Ez is
implied by the independence between C(v), Wi and Ws which is shown in Lemma ]
Proof of Corollary By the CMT and Proposition ii),

1 (Sn (70) = S0 (9))

n {(Sn (70»3(70)) — S (’70a50)) - (Sn (ﬁa B) —Sn (’YOaﬂo))]

1 1
4, min {2u’555u - u'W} — min {Zu’Sggu —u'W+C (v)}

U,v

~3 —Bi(— if v <
max {~C @)} Lmax] 2P VEBi(), ife <0,
) —ghy v+ TLB2(v),  ifv>0,

N’ (p, di 1),

where n? = w_/u_, and the distribution of £ (¢, ¢;1) is derived in Proposition iii). The required result
follows by Slutsky’s theorem. m
Proof of Theorem We apply Theorem 2.7 of KP to find the asymptotic distribution of n'/3 (@ - 00>.

First, 6 = argming S, (#) implies
nl/3 (@ — 90) = arg m}in n?/3 (S’n (90 + h/nl/g) -5, (90)> = arg m}zn {M,, (k) + 0, (1)}
from Lemma [T0] where
M, (h) := %h’S@‘ehl(v <0)+ %h'sgg)hl(v > 0) +E, (v),
and Z,, (v) is defined in Lemma

(i) M, (h) ~ M (h) := 2R/ S;phl(v < 0)+11/Sfh1(v > 0)+Z (v) € Cpnin (R?43). The weak convergence is
proved in Lemma We now check M (h) € Cpyin (RQ‘HS). It is not hard to check M (h) is continuous,
has a unique minimum (see Lemma 2.6 of KP), and lim;,| o M (h) = oo almost surely (see Lemma
2.5 of KP given that the covariance kernel of M (h) satisfies the rescaling property (2.4) of KP).



i) nl/3 (60— 0o ) = O,(1). This is proved in Lemma [5
P

Finally, we show that argmin, M (h) takes the simplified form in the theorem. We first concentrate on
v. Given v, it is not hard to see that

u(v) = argmin M(v,u) = —S’gé {Sﬁ*ﬂ/vl('v <0)+ Sg,yvl(v > O)}

Myt |85 1w <0)+ S5 1(v>0)|v
My S5 10 <0)+55 1(v>0)|v

Plugging u (v) in M (k) we have

. v - — a—1a— — —_
minM(h) = o [(2A7 - 55,8555, ) 10 <)+ (2A* - 51,8545, ) 10 > 0)] +2 )
— _ 1 a— Y _
— % (2)\ o SWB1M0 1561’}’ - S’YﬁzMO 5/327) 1)2 T wao Bl(_v)’ if v S 07
- i 0 _
L (20 = 85, My SE - S5,y S5 ) 0 fowd Baw), >0,
_ . tp_vi+ J@_Bi(—v), ifv<0, M ()
| ipv? + T Ba(v), ifv>0, ’

_ _ ——1 s .
where note that S%Sﬁﬁng[7 = SyiglMo 1S§17 + S%Z M, Sgtﬂ, and py > 0 by S’éke > 0. By Proposition 1)7

we have

—%,u_vz + w_Bi(—v), ifv<0,

= wi((p,4;2),
—Lp v+ STy Ba(v), ifv>0, ¢l 9:2)

w2 (5 = 75) = argmax{—M (v)} < arg mvax{

where w =w_/p2, o =p, /pu_and ¢ = wi/w_ =w] /wy. ®
Proof of Corollary Note that

2% (8,(30) — 5 (3)) ~ 127 (S,(70. 50) — 5,(3.5))
= 05 (Su(30.8 () — S (30, 0))
~ "1 3

= (ﬁ (7o) — BO) ﬁdiag {X,S%XSWO’X;%XMO} (ﬂ (o) = ﬂo)

_ n2/30p (n71/2> 0 (1) O, (n*1/2> =0p (1),
where B(’yo) - By =0, (n71/2)’ 50

7209 (Su(30) = 80 7)) = n*/* (82(00) = $a(3,5)) ~ — min (k) =~ min M (v) = max {~M (v)}.

Now, by Proposition i),

—spu_vi+ J@_Bi(-v), ifv<0,

_ 2/3 )
—Lp v+ STy Ba(v), if v>0, e 932),

max {—M (v)} < max {
where n? = @? /u_. The required result follows by Slutsky’s theorem. m
Proof of Theorem We first apply Theorem 2.7 of KP to find the asymptotic distribution of
(pn "V —=70) » fn (3 - ﬂo)) and then refine the asymptotic distribution of B to min (nl/z,pn) (B — 60>.



First, § = argming S, (6) implies
(P G =0) 1 (B = 8y) ) = argmin g, (Sn (v + v/, By + k) = Su (80)) = arg min {My, () + 0, (1)}
from Lemma where

1 1 ,— a —
M, (h) := §U/1M0U1 + iu’QMOuQ + A " 1(v <0) + A 0*1(v > 0) + E, (v),

and Z,, (v) is defined in Lemma [10}

(i) M, (h) ~ M (h) :== 2w} Mous + 2ubMous +A_ v 1(v < 0)+ A1 01(v > 0)+Z (v) = My (u) + M (v) €
Cuin (RQ‘”?’). The weak convergence is shown in Lemma We now check M (h) € Cpin (R2d+3). It
is not hard to check M (h) is continuous, has a unique minimum (see Lemma 2.6 of KP), so it remains
to show limj,| oo M (h) = co almost surely. Because u and v are separable in M (h), we can check
lim |- oo My (u) = 00 and limy,|—o M2 (v) = oo separately. First, lim|j,|—o M (u) = oo is obvious

since it is a deterministic quadratic function. Second, since

My (v) = [A- [v]* + V@_Bi(—v)] 1(v < 0) + [A1v* + /@1 Ba2(v)] 1(v > 0),

and by the law of the iterated logarithms for Brownian motion, i.e., B(v) < v/2vloglogwv as |v| — oo,

we have the B (v) term is dominated by the [v|*, & > 1, term, so lim|,|_,, M2 (v) = o0.
(ii) (pn (¥ —90) s kn (B - ﬂ())) = O,(1). This is proved in Lemma

Now, (pn F=70),kn (B — 60)> 4, argminy M (h) = (arg min, My (v), 0); in other words, k,, (B — BO)
is degenerate and the convergence rate of 5 is faster. We first show that argmin, My (v) can be simplied to
the form as stated in the theorem. By Proposition i), we have

A |v|" + J@w-Bi(-v), ifv<0,

1
= woa-T -
—Ap0* + /@y Ba(v), if v>0, “ ¢lpg5a),

argmin My (v) = arg max{—Mj (v)} 4 arg max {

where w = w_/4\*, o = A, /A_ and ¢ = wi /wy . We next show the asymptotic distribution of B Because
the randomness in the 7 direction dominates, we cannot search over 8 and + jointly; rather, we fix 4 and

concentrate on the randomness in the § direction. Note that

B = By = argminyen, {Sn (3, 8y +u) = Su (70, 8y)}
= argminyen, {[S T, 80+ u) =S (70, B0)] + [Sn 3, By +u) — S (7, By +u) — n=12Gy, (s (- |vo, By N}
— argminyew, { 3u/Spau+ |5 = 70) Spu+ A= 1§ = %0l" L (5 = 70D)| 13 < %)

+ [ = 70) SFpu+ A G =70)" Lt G = 70)] 13 > 70)

+n712Gy, (5 (-7, By + u) = n7V2Gy (s (|70, 80)) + 0 (o *L (")) + 0 (r22) }
= argminyen, {3u/Sssu+ (5 = 70) S75ul (3 < %) + (5 = 70) STpul (3 > 70)

_n~V2/G, ( xe11 (g < 7p) > +o, (n_1/2)}

xez1l (¢ > )
My = (85,13 < 90) + 55,13 > %) | G = 70) + 072Gy (xe11 (g < 7))

_ B1y —-1/2
- ——1 _ —~ 4 —~ —~ —1/2 ~ + Op (n ) ’
Mo (= 155,13 < 70) + 55,,1(7 > 70) | (7 = 70) + 77 /7Gn (xe21 (¢ > 7))



where the minimization operation is over a ., -neighborhood of 0, \,,, because ﬁ is ky-consistent, S, (vq, Bg) =
S (79, Bo) + 112Gy, (s (- |79, Bo)) does not involve u,

n2Gy (s (- 7, By +u)) = 072G (s (- 170, 80))
= 072Gy (s (-1, By + ) = 172G (5 (- 1oy Bo)) + 0 (n172)

_ g, Xtl@sm) ) n-1/2 G, U:1Xu11 (@<7) |, 0 (n—l/z)
xeal (¢ > 7p) 2 ubxugl (g > 7¢)

- _n24G, xe11 (¢ < 7o) +op (n_1/2)
xezl (¢ > 7p)

and o (p,“L (p,*)) = o (n_l/z) and o (k%) = o (n=1/2). In summary, the convergence rate of 8- By is
min (p,,,n*/?). When 1 < a < 1.5,

> : -1 77— 1(q <) d Z
1/2 (3 _ _ M-t Xe1 0 1 By
" <6 BO) dlag{ 0 o }G" ( xea1 (g > o) Fo Zs, )

and when 1.5 < a < 2,

Pr (3 - Bo) = —diag {MJI,W:} [5@1(? < 7o) +85,1(7 > ’70)} P (V= "0) +0p (1)
R Myt |85 1(Zy (@) <0)+ S5 1(Zy (@) > 0)| Zy (@),
My |S5,1(Zy (a) <0)+ 8% 1(Zy (@) > 0)] Zy (o),

and when o = 1.5, the weak limit of n'/2 (5 - ﬂo) is the sum of both limits. m
Proof of Corollary Note that

VI (Su(70) = Su () = v/ (S0 B0) = 503 B)) = v/ (Su(v0: B (20)) = Sn (70 o) )
_M(B (o) — 50) *dlag {X<'y X<707X>70X>70} ( (o) — 50)
= V10, Op (n™1?) 0 (1) Oy (n (n _1/2) =0, (1),

where 3 (vo) — By = O, (n=%/2), and p,, < n so \/mp, < n. As a result,

VT (8a(30) = Su (7)) = VB, (Su(Bs70) = 5a(57)) — —min M (h) = — min M (v) = max {~M (v)}

h

Now, by Proposition ii),

_ * 4 = Bi(— if v <
max {—Mb> (v)} £ max A=l + v@-Bi(~v), Tf =0 = 77""’2‘15(%(25; @),
v v —)\Jrva + 4 /erBQ(U), if v > 0,

where 1?2 = 55=. The required result follows by Slutsky’s theorem. m
Proof of Theorem I. First, 0= arg ming S, (6) implies

o 2= /1 (0= 60) = argminn P, (s (- o + g Bo + ) = (- 1o, B0)) = axgmin (M (k) + 0, (1)},



where from Lemma,
1, . 1, on
M, (h) = §h Spehl(v <0)+ §h Spphl(v > 0) — W, (u),

and W, (u) is defined there. Now, we apply the argmax continuous mapping theorem (Theorem 3.2.2 of
VW) to derive the asymptotic distribution of v/n (5 - 90>.

(i) Wy, (u) ~ «'W, where W is defined in (9). This is proved in Lemma So

1 1
M, (h) ~ ih'Se_ghl(v <0)+ §h’S;'0h1(v >0)—u'W =M(h).

(i) v/n (5 - 00> = Op(1). This is proved in Lemma@
(iii) That arg m}jn M (h) = O,(1) is obvious.
(iv) That arg mhin M (k) is unique is obvious.

Finally, we show that arg m}jn M (h) takes the simplified form in the theorem. We first concentrate on w.

Given u, it is not hard to see that

0 (u) = argmin, M (v,u) = — (S,;,Y)fl S_pu-1(u'Sy, (5;7)71 Sgu > 'Sy (Sfyiy)f1 S¥au)

—-1 _ _\—1 4= -1
_(S“Jyr'y) S’TBUKU/SBV (S'w) Svﬁu<u’5’g7 (S’%) S;F/Bu)'

Plugging v (u) in M (h) we have

ming M (h) = —'W + S’ (Sgs = S5, (S3,) 7' S55) un 3o (S — 5, (53,) 7 8% ) u

vy
= min {—u’W + 3/ (Sgg -85 (S5 ) 5;5) u, —u'W + u/ (Sﬁﬁ - S5, (55) " Sjﬁ) “} '
So
(s <—S_(S‘)_1S_>71W/ifWUER
u = arg min,, {min, M (h)} = o8 ey oy . " 1 71,
(Sas = S3, (55,)7"85,) Wit W e Ry,
where

-1

-1 _ -1
R = {W| — iy (5[3,3 ~ S5 (55,) S;B) W < —3W' (Sﬁﬁ - S, (53,7 5%) W} )
and the event in R; cannot reduce to W’ (S[;'v (Sv_v)_ S;B - Sgy (S%)_l S;rﬁ) W= O and

—1

) W,if W € Ry N R,
1 o
wglmﬁWemmm,
SH;) WLt W eRinRs,

71 . .
g@ W,if W e Ry N Rs,

-1
16Note that this is different from the result that A < B then A—! > B~1. If Sgg — Sl;”r (S;.Y) S;ﬂ > Sgg —

-1
S;w (5’%) Sjﬁ or the converse, then only one of the two cases can happen.



where

-1

N I N ISR R ~1 e N\t
Ry = Y WIW’ (SBB_SB'Y (53) S’yﬁ) [Sﬁ'y (53) S’Yﬁ_sg"/ (S3) S;rﬁ] (Sﬁﬁ_sﬂ’v (55) S’vﬁ) w=z0p,

-1 o -1 -1 —1 -1
Ry = \WIW' (S35 = S5, (S5) 7 83) (85, (57) ™ S = 85, (55) 7 855] (S0 = 55, (55,) 7' 535) w205,

Y

and Ry and Rj3 are their negations. m
Proof of Corollary By the CMT,

7(8n (1) — S0 () i
=1 [(Sa (108 (10)) = S (70:80)) = (S (3:8) = 5 (70, 50))
L, min, {3WSssu — wW'W} —min,, {31'Sph1(v < 0) + L0/ Sjyhl(v > 0) — W' W}
B -1 _ -1
— —3WISIAW —min{ —3W' (Spa - S5, (57,) 7 85,) Wi—3W (Ses — S5, (55) 7 SH) W}
B 1 B 1
— L max {W’ [(sﬁ[3 ~ 85, (55) 7" S5) - sﬁg] W, W’ [(sﬁ@ - S (85) 7T sn) - Sﬁg} W} .

It can be shown that

—1 -1 _ _ 1 —1 —1 _ —1\! —1 _
(Sﬁﬁ - 55, (55) 5%) ~ S35 = 95355, (53) ((Sviv) - (5'1%) 5553855 (555) ) (5%) " 855533
= S535%, (5% - 5553455,) 5555,

which results in the conclusion in the corollary. m
Proof of Theorem@ We apply Theorem 2.7 of KP to find the asymptotic distribution of (n1/3 F=7),vVn (B - ﬂo)) )

First, § = argming S, (6) implies
(n'/2 (3 = 70,02 (B = 8y) ) = argminn (Su (v +v/n'/?, By + u/n'/2) = S, (6)) = arg min {M, (h) + 0, (1)}
from Lemma [T} where
1 1 ,—
M, (h) := §u’1M0u1 + iu’QMouz + A )P 1w < 0) + A 01 (v > 0) = Wy, (u) + E, (v)
and Z,, (v) is defined in Lemma 11}

(i) M, (h) ~ M (h) := tuf Mous+ 2 ubMoua+A— [v]> 1(v < 0) 410310 > 0)—w/ W+E (v) € Conin (R24F3).
The weak convergence is shown in Lemma Because u and v are separable in M (h), we can check
M (u) := tuf Mouy + SubMous — u'W € Cpyin (R242) and My (v) := A_ o]’ 1(v < 0) + A\p031(v >
0) + 2 (v) € Cuin (R) separately. First, M; (u) € Cpin (R2d+2) by the same arguments as in proof of
Theorem [2} Second,

M, (v) = {)\, lw]® + \/w,Bl(—v?’)} (v <0) + [Ayv® + /@1 Ba(v?)] 1(v > 0)
is continuous, and has a unique minimizer by Lemma 2.6 of KP. Since

lim M, (v) = lim My (v) = lim [A_|v|+ @_Bi(-v)] 1(v < 0)+[ v + /@1 Ba(v)] 1(v > 0),

|[v|—o0 [v]® =00 |v|—o0

we have lim|,|_,oM (v) = 0o by the same arguments as in proof of Theorem



(i) (n1/3 A —,),n? (B - 50)) = Op(1). This is proved in Lemma@

Now, we show that argminy M (h) can be simplified to the form as stated in the theorem. First,
arg min, M (u) = (Zﬁl’Zﬁz) is standard. Second,

A + BB (—v?), ifv<
argmin My (v) = arg max{—M; (v)} 2 argmax [ol” + @ Bi(=v7), 1 vs0, pl/3
v v v A0 + /@1 Ba(v3), ifv>0,

)

where
—22X\_ |+ y@-Bi(-v), ifr<0,

7 = arg max
& v { *%2)\4’_1/4’1/@4_32(1/), lfl/ > 0

From Proposition [2(i), 7 = w( (p, ¢; 1) with w = (2?7:)2, o= i—f and ¢ = “m
Proof of Corollary By the CMT and Proposition ii),

n (Sn (0) = Sn (7))
= n [(Sn (’YOaB(’Yo)) - Sy (70750)) - (Sn (ﬁy B) — Sy (’70760))]

1 1
%, min {2U/S/35u - u/W} — min {zu/S/gﬁu —U'W +A_ o’ 1(v < 0) + Ay0®1(v > 0) + 2 (v)}

u,v

= —min {0 [’ 1w <0)+ A 0’10 > 0) + 2 (v) ]

TR e lw]* + /@-Bi(—v3), ifv <0,
= Imax
-\ 02 + /1 Ba(v?), if v>0,

—lon_ By (— if r <
_ max{ -t VE BT, TS0 e (g gr1)

v

T

— 22Xy |r|+ @B (1), if r > 0,

where n? = 55— and the distribution of £ (¢, ¢; 1) is derived in Proposition (iii). The required result follows

by Slutsky’s theorem. m
Proof of Theoremﬂ We apply Theorem 2.7 of KP to find the asymptotic distribution of (n1/5 (7 — 7o) ,n?/5 (B — BO) ) .

First, 0 = argming S, (9) implies
(n/ 5= 0),n** (B 8y) ) = argminn®’® (S, (o + v/n*/%, By +u/n?*) = S, (60)) = axgmin {M, (h) + 0, (1)}
from Lemma [T} where

M, (h) :== = (v/,v?) S~ (u',vz)/ 1(v <0)+ % (u',0?) St (u’,vz)/ 1(v>0)+ZE, (v),

DN | =

and Z,, (v) is defined in Lemma 11}

(i) My, (h) ~ M (h) == 1 («/,0?) S («/,v2) 1(v < 0)+1 (u/,v?) ST (v, 0%) 1(v > 0)+E (v) € Cpin (R24H3).
The weak convergence is shown in Lemma We now check M (h) € Cpin (R2d+3). It is not hard
to check M (h) is continuous, has a unique minimum (see Lemma 2.6 of KP), so it remains to show
limp—oo M(h) = 0o almost surely. Note that M (h) — = (v) > Cu'Ssau + C (A_ AA;)vt, and
E(v) = y@_Bi(—v*)1(v < 0) + /@ B2(v*)1(v > 0). By the law of the iterated logarithms for
Brownian motion, B(v?) < /2v3loglogv?® as |u| — oo, so B(v?) is dominated by v*. As a result,

10



(i) (n1/5 (A —,),n?/° (B - 50)) = Op(1). This is proved in Lemma@

Now, we show that argmin, M (h) can be simplified to the form as stated in the theorem. We first

concentrate on v. Given v, it is not hard to see that

u(v) = arg min M (v,u) = —Sgﬁl (;5’572> V2 = _% ( %%1?2@“/: ) 02
Y
Plugging @ (v) in M (h) we have
ming M (h) = 5 [2A71(0 < 0) + 2X7 10 > 0) = 18,25551 32| + 2 (v)
3 (2>‘_ - iswzﬂeMalsﬁgﬁ - %szﬁeﬂalsﬁma vt + V %;ZOW(YBl(_U?’)a if v <0,
3 (2/\+ - %Svgﬁy,Mo_lSﬂgﬁ - %SvgﬂeMJISBmQ) vty fOT(SiOWS_BﬂUS): ifv>0,
_ { T O TR L,

Lpvt + i Ba(v?), ifv>0,
where p1y > 0 by Sf,tg > 0. So

1 4 3 :
~ d . d —spu_v*+ Jw_Bi(—v®), ifv <0, R
% (F —,) — argmin M (v) :argmgx{—M(v)}:argmf}a,X{ %M o+ BT B0 o0 ="/,
T oM+ vV W+ ) )

where by Proposition i),

VU = arg max
v

—Iu v+ JmoBi(-v), ifv <0, Y 4/3
1 4/3 . =w C(@)qs’ /))
sy v+ /Ty Ba(v), if v >0,

withw =w_/p2, p=p,/p_and ¢ = w;/w_ =wf/wy. W
Proof of Corollary [6l Note that

n1/5 (Su(30) = S (1)) =% (S (0. B0) = $u(3: B)) = n/* (S (0. B (70)) = Sn (70, 50) )

= 0t (B0) — ) heing { X Xy, X X, } (B 30) — o)
=050, (n"/2) 0 (1) 0, (n"/2) = 0, (1),

where B (v,) — B = Op (n71/2), s0
1 (Su(30) — S (7)) = 1% (8(00,70) — Su(B.4)) ~ —minb (h) = — min D (v) = max {~M (v)} .
Now, by Proposition ii),

—ip_vt+ @B (—v?), ifv<0,
—Lp vt + ST Ba(v?), ifv>0,

_1 4/3 — i
w_v*° + Jw_Bi(—v), ifv <0,
= max f 4/3 1(=v) . = 776/55 (¢, 9;4/3),
—spu VP ST Ba(v), if v >0,

mglx{—M (v)} 4 max {

14

4/3

T

where n? = The required result follows by Slutsky’s theorem. m

11



Proof of Theorem We apply Theorem 2.7 of KP to find the asymptotic distribution of (pn F—70) » En (B - 50)) .
First, 0= arg ming S, (6) implies

(P (7= 0) s 5n (B = Bo) ) = argmin \/npf, (Su (0 +v/pys By + /) = Sy (60)) = axgmin {1, (k) + o, (1)}

from Lemma where

1

1
M, (h) = *u/lMo’ul + 5

5 uyMoug + A 0] 1(v < 0) + A v*1(v > 0) + Z,, (v),

and Z,, (v) is defined in Lemma 11}

(i) My, (h) ~ M (h) := guj Mouy + ubMouz + A_ [v|" 1(v < 0) + A v*1(v > 0)+Z (v) = My (u) + M, (v) €
Cnin (R?#%3). The weak convergence is shown in Lemma We now check M (h) € Cpin (R?4F3).
The proof is similar to that in the proof of Theorem |4} only notice that

M (v) = [A [v]” 4+ /@—Bi(—0v*)] 1(v < 0) + [Ayv® + /@1 B2(v®)] 1(v > 0),
lim My (v) = lim Ms (v) = Iylim {)\, |V|a/3 + \/wiBl(—y)} (v <0)+ [)\+y0‘/3 + \/ﬁBg(y)] 1(v > 0) — oo,
as /3 > 1.
(i) (pn F =), 6n (B — 5())) = Op(1). This is proved in Lemma@

Now, (pn F=70),kn (B - 60)> <, arg min, M (h) = (arg min, My (v), 0); in other words, &y, (/ﬁ\ - BO)
is degenerate and the convergence rate of 3 is faster. We first show that argmin, My (v) can be simplified
to the form as stated in the theorem. First,

—1o\_ | + @m_Bi(—v® if v <0
arg min, My (v) = arg max, {—M, (v)}iargmaxv 2 I™+ v 1(3 v%); 1 =" =3,
—52X 0% + /T Ba(v?), if v>0,
where

—L_ |+ B Bi(—v), ifv<0,

7V = arg max
ey {—;2A+ua/3+mBz(V), if v > 0.

From Proposition i), D=wF i (p,¢;7) with 7 = /3, w =w@_/ (2A_)%, ¢ = Ay /A_, and ¢ = wl /wy .
We next show the asymptotic distribution of B As in the proof of Theorem

B Bo = argminyen;, {Sn (7, Bo + 1) — Sn (70, Bo) }
= arg mingen, {[S (¥, Bo +u) — S (79, Bo)] + [Sn (A, Bo +u) — S (7, B8y +u) —n~Y2G, (s (- |’70760))]}
— argminuex, { 40/Sasut [$S50 (5 =70+ A F = 0l" L (5= 20| 1G < 70)

+ (308} 2 3 =90 + A G =70)" Ly 3= 70)] 13 > %)

0 2Gy (s (-7, By + ) =17 26 (s (- 170, B0)) + O (55,°001) +0 ("L (p1)) + 0 (K 02 %) }
xe1l (¢ < 7o) +o, (n71/2)

= argmingey, %u'Sggu + %U/S[Mz " - 70)2 —n V2y/'G, xes1 (g > o)
2 0

12



- M(;l _%Sﬁﬂz (O ) +n 1/2(G (xe11 (g <)) To (n_l/z)
= — 1 _ p ’
My | 388,42 (3 —70)" + 107 12Gy, (xe21 (g > 7))

where N, is a x,, L-neighborhood of 0, O (m_QpT_Ll) =o0 (n_l/Q), o (p,_LO‘L (p;l)) =0 (n‘l/z), and o (/@ 1p;2) =
o (n=1/2).
In summary, the convergence rate ofB — By is min (pfl, n1/2). When 3 < a < 3.5,

nl/2 (B—BO) = diag{Mo_lvM(;l}Gn ( xe1l (g <) ) +o, (1) d, ( Zg, ) ’

xeal (g > 7v0)

and when 3.5 < a < 4,

~ Mi=S Mi=S
2 . __= Bev? 2~ 2 i)_, Bev? 2
0% (B~ 50) (MO o >pm 70)” + 0y (1) (MO Yo, )Zw(oz) ,

and when o = 3.5, the weak limit of n'/? (B - ﬂ()) is the sum of both limits. m
Proof of Corollary Note that

Vi ($a(r0) = Su ) = Vg (Su(v0:B0) = Su(@.B)) = Vs (Su(30:B (10)) = S (70, 80))
=~/ (B (o) = Bo) Leiag { XL, Xey, XL Xor, } (B (70) = o)
- \/ npno ( 1/2) ( )OP (n71/2) = OP (1) ’
where B(’yo) — By =0, (n~1/%), and p,, < n'/3 so \/np3 < n. As a result,
V07, (Sa(0) = Su () = v/ (Sn(30: Bo) = $a (3, B)) ~ = min M (h) = = min M (v) = max {~Ms (v)}

Now, by Proposition i),

= fo]” “Bi(—v?), ifv<
max{_M(U)}imax{ A" + /@—Bi(—v’), ifv <0,

v 7)\_5_1)& =+ 1/’@+BQ(U3), lf v > 0,
—loa_ w|*? 4+ JmoBi(~v), ifv<0, >
= max ?QA U/g 1=y . =071 (P, 7),
v =52\ VY0 4 S Ba(v), if v >0,

where 7% = ;—E and 7 = 5. The required result follows by Slutsky’s theorem. m
Proof of Theorem EI. First, 6 = argming S, (0) implies

By, = (Pn =70, En (B — BO)) = arg m}jnMn (h) = arg mir;nPn (s ( ‘70 + ﬁvﬂo + %) —s( |’Vo»50)) :

(v,u
From Lemma [T}
1, 1 == a o
M, (h) = §U1M0U1 + §u2M0u2 + 22 v[" (v <0) + Apv%L(v > 0) = Wy, (u) + op (1),

where W, (u) is defined in Lemma [8] Now, we apply the argmax continuous mapping theorem (Theorem
3.2.2 of VW) to derive the asymptotic distribution of (pn F=70) s kn (ﬂ - 60)).

13



(i) Wy, (u) ~ «'W, where W is defined in (9). This is proved in Lemma So

1 1 ,—
M, (h) ~ EullMoul + iu/QMOUQ +A- 0] 1(v <0) + Apv*L(v > 0) —u'W =: M (h) .

(i) (pn =70, En (B - ﬂo)) = 0,(1). This is proved in Lemma@

(iii) That arg rnhin M (h) = O,(1) is obvious.

(iv) That arg m}}n M (h) is unique is obvious.

Now, <pn F=70), kn (ﬂ 50)> — argminy M (h) = (O, M0_1W17M81W2); in other words, p,, (7 — 7o)
is degenerate and the convergence rate of 7 is faster. Lemma [7| shows that n'/2? (§ —v,) = O, (1) when
2 <a<25and o, (¥—7y) = Op(1) when 2.5 < o < 3. We then apply Theorem 2.7 of KP to find the
asymptotic distribution of min( 172, gn) (¥ —¢). First, when 2.5 < «a < 3, the proof is the exactly the
same as that of Theorem [8] just noting that /3 > 5/6, so B(v |v|a/3 < /2Jv]loglog [v]/ |v\5/6 — 0 as
|v| — o0. Second, when 2 < a < 2.5, from Lemmal7]

Vit (7= ) = argmin, L"”“){[(B—ﬂo)’s () 4 A Istal” L (15t]) | 10 <0

/2
# (5= 80) 85 () 4 As ()" Lo () | 100> 0040, (1}

)

where 27272 S5 () — s |v]*~" and Liz)\i | 2= |" Ls (| == ) — A+ [v|* by Assumption (x)(ab),
(i) (i)

1/2
so by Theorem 2.7 of KP,

Vi (3 = ) ~ arg min, { [Z;ﬂﬁ_ o] A W“} 1(v < 0)+ [Z;;lﬁ_,'_va_l + AMQ} 1(v > 0)}
el g iy Zy < 0,0, Zp < 0 and 5L S [T

T
T“f, Zp, if 4_Zg < 0 and ¢/ Zg > 0,
=~ Zs, i Zs < 0,0, Zs < 0 and el 2T
a1 A
—e 5t 2, it Z5 >0 and ¢+ZB <0,
0, if ¢ Zz >0 and ¢ Zs > 0,

(a—1)°~* (=Zpey)"

a® )\a—l

(a=1)*~ (=25 )"

a® )\a—l

is achieved on v < 0 and v > 0, respectively. When o = 2.5, from Lemma [7]

andonv > 01is — when the minimizer

where the minimum on v < 0is —

V(3 =) = argmin {M,, (v) + 0p(1)},
where M, (v) is defined there. By Lemma

M,, (v) ~ M (v) := [%M /2 + A o]>? = 2 BT () + Z) E7 (v) + 25 (v)} 1(v < 0)
+ [ngvf‘/z +A102 — Zp = (v) + Z5 Zf (v) + B (v)] 1(v > 0),

where ZF (v) and Z5 (v) are defined in Lemma The asymptotic distribution of y/n (¥ — 7,) is then
achieved by Theorem 2.7 of KP. m
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Proof of Corollary By the CMT,
1 (Sn (70) = Sn (7))
= n |:(Sn (7075(70)) — Sh (70,50)) - (Sn (/’?7 5) —Sp (’Yoﬁo))}
1 1
%, min {2u’555u - u’W} — min {21/5[3/314 —u' W+ 2 |v|* 1(v < 0) + A 0*1(v > 0)}
= 0,

so we need a larger normalization rate than n. Note that

Sn (’YOaB(Vo)) — S (:)7’ B) = [Sn (’YOaB(Vo)) — S (’YO?BO):| - [Sn (%B) —Sn (’Yo:ﬁo)} )

and we need to analyze these two terms separately. From the proof of Theorem

B—B(’Yo) = (B—ﬁo) - (B (7o) —5())
= —SEESE (=7)1( <) — 5§§5§ (7 =70) 13 > 79) + Op (n77)
= 0(G-2)""LE= ) =0y (n12) but - 0, (),

where note that u'S’g[ (7 — 7o) rather than fu'Sg.2 (7 — ~0)” is the dominating term now, and the O, (n71)
term in the second equality is from a careful analysis of the remainder term that is shown as o, (n_l/ 2) in

the proof of Theorem [§] so
~ 2
5.

Sn (’YO:B(%))_Sn (’YO:B) = —% (E —B(%)>/diag (:LX/SWOXS% 1X’>70X>70> (B - B (’Yo)) =0y (

Because
S (70:B) = S (v0,50) = — (B — o) diag (EXL, Xerp 2XL, Xon,) (B (0) — o)
+ % (B - BO)/diag (,%X/gfpoS'yov %X>70X>Wg) (B - BO)
~3(B-80) 85 (B~ 50) + (B~ o) 5ss (BB () +0p (n7?),
we have

Sn (Yo B(’Yo)) n (Y0, Bo)
=S, (’YOaB> n (70, Bo) + Op <H -By )H2>
= (B »30) Spp (5 50) (B Bo )/ 88 (B _B(’YO)) +0, (n%?%) + 0, (”B ~B (70)H2> .

Next, in S, (ﬁ, B) — Sn (79, Bo) of Lemma the term

3 (B 50)25513 (ﬁ /30) +C (5 Bo)
=3 (B —Fo) Sss (ﬂ BO) (ﬂ 60) diag (%X'S%XSW %X;%Xw) (B (70) — BO) +0, (n=3/2)
=-3 (B ﬂo) Ssp (5 ﬁo) (B - 50)/ Sag (B -B (70)) + 0, (n=3/2).

15



~ / ~
When 2.5 < o < 3, collecting the main terms (noting that —1 (ﬁ — 5[,) Sgp ([3 - 60> is offsetted) in
Lemma [7 we have

Vno [Sn (%ﬁ(%)) (7 B)} — maX{ A=l 4+ 5 (D), %fv =0 NT=E (0, 5 7)

—Ap0* 4+ 25 (v), ifv >0,

where note that /ng3n=1/2 HB -8 (70)H =0p (1). When 2 < a0 < 2.5,

e {150 (0B ) = 80 000)] = |4 (B 50) 50 (- 8) + € (- ) |}
=2 {0 ([-e0]) w0, v} o,

n

~ o~

where o, (1) is due to n®/2/L (#) n=1/2 HB -3 (70)H =0,(1)and O, (n71) < HB -p (’yO)H < 0, (n71/2).

As a result,
(n [ (’YOaB(’YO)) — Sn (:Y\v B)}

[Z 12T A |2 } 1(Z, <0)+ [Z/’anng‘l +)\+Z§’] 1(Z, > o)}
L2 )" (7, € Ry 4+ Lot CZ0 )T (70 ¢ Ry,

a—1 o @
AT 2§

_ (o

-1
(0%
When a = 2.5, all terms remain and we have

w54 S (10,8 (10)) = 5a (5.8) ]| - -M.(2,),

where M (+) is defined in the proof of Theorem[] m
Proof of Theorem We concentrate on 7, i.e., we consider S, (7). Note that

L
Su(1) =5V (1= P)Y,

where P, is the projection matrix on X» = [X<,, X5,]. Now, argmin, S, (y) = argmax, Sy (7), where
S (v) = LY'P,Y. We can show by a GC theorem that

sor = () (Bxws) ™ ()
2 (B ] B [yl]) S ()" ( B <o) )

= E[yx,|E [xx<)] ' Bx<yy] + B [yx_, | E [x%Xor] " B x5 ]

= ﬂllvE [XXS"/] 51"/ +6,2’YE [XX>"/] 527 = 5" (’Y)
uniformly in v € I', where Sgg (v) =diag{E [xx<,],E [xx>,]}. From Assumption (viii), arg max, S* (y) =
I',. Because S* () is continuous, I', is a compact set. We denote the value of S*(y) on I', as S5. Re-

peating the proof of Theorem 2.1 of Newey and McFadden (1994) and treating T', as a point, we can show
P((H €T¢) — 1 for any € > 0, where I'¢ is the e-enlargement of T',,.
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To get the asymptotic distribution of 5 on T',, we subtract Sg from S’ (7). Note that for v € T',,

Vil () = Sg) = Vi | Y 'BY = (Bl ] B mmwmwfﬁﬁﬂﬂ

—Hﬂwﬁ—WW&ﬂﬂy&vﬂ XX T (EXzY)

o 3 - ()

—@W@EW%MXW*llxﬂ*%m»%mﬁ&ﬂw

- 28,8 - 856,

where the second equality is from the fact that for two invertible matrices A and B, A~! — B~1 =
Bxy XX 0
— A=Y (A — B) B71, the weak convergence is by a Donsker’s theorem, BXY = Do) B = Ly ,
B Y Y 0 Bxx
1y 2y

!/
v €T,,and (IB%’I‘;//, ]B%’;}Y", vec (Bﬁ‘)l , VeC (IB%’Q‘;‘)/) isa2(d+ 1) (d + 2)-dimensional zero-mean Gaussian process
with the covariance kernel specified in the theorem. The asymptotic distribution of 7 is then achieved by

Theorem 3.2.2 of VW. The asymptotic distribution of B is completely determined by that of 4 because the

perfect dependency of 3., on 7.
If B9 = Bag =: Byy on I'y,, then because Bh —

n(Sn (780 + %) = Su (0:80)) = (Sn (7.8 +
T (wi|/810 + %7510) g <)+ ;::IT (wi\ﬁzo + %vﬁ%) Hai > )

By is v/n-consistent, we have for any v, € Ty,

L) = S (3 80)) + 7 (Su (7. 80) = Su (70, 50))

I

i=1

+ 2 Zul(Y Ao < g <o) + 22 Z2il (70 <@ <7V 0)
=1 =1
n , n ’
= (w-F o) Kol <) - X (e - $3%) x> )
= %u’lj/\i,ul —u} Gy, (xel(q < 7)) + subMyug — ubGy, (xel(q > 7)),

E [x;x}1(q; <7)] By =0
<

where e; = y; —X}B49 = m(x4, @) =X B i, Blxieil(qi <)) = B [xiyil(g: < )] -
for v € Ty, and similarly E [x;e;1(g; > )] = 0 for v € Ty, Z¢; = 0 because 6y = 0, M, =n~* Y7 x;x/1(g;

), and M, =n"t3"" | x;x.1(¢q; > 7). Concentrating out u, we have

n (Sn (7760 + %) - Sn (73 60))
— —~—1
= —1G, (x'el(q < 7)) MG, (Xel(q <7)) = 3G, (Xel(g> 7)) M, G, (xel(g > 7))

1 mpxes —1lmxe xel xe
w — 1B MBS — BRI B,

— —1
MGy, (xel(g <)) and @ (v) = M, Gy, (xel(q > 7)), BYS

~ ~ ~ N
where U () = (u1 (7)/ , U2 (7)/) with iy () =
50 = BYS, - BYS

is a zero-mean Gaussian process with the covariance kernel equal to E [xx’<71 A 62} ,and B

Note that Assumption ITI(v-vi) implies E [xx’gw1 Ay 62:| > 0. Applying Theorem 3.2.2 of VW, we have

7 L arg max {Bxe’M 'BY + B3 M, IB%XE} =: arg max E(y) = Z,.
e Ve
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Given the asymptotic distribution of 4, we can apply a GC theorem and Donsker’s theorem to show
- ~ o d . - PO
Vi (By = Buo) = ()~ M5B and Vi (By — i) =2 (3) -5 M7 B
¥ il

where Zw should be replaced by Z, when 3,5 # 89y. ®
Proof of Corollary [0 Note that

LRy (v9) = vn(S; () =S5 (7)) = vnl(S; (7) = S5) = (S5 (v0) = 55)]

= n |:Hé%‘x (Sr () —S5) — (S (7o) — SS)] with probability approaching 1
Ve,

Yo Yo

d X XX X XX
5 max {28, BY — 8/ B3, ) - ( BY -4 B 70),
where the third equality is because P (7 € I'S) — 1 for any € > 0. Note also that when v ¢ T,

LRn(W)Z\f{mf;X(S (v) = 56) = (5, (7) = S*(W))—(S*(v)—sé)}ﬁoo

=

by S* (y) — S5 < 0.
If B9 = Bag =: Byy on I'y, the normalization rate of LR, should be n. Specifically, by the CMT,

2n (S" (’YO,B(’YO)) —5n (FAY’ B))

= =20 [ (84 (3.8) = 80 (90:80)) = (Su (70:B (1)) = Su (30, 80) )|

d =
— max E(y) —=(7)-

LRy, ()

Similarly, when ~ ¢ T',, LR,, () — oo because S, (%B(V)) — Sn (79, By) will converge to a positive value

as assumed in Assumption (viii). m

Appendix B: Consistency and Convergence Rate

We collect the proofs for consistency and convergence rates in this appendix and intend to give a uniform
treatment for all cases. We apply Theorem 2.1 of Newey and McFadden (1994) to prove the consistency; we
apply Corollary 3.2.6 of VW to show the convergence rate except the shrinking thresholds case in Section
where we apply the proof idea of Theorem 3.2.5 in VW. We will detail the proof for I(1) and then adjust
it for other cases.

Lemma 1 Under Assumption I(a), 1 < a <2 orIl{a), 2 < a <4, 00, = op (1).

Proof. We first show the consistency of 7. It is not hard to show sup,cr [Sn (7) =S (7)] L, 0bya
GC theorem, where S (7) = 3E {(y —x'B1,1(q < v) —x'By,1(q > 7))2}. By assumption (vii), 3, is con-
tinuous in -y, and S () is continuous in y. By by assumption (viii), arg min,er S () is unique. So from
Theorem 2.1 of Newey and McFadden (1994), ¥ AN ~o- Given the consistency of 7, B 2, B¢ because

SUpP.,er ’E (v) = 5v‘ 2,0 and B, is continuous at v,. m

Lemma 2 Under Assumption I(1), n (7 — 7o) = Op(1) and n'/? (B - ﬁo) = 0p(1).
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Proof. First, S (0) — S () > Cd? (0,00) with d (0,600) = ||8 — Boll + /|7 — Yo| for 6 in a neighborhood of
0o. Extending the analyses in Section [3] we can show ¥ (8,v) in S (0) — S (6p) are dominated, so

S(0) = S (6o) ©(B1) + @ (B) + At (1) 1(v > 70) + A= (1) 1(v < 7o)

C (18, = Brol + 182 = BaolI* + 17 = %0l

Q

v

Second, E | sup |G, (s(w|f) —s(wl|fy))|| < Cn for any sufficiently small 7. It is not hard to see that
d(0,00)<n

{s (w|0) — s (wl|hy) : d(6,00) < n} is a VC-subgraph class of functions, so from Theorem 2.14.1 of VW,

E| sup |G (s(wl0) - s (wlo))] | < CVPE?,

d(6,00)<n

where F' is the envelope of {s (w]0) — s (w|fy) : d(0,00) < n}. We can set F' as

F = (Ima(2,0) = X Bool IIxllm + 302 IxI1* + n1xeal]) 1 (a < 7 +7°)
+ (Ima(@,a) = xBaol %l + 392 [IXI1* + n Ixezll) 1 (a > 7 = n°)
+ (Ima (2, @) = xByol Il (I9oll + 1) + (18oll +m)? 11> + (1doll +m) Ixea ) 1 (v0 = n* < 4 < 70)
+ (Ima(e, @) = % Baol I (I80ll + 1) + (180l +m)? x> + (18oll + ) Ixe2 ) 1 (0 < a < 30 + )
=: F1 (x,e1|n) + F2 (x,e2|n) + F5 (x,e1|n) + Fi (x,e2n) .

where 12 rather than n appear in the index functions for g since the metric for v is /|y — 7,|- By Assumptions
(iv), VPF? = VC (2 +n2) < Cn for n < 1, ie., the four terms of F are balanced. So ¢(n) = 7 in
Corollary 3.2.6 of VW and 17/779 is decreasing for all 1 < ¢ < 2. Since r2¢ (%) = /n for 7, = \/n,

Vnd (5 - 00) = Op (1). By the definition of d, the result follows. m

Lemma 3 Under Assumption I(1), ¥ — v, = o0, (1) and B—B, = op (||6n]])-

Proof. First, as in Lemma A.5 of Hansen (2000),

1617 [ (7) = S (60)]

1
5l 2 Y’I P)Y — —¢
165l ( ) o €€

1 1, A | 148, 1 On

= —— —ePe+-—"———X,(I-P)e+-—"——X,(I-P)X
2|0, n 18]l 72 (16 21[6,]I n " “lonll

where P, is the projection matrix on X = [X, X<,] with X being the matrix stacking x;, Xo = X<, and
e is the vector stacking e; = e1;1(¢; < 7v¢) + €2:1(¢; > 7). Although

n2X'e=n""XL e +n'PXL ey =0,(1),
when v < 7,
n n
n'XLe = n! Zxﬁul(qz‘ <7y)+nt in (ma (i, @) — x;B10) Lai <)

= O (n_l/z) + B x (m (z,q) —%x'B19) 1(g < )]
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and when v > v

n n
n'Xle = nt inelil(%’ <) 0t in (e2i +m2 (%4, ¢;) — X(B20) 1(vo < @ <)
i=1 i=1

= O (n_1/2> + E [x (m2 (z,q) —x'By) Lo < g < 7))

where e is the vector stacking ep;. As a result, uniformly in ~,

1 1 1/ 1 1 1 -1 L_n=1/2X'e
-—————-ePe = —= (Mnl/ze’X, e’X<7> (X;'x;) ar/?
2[5, 7 2 \aY/ nfo.° =) \n o Xee
—1
M M 0
—3(0,51 (7)) ( v M” ) < ) .
P, v v s1(7) if v <0,

—1 .
M M 0 if v > 7,
—1(0, A2 (7)) g :
Mv Mv Agy (’7)

where Acs (7) = 62 (7)) — 52 (7) =lim,_ B [x (%ﬂ)) I(yg<gqg< 'y)} and ¢y () is defined in As-
sumption (viii). Since

-1 —1 —1
T I — ,
M, M, =M, M; +M,
we have .
M M 0 — 1
0, ! ’ = "M+ M
( qw))(Mw My) (gm)> < () [ M7 I e ()
Similarly, uniformly in ~,
-1
(M M ) M M, 0
0 ’ .
L i pre.? S\ M, M, s1(7) if v < 7o,
S 0 ( - ’Y) e — —1 .
n |0, (Mo, Mo po) M M, 0 if v > 7,
e M, M, Ay (v) )7

—1

[Mw/\"/OM;l + (Mfy/\'yo - Mo) MW ] s1 (), if v < 7,
771 .
{MVMOMW_I + (Myry, = Mo) M, } Asy (), iy =0,

7_1 .
[I+(J\4w—Mo)J\47 }q (v), ify <,
MOMV_lAQ 7, if v > vy.

Finally, + X (I — P,) X; has the probability limit as in Lemma A.5 of Hansen (2000), i.e., Mo — Mo M * M.

If assume ”g—"u — ¢, then

18] [Sw (7) = Sn (B0)] == S (7) =: 3¢ (Mo — MoM*Mo) ¢
— 1 — 1
N {C’ [I+(M~/_M0)M7 } —ia () [M;l + M, ]}q(v% if v < 70,
{eMoMTt = 38c () [ M7+ |} Az (), ity > 7.
Although the minimizer of %c’ (Mo — MOMv_lMO) ¢ i8 7y, it is not obvious that the minimizer of S () is v,;
that is why it is assumed in Assumption (viii). Note that since Ags (7,) =0, S (vy) = 0.
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The above analysis shows sup.,cr [y (7) — S (7)] 20, so Assumption I(1)’(viii) implies 7 — v, = 0,(1).
Now we show 3 — Bo = 0p (||0x]]). Note that

1 By - 1 o1 o .
||6n< §5fo> = g ()X (Y - 5 (90.01)')

1 (1) 1 *
16 (”Xﬁ/Xa) n ( (520»5/)l+e—X& (5’20,5;)1)

l */X* ! l */(X _X A) 677, 1 X*/
el B P B L I T BVl

Now, by the stochastic equicontinuity of v — G, (xel(g < 7)), we have that G,, (xel(q < 7)) = G, (xel(q < 7vy))+

0p(1), so

L X e =Exel(g <A)] + Gy (xel(q < 7)) + 0p(1) =

NG

\/7X<’Y e+ OP( )

which implies

X'e L X e+ -LX!

1 * 1 _ n < > _ 1 * _

Ve f(xw)‘( Ty efo,,m" = JXie+on(1) = 0,(D)
e n- X%

where E [xel(g < 7)] = 0,(1) because 4 — 79 = 0p(1) and E[xel(qg < vy)] =0, and \FX; e = O,(1) by the

CLT. Since v/n ||0,|| — oo, f|\5 i \}XA op(1). By the continuity of M., and the consistency of 7,

1 * p MO MO

1 ' M M,
—Xoxz 2 .
n 7 <M0 M())
_1 P

The determinant of the limit matrix is [ Mo| | M| > 0 by Assumption MA(v), so by the CMT, (%X%k/X;:) —

and

—1 N
M- Mo By~ 5
< My My > > 0. In summary, \|517LH < 52\_550 ) =0, (1) 0p(1) =0p(1). m

Lemma 4 Under Assumption I(1), a, (3 —v,) = Op(1) and n'/? (@ - ﬂo) = 0,(1).

Proof. Since d,, depends on n, Corollary 3.2.6 of VW cannot be used. Nevertheless, we can apply the proof
idea of Theorem 3.2.5 in VW to prove this result. Define d, (6,60) = |8 — Boll + 19x] V|7 — Vol| for € in a
neighborhood of g, and

Qu (6) = 52 (S0 (6) = S (60)[7]
= a1" Z? 1 T (w3l By Bro) L(as < 7o) + f > i1 T (wil By, Bag) 1(gi > 7o)
+ E >oiey (Z1 (Wil Ba, Bro) — T (wil By, B10)) 1(v Ao < G < 7o)
+ aTL > i1 (Z2 (wil B1s Bao) — T (wilBas Bao)) Lvo < ¢ < vV o)
=T 0)+T2(0)+T5(0)+T4(0).

17 Note that Qn (0) # [16n]l "2 [Sn (7) — Sn (60)].
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For each n, the parameter space (minus f) can be partitioned into the "shells" S; ,, = {6 : 277! < \/nd,, (6, 6,) < 27}

with j ranging over the integers. Given an integer J,

P(d, (0,00) >27) < > ( inf Qn(0) < )
( ( ) ) J2JNB=Boll<MIIsn ]l I —7oll<n  \0ESimn (32)
+P (218 = Boll = M |6nll s 2|7 = v0ll = 7)),

where M and 7 are small positive numbers. The second term on the right hand side of converges to

zero as n — oo for every n > 0 and M > 0 by Lemma [3] so we can concentrate on the first term.

0€S; 0€S;.n Sjn

P( in wmo) gP( sup [Qu(0) ~ BQu(6)]| = , inf |E[Qn<9>n>

<E l sup IQn(9)—E[Qn(9)]|1/9égf B [Qn (0)]]

J,m

/ ot [E[Qn O],

where the last equality is from Markov’s inequality.

0€5;

4
Z [sup [T (0) — E[T% (0)]|

From the analysis in Lemma [2] it is not hard to see that

mf E[Q.(0)]] = mf ‘Z ’
:aelgf7lc‘ 16— 50” +an {”510 Boll* + 118all 1810 = Ball + 1Ba0 = Ball* + 18l 1820 — 61”} Iy — ’YoH’

= 1 f C‘i o G 671 o ‘: f Cidn 079 0227 2 :Cﬁ7
oiuf Cla 18 = Boll* + 2= 1611 [l = ol eéf%j,n 2d,, (0,00)* > CE- ™

where the third equality is because 19 — B9 = In and [|B, — Byl < M ||0,]] so that ||B; — Byl = O (||0]])
and [|By9 — B4/ = O ([|6,]]). From Lemma[2] for k = 1,2,

2 P 18— Byl
E | sup |Ti( et —
2_21 Ges?n\ K (0) — BT ( )]] < NATAE

As to T3 (0), applying a maximal inequality (e.g., Theorem 2.14.1 of VW) we can show that

2
sup /110 = Ball"vIy =0l sup flonll iy =0l

0eS; n
E <Cc—

sup |13 (0) — B[T5 (0)]]

0€S;.n B v V|16 ®
bup H%H\/H Yol
Similarly, E | sup |T3(0) — E[T5 (0)]]| < C> fl\é P . So
GESj,n

sup d, (0,0 ) )
aesf?n ( 0)<C’ 27 /\/n _Cg

Valsa? T VAl an

GGSJ‘,n

sup [Ty (0) — E [T} (0)]] <C
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In summary,

20 /2% 1
sup Qn (0) >0 SCZ<%/%> <CY o
Ji>J

P <
. 0es; .
J2LB=Boll<M||8n|l,[v—vol<n s i>J

which can be made arbitrarily small by letting J large enough. So /nd, (@, 90) = O,(1), which implies
an (Y = 70) = Op(1), and \/n (8 — By) = Op(1). =

Lemma 5 Under Assumption I(a), 1 < a <2, p, (7 —7y) = Op (1) and ky, (3 - 50) = 0,(1), where p,,
and Ky, are defined in Section @ especially, when o = 2, n'/3 (57 00> = 0p(1).

Proof. When 1 < a < 2, define d (0,00) = ||8 — Boll + v/A (|7 — vpl) for 0 in a neighborhood of 8. Given
that A (-) is monotone, we can check d (6, 6p) is indeed a peudo-metric[™| Since ¥, (3,7) in S () — S (6p)
are dominated,

Q

5(0) — S (6o) P (1) +P(Ba) + Ar (M) 1y >79) + A= (7) 1y < 7v0)

C (181 = Buoll* + 182 = Baoll® + A by = %)) -

v

Second, we use the same envelope function F' as in the proof of Lemmaexcept that 12 in the index functions
for ¢ are replaced by A~ (n?). Now, VPF2 = \/C (> + A= (n?)) < C\/A= (n?) for n < 1, i.e., the last
two terms of F' dominate. So ¢ (1) = /A~ (n%) € RV}, and n/n¢ is decreasing for all 1/a < o < 2. Since
r2¢ (%) = /n implies r, = K, which is the convergence rate of B By the definition of d, the convergence
rate of 7, p,,, can be obtained by solving \/m =1/r,.

When a = 2, A (|7 —7l) = |7 =70l s0 d (0,00) = ||0 — 6p]| is the Euclidean norm. Now, ¥ (3,7) in
S (6)— S (6o) are not dominated. Anyway, because Sz > 0 and S (9) — S (6y) ~ 10— 00)" Sy (0 —00) 1(vy >
Vo) + 3 (0 —00) Szy (0 — 60) L(v < ), we have S (0) — S (6p) > Cd? (6, 6,). Also, ¢ (n) = /7, which implies

rn =nt/3, ie., nt/3d (5— 00> =0p(1). =

Lemma 6 Under Assumption II(a), 2 < a <4, p, (¥ — 7o) = O, (1) and ky, (8 - 50) = O,(1), where p,,
and K, are defined in Section H especially, when o = 2, n'/? (@ - 90) = 0,(1), when a =3, n'/3 (7 —v,) =
0, (1) and n'/? (E - ﬂo) = 0,(1), and when a = 4, n'/% (7 — v4) = O, (1) and n*/° (E - 60> = 0,(1).

Proof. Define d (6,00) = ||8 — Boll + VA (|7 —7¢|) for 8 in a neighborhood of 6y, which reduces to the
Euclidean norm when a = 2, |3 — B, + |7 — Yo|*/* when o = 3 and || 8 — Bol|+ |7 — 7,|* when o = 4. When
a =2,V (B,7)in S ()—S (A) are not dominated, but because Si; > 0, we have S (8)—S (8y) > Cd? (6,0).
When 2 < a < 4, U4 (f,7) are dominated, and S (8) —S (6y) > C (||[3 — Boll> +A(ly - 70|)). When o = 4,
Uy (B,7) in S(0) — S (0y) are not dominated, but we can show
U (8,) ~ —5BXadpl (v <a <)l Br | _ Z“?ffOE[X’Iq =70l B17”
’ —3E a0l (v < a4 < 70)) B 25 E [ | = 7o) By’
%E [X/q(sqo1 (’Yo <g< ’Y)] 61 ) ~ ( (SQ?T}COE [Xl|q = 'Yo] ?172 >

1B [x'ad01 (7o < 4 < 7)) B Swfo

and ¥y (8,7) = ( i B X'|g = 7] B27?

18 As noted in the footnote on page 289 of VW, d(-,-) need not be a peudo-metric, but because we need the reverse function
of A () below, we assume A (-) to be monotone.
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under Assumptions (vii) and (x)(b). As a result, by Taylor expansion,

S (6) — S (60) = 3B1S5,5, B + 355,580 + | LB [X'lg = 7o) Bin® + 24E [xlg = 0] Br® + A= I 1y < 70)
+ | 280F [x'|q = 7o) 172 + 2BLE X |g = 7o) B2y + >\+'Y4} 1(v > 7o)
= 1 (B0 Bon?) S- (Br Basy ) 10y < 70) + & (Bu, Ban?) Sy (5;,5/2,72>/ 1(y > )
> O (118, = Buoll* + 118> = Booll” + 11 = 70l*)

—

where the last equality is from Assumption (x)(d).
To bound the modulus of continuity of the empirical process, we use a different envelope function in
CTR. Specifically,

(|m1 £.0) B Il -+ 302 [l + 1 1) 1 (0 < 5 + A~ (1)
+ (Ima(a.a) — 3ol [l m + o [ + m [x2all) 1 a > 0 — A= (52))
+ F3(x,e1|n) + Fyi (x,e2|n),

where F3 (x,£1|n) is based on

sup |21 (w|Ba, B1o)| 1 (v < g < vp)
d(0,00)<n

— y ) XIEQ _ 7 _ 5 !

= d(;;}?@ ‘ (ml(%Q) x'By— = ) x' (50 62) + (50 62) Xgl‘ Ly < g <)

< s |(ma(z,q) —x'By) x1 (v < ¢ < 7)) HBQH + | (ma(z,q) —xBy) al (v < ¢ < 7o) 1640l
,00)<n
||/§z\\|5ao\

ol + 11 20 ) 1.3 < 0. 00+ (Sunlal el + B[ Ixeal) 16 < 0 < 70
< | (m (%Q)*X’ﬂoﬂ Il 1 (o — A (1) < 0 < 7)
+CA“( 2)[(ma (@, @) = x'Bo) [ 1 (vo = A~ (1) < q <)
+C (A (1) Il + 2 IXI7) 1 (0 = A~ (1) < 4 < 70)
+C (A (n?) lerl +nlxerl]) 1 (vo — A~ (0%) < g <0),

and similarly for Fy (x,e2|n). Now,

PF? = O (n*+n*A~ (772) A () 4+ (PAT ()" A (02) + (A ()" 40P ()
When a =2, A~ (772) =n% s0 PF? =0 (7]2). When a = 3, A~ (n2) =n?/3, PF2 =0 (772). When a = 4,
AT (172) =2 so PF? =0 (773/2). For the in-between case, when 2 < a < 3, PF? = O (772) and when
3<a<4, PF2=0 (AH (772)3). It follows that ¢ () =n when 2 < a < 3 and ¢ () = A~ (112)** when

3 < a < 4, so we can always find a o < 2 such that n/n? is decreasing. Solving 72 ¢ (%) = /n, we have

Ty = K, which is the convergence rate of B By the definition of d, the convergence rate of 7 is p,,. Especially,

when a = 2,3,4, 1, = n'/2,n'/2,n?/% which implies p, =A1 (1/7",21) =n'/2, n1/3 nl/5 respectively. m

Lemma 7 Under Assumption II(a), n'/? (7 —~y) = O, (1) when 2 < o < 2.5 and 0, (¥ —79) = O, (1)
when 2.5 < a < 3, where g, is defined in Theorem @
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Proof. Similar as in the proof of Theorems [4 and [§] because the randomness in the 3 direction dominates,
we cannot search over 8 and + jointly; rather, we fix 5 and concentrate on the randomness in the ~ direction.

Specifically,

7 — Yo = argmin,ep, {S (’YOJFU 5) Sn (705 Bo) }
= arg min {[S (’Yo"‘” 5) — S (70, Bo) ] + [ —12G, ( ( ‘%ﬁ%@)) —n"12Gy, (s (- |70=50))”
= arg mm { (ﬂ 50) Sag (ﬁ Bo) + % (5 50) Spz.y (5 - 50) v+ % (B - 50)/ Sp2v?
[(5 /30) S5 )+ 2 l” - ()| 100 <00+ | (B 80)' 85 0) 4 oL (0] 160> 0
#1726 (s (- |o +0,8) = 5 (110, B0)) + 0 (0l L (j0])) + 0 (01 [o]) + 0, (n7/202) |
— arg min { {(5 50) = () + A [v]* L_ (|v|)] 1(v < 0) + {(B - 50)’ SH(v) + ALy (v)

,1/20p (v 3/2) +0, (n ( —1/2 HB _ ﬁo” |v\1/2)

+[0p (0732 ol ?) 4 0y (n™103/2) + 0 (/200D 0 (o] L (u])] }

1(v > 0)

where N, is a p;, !-neighborhood of 0, Sﬁi (v) € RV,_1, and

n~12G, ( ( )70“"0 5) —s( Wmﬁo))
=C (B=B0) +n 2G| (= x'Bo - 2522 (¢80 - ' (B, — a0 ) ) 1w < g < 0)]
112Gy, (= (y—xBy — o —x/BPu) 5 (B, - By) 1w < ¢ < 0))
—n 112G, ( (y—xBy — x 25 ) (a8y0 +x (B = B1y) ) 10 < 4 < )
—n 2, (= (g =%y + X - B ) 5 (B, — B ) 100 < g < )
=C (B - 50) +n 126G, [(y — X'By) qdq01(v < ¢ <0) = (y —x'By) 46401(0 < ¢ < v)]
—n~1/2 EB2 - 5203/@’71 [( - Xlﬂo) xl(v<g< 0)]
+n 2 (By = B1o) Gu [(y — xBy) x1(v < ¢ < 0)]
—n1/2 (Bl - ﬂw)lGn [(y —x'By) x1(0 < g < v)]
+ 2 (B, — ) G [y~ xBy) x1(0 < g < 0)] + Oy (42 [0[2) + O, (n=" [uf?)
=C (E — ﬂo) —I—n_l/QOp (113/2) +0, (n_l/Q H/B - 50H \v|1/2> +0, (n_3/2 \v|1/2> +0, (n_lv?’/Q)

with

C (B - ﬂo) =n"1/? (31 - 510)/@% (— (y —x'B1g — X/ﬁl Bw) x1(g < ’Yo))
+ n=1/2 (52 520)/ n <— (ZJ - Xlﬁ /'82 520) xl(q > ’70))

=n~1/2 (B1 510) n(—xe1l(qg <)) +n —1/2 (52 520>/Gn (—xe21(q > v9)) + Op (n*3/2)
- (B - ﬁo),diag (%X/S%XS"W 1XI>“/0X>V0) (5 (7o) — 50) + 0y (n‘3/2) :

Now, we balance the "deterministic" part max{HB *ﬂOH 1S5 (v)]|, |v|aL(\v|)} and the "random" part
max {n’l/ZOp (v3/%),0, <n*1/2 ’B - BO‘ |v|1/2) } We consider three areas of N,. (i) [v| < n~/2. But we
then need to balance |v|* L (|v]) and O, (n’l/Q HB - BOH |v|1/2) to have |v| = n~/2, impossible! (ii) |v| >~
n~1/2. Then we need to balance [v|* L (|v]) and n=/20,, (v*/?) to have v ~ g,,, where g,, = n~'/2 only if & >
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1/2

2.5. (iii) |[v] ~ n~/2. If @ > 2.5, the random part dominates, and the minimizer is O (p,;') = n~'/2, impossi-

N ’
ble! If & < 2.5, the deterministic part dominates, and we minimize [(6 - BO) S5 (0) + A v L (Jv])| 1(v <

0) + [(ﬁ 60) T () F ALy (v )] 1(v > 0) to have v ~ n~ /2. If @ = 2.5, we need to balance all terms

to have v ~ n~'/2. The arguments here can be made rigorous using the slicing method as in the proof of
Lemma [ and the details are omitted.

In summary, when 2.5 < o < 3,

00 (7= 7o) = argming v/gd [ 2 2 (|2 ) 10 <0+ (2) 14 (2) 100> 0)

n~1%G, {(y —x'By) adqol(3- < g < 0) = (y = x'By) qd401(0 < g < ﬁ)} +op (1)

which is the same as the case where 3, is known; when 2 < a < 2.5,

Vit (3 7o) = arg min, fﬁ{[(aﬁo)’s— () + A= bl - (|ta) | 10 < 0)

1/2
+ (5 50) S () + A+ ()" L ( 1“/2)} 1(v>0)+op(1)}

)

where the randomness of 74 is driven only by B; when o = 2.5,

V(Y — ) = arg mvin {M,, (v) + 0, (1)},

where
i {[(5-m) 55 ) 0 Ll 2 (el 1020
[(5 Bo) S§ () + 0 () L (5 /)} 1(v > 0)
+n712G, [(y —x,@o)qéq01( Lz <q<0)— (y—x'By) ¢9501(0 < ¢ < )]
nY2 (By = Bag) G [(y — x'Bo) x1(: < q < 0)]
+nY/2 31_510 Gn[(y—X’ﬂo)xl( iz <q<0]
n=172 (By ~ Bro) G [(y —x'B) ¥1(0 < g < )]
+n~1/2 (Bz - 520)/Gn [(y —x'By) x1(0 < ¢ < )]}
|

Appendix C: Local Approximation

This appendix intends to show the main terms in the localized objective function. We will detail the proof

for I(1) and then adjust it for other cases.
Lemma 8 Under Assumption I(1), uniformly for h in a compact set,

nP, (s (- |ro+ 2,80+ =17 ) = 5 (- os o))

1 1 ,—
= §u'1M0u1 + §u'2M0uQ — W, (u) + Dy, (v) +op (1),
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where Wy, (u) = Wiy, (u1) + Way, (ug) with

Wiy (w1) = f ZX e1il (g <o) and Wa, (u2) \f ZX'L€21 % > 7o) 5

and
Da(w) = nPu(s(-|o+=60) =5 hos o))

n
_ v _ v
= E Z1i1(70+g<%§%)+§ Z2i1(70<%‘§70+ﬁ)~
i=1

i=1
Proof. From the decomposition of s (w|f) — s (wl|fy),
nky, ( ( ‘70 + 5B+ ﬁ) —s( |70»»30))
2 (wz|510 \/%ﬁw) Lgi <o) + /;T (w|520 + %,520) 1(g > 7o)

+ > % (wi|520 + %7510) L(vo+ 2 Ao <@ <70)
i=1

ol

=

T (wi‘ﬁm + %aﬁlO) L(vo + 57 Avo < @ <)

K2

+ Z Z (szlo \/%7520) (o <q <7+ 2 V)
7L

-, T (wz‘\ﬁzo + ﬁaﬁﬂ)) (70 <@ <7+ 2 V)

=1

=T (Ul) + T (UQ) + T3 (ul,v) — Ty (UQ,U) + Tk (UQ, 1}) —T5 (ul,v) .

Check each term in turn. The analyses for T (uz), T5 (uz2,v) and Tg (u1,v) are similar to Ty (u1), T35 (u1,v)
and T} (uz2,v), so we concentrate the latter three terms below. First,

T1<u1>=1;—(eu Tk ) Xk <)

'S
:%_ u erlz (qz<7’0)+0p( ),

where 0,(1) is from the LLN. By a similar analysis, when v < 0,

"E[xix 1(yp+ 2 <qi <
Ty (uy,v) = “SE100t 2 <arSro)ln (70 + 2 < g < 7o) + 0p(1)

= 0p(1) — v [Gy (xerl(yp + L < ¢ < ’Yo)) Y WE [Xzeu (Vo + £ < ¢ <79)]] +0p(1)
= Op(l)’

where the o0,(1) in the first equality is from a GC theorem, and the first 0,(1) in the second equality is

v v - _
B [xo1(00 + ¥ < <70)] = U () Bexila = 7],

because

for some 7 between v, + £ and y,, which is which is 0 (1) by Assumptions (iv)(b) and (vii), and o, (1) in

n

the third equality is because by the stochastic equicontinuity of v — G, (xe11(v < ¢ < v¢)),

G (xe11(79+ 2 < g <)) = Gn (xel(7y < g < 7)) + 0p(1) = 0p(1)
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and
v | _
Vmﬂ&ﬁﬂﬁh+ﬁA70<%§7&]:;ﬁf@mEkﬂﬂq=ﬂ7

which is 0 (1) by Assumptions (iv)(b) and (vii). Finally, when v < 0,

n

T3 (ug,v) = > 71 (wi|520 + %;510) L(vo + 7 < a <)

i=1

Brot(Baotu n u v
(ml(xi,qi) — XiM) X; (510 - (520 + 7%)) L(vo+ 7 <a <)

Il

s
Il
—

n !
+;(5 —%) xie1il(vo + 5 < ¢ < 7o)
= Z (ml(xi:%') - X;BO) x;601(vo + 7 < @ < 7o)

@
Il
-

mi(xi, ;) — X;BO) Xjuz1(vg + = < ¢ <)

.
Il
_
5
»n

NE

S 3k
M=

s xiual (g + 5 < qi <)

—

Slh= |
><

s
Il
—

~.

+
<
Y

S 1(vo+ 2 < i <) | u

/

+
M=

n
%&mﬂ%+%<%§%) Z 1l + 2 < g < 7p)

s
Il
—

I

@
Il
-

(ml(l’i,‘h’) - XQBO) x'001(7p + 7= < @ < 7o) +0p(1)

3

_|_

Soxic1il (o + =< qi <7p) +op(1)

=

L(vo+ 5 <ai <) +0p(1).

I
Mﬁﬁ
|
=

ﬁ
Il
-

The 0,(1) in the fourth equality need careful analysis. The second term
1 & - v
7 Z (ma (@i, 4i) — xiBo) Xju2l(vo + - <4 = 70) = 0p(1)

by the stochastic equicontinuity of v +— G, ((ml(x, q) — X/BO) X'ugl(y < q < 70)) and

VnE I:(ml(l'ia a) — X;BO) xXusl(yy + % < g < 70)] = \}%f M E [(ml(xi»%) - X;BO) Xjuz|q = 7] )

which is 0 (1) by Assumptions (iv)(b) and (vii), the third term can be similarly analyzed, the fourth term

[i ,=1x' (70 + <‘Zz<70)]
= Wb [ X517y + 2 < gi < 70)| w2 + 0, (1)
( ) (1) = Op (1)5

and the last term is 0, (1) is by the stochastic equicontinuity of v — G, (xe11(y < ¢ < 7)) and E [xe11(y < ¢ < 7¢)] =
0. m
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Lemma 9 Under Assumption I(1), uniformly for h in a compact set,

1 1 ,—
= §UI1MOU1 + i'LLIQMO'U,Q — Wy (u) + Cy, (v) +op (1),

’Yo"‘jﬂﬁo"‘\}%) —s( |’70750)>

where Wy, (u) is defined in Lemma@ and

Cn(v) = nP?L(S("'YO‘l'%vﬁO)_5("70w80)>

n

1 v
Z (ml(miqu') = XiBo + §X§5n + 511‘) X;0n1 <% + PR < ’Yo)

i=1

= 1 v
- Z <m2($z‘7 qi) — X;B90 — §X/i5n + 521) X;0n1 <”Yo <qg <7+ a> .
i=1

n

Proof. The proof is almost the same as Lemmal8] just replacing do by d,, and n by a,, everywhere. Different

from D, (v), the component

10

(ml (x’hqi) - Xéﬁlo + %X;(Sn) X§5n1 ('Y() + GL” < q; S 70)

K3

(ma (i, 4s) — X{Ba0 — $x18) %01 (70 < 05 < 70+ )

i=1

in Cy, (v) will converge to a constant because a,, < 1 so that averaging is involved. Take the second term as

an example. Its variance is

1
nVar ((mZ(ﬂ% i) — X820 — 2X;5n> X;0p1 (’YO <qi <7t v)>

B[ (mae. 00 ~ X420 — $308.)° (001 (20 < <70 + )
B [(mQ(x“qi) = XBa0 = 3%X(0n) (xi0n) 1 (% <qi <7+ ﬁ)r

- <O (E [{(mg(xi7qz‘) — X By)" + (X25n)4} 1 (70 <=7 6:;)D>

2
_ 16, ] 18]/ _ 2 1) _
— o( e R N _0(||5n|| +n )_0(1)7

uniformly in v € [0,7] for any ¥ > 0, where the second equality uses Cauchy-Schwarz inequality and

= n

ab < a? +b? for nonnegative numbers a and b, and the third equality is by Assumption (x)(a,b). As a result,

sup
v€E[0,7]

n 1 v
Z (mQ(Iia a) — Xgﬁzo - 2X;5n) X;:5n1 <’Yo <q¢ <7+ a>

=1 n

!
n Y . v 1 v
“an ) l(‘ [0l S2 (’Yo + aﬂ) On — 25%D70+;n5n> f <70 + an)

dv

P
— 0,
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where by the continuity of <5 (7) and D, in v at 7, we have

n [* . v\’ 1 v .. 1
a\/(; [(- ||57LH (S (’}/0 —+ an) 671 — 55;D70+ﬁ5n f ("YO + an) dl/ — (-C S20 — 2C/DOC> fOU

uniformly in v € [0,7]. Similarly,
" / 1 / / v p /- 1 /
Z. ) m1($i7Qi)—Xi51o+§Xi5n X;0n 1 Yot = <@ <7 ) (¢t Doc ) fo |v]
= n
uniformly in v € [v,0] for any v < 0. In summary,

C. ) 3 fo (¢! Doc + 2¢¢10) |v] + 221 Ipxieril(vo + 2= < ¢ < 70), if v <0,
n (V) = n

n .
%fo (' Doc+2c/¢o0) v — 3 0 xie2il (v < ¢i < 7o + i), if v >0,
i=1

+ 0,(1).

Lemma 10 Under Assumption I(a), 1 < o < 2, uniformly for h in a compact set,

V1P, Pr (s ( ’Yo+:,5o+:) —s( |70n30)>

1 1 ,—
= —ujMous + §u’2M0uQ +A_ 0] 1(v <0) + Aypv*1(v > 0) + Z, (v) +op (1),

2
where
n
P = v . _ v
_ ( ) 712—31 |:Zl7,1(70 + P < (_h § ’YO) A* (p">:| 9 Zf?] S 0’
Z=n (V) = n
Pn S . vy v if v > 0.
n2[2211(70<ql§’70+p) A+(p )}7
i=1 n n

Under Under Assumption 1(2), uniformly for h in a compact set,
2/3 . v N .
n Pn(s(‘70+n1/3aﬁo+nl/3> S( ‘707B0)>
1 1
= 5h’S;,,hl(u <0)+ 5h’S(jghl(v >0)+Z, (v) +op (1).

where Z,, (v) is the same as above except replacing p,, by nt/3.

Proof. First, check the cases with 1 < o < 2. Because x,, = (npn)1/4 and n'/? < p, < n, we have

ﬁ:ﬁzo(l) andﬂ@: 4 ﬁ:0(1).

En  Pn Py

Now,

VTP u
Ty (ur) = ZT (wi|/810 + nlvﬁlo) 1(gi <o)
i=1 "

n

iy ) U (g < )
= —leéey— = | X, — ; .

n : 1z D) Ko, Z/in qi = ’70
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and

S

2 ’I’Lf

\/Wu1< Zxxlq1§70)>

1 & 1
?1 <n inxgl(%‘ < 70)) uy = §U/1M0u1 +op (1),
i=1
Pr U]
eril Qz < '70) = [ \/L szelz q; < 70) = Op (1)
n i=1

\/ npn ul Z X;

In other words, the random part in 73 (u1) disappears. Next,

T, (ur. ) = IE[xzx (7o +2 v <q; < “/o)] %\% ,nzlxielil(% + ﬁ < qi <79) + 0p(1) = 0p(1),
where
B [xixil(v0 + 2 < @ <70)] = Bf D Elxixlg =71 =0 (1),
and N
ﬁ:}% Z; xie1il (o + 7= < 4 <o)

~ \,/{T"Gn (u’lxell('yo + pl <q< %)) +/np, V- (510 o Yo T p”)

_ \’/_gbop (1) + R:;)):u'lSﬂ_ LU

=o0p(1)+0(1) =0p(1)
with = in the first equality because a smaller term — e [Xix§1(70+2ﬁ<Qi§W0)] " is excluded from N - (,61

In other words, Ty (u1,v) can be neglected. Finally,

T3 (ug,v) = np" 2:15 (wz‘BQO ron 7510) ('70 + pin <gq; < '70)
_ /Py > (m1($u ;) — /M‘*‘W’/”n)) x! (ﬂlo - (620 + :%)) (v + 7 <qi < o)

n !/
+ S (50 - Zf) xienil(vo + 7 < @i < 7o)

i=1
" _

= \/:LTH > (m1(xm ai) — Xgﬂo) x;001(7o + # <4 =)
221 n
= _

_\{:{Tnn > (m1 (zi,qi) — Xéﬁo) Xjuz1 (7o + pi <4 <)
=1 ’
n 5/ ;

_ \/Pn > 02x,x2u21(70 + pln < qi <)

@
Il
-

U2X X uzl(

’Yo+*<‘h§70)

<

3

X
|

+
.

n

@
Il
-

/1P,

( > +\/WM‘I’ (520 om aWO"" 1)
[ (i, qi) — XiBo) xi601 (7o + ,Tn <qi <7y — A (ﬁ)}

M:

5 x;€1:1(7 + - - < < Yo) —

_|_
Ii M:

uyxie1il(yo + pl <q <)

I~
e“

I
3%
>

e HM:HM:

3
b

7= <4 <o) +0p(1)

X511 1(vo +
n
W’zkh%+ﬁ<%3%%A4ﬁﬂ+wn

<
3

:)\,|v
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The second to last equality need careful analysis. The variance of the first term in the third equality is

ppVar ((ml(mi,qz') —xBy) x[601(vo + o <@ < 70))
_ _ 2
=, [E | (1 (1,05) = xIBo)” (x100)* 10 + 2 < @i < 70)| = B | (ma (w5, 00) — xBo) X001 (7 + 2 < a3 < 70)] ]
=0 (pupit) — O (popi**L(1/p,)) = O (1)

where because E [(ml(mi, qi) — xgﬁof (x}00)* 1(vy < ¢; < 70)] need not be RVa,_1, the second moment is
not o(1) and the variance is not o(1). If E [(ml(mi,qi) - XQBO)Q (x00)° 1(y < ¢; < 'yo)} € RVay_1, the

second moment is pnp;(za_l)L(l/pn) = o0(1), i.e., the variance is 0(1). In general, this term remains
random and its variance is the same as its second moment. The analysis here also shows that when o = 1,
E {(ml(a:i,qi) - X;BO)Q (x00)° 1(y < ¢; < 'yo)] € RV4, the variance of the first term is O (1) in whatever
sense; as a result, it remains random in D,, (v) of Lemma |8 Similarly, the variance of the second term in
the third equality is

%g <E {(m1($z‘7Qi) - Xgﬁof (X§u2)2 L(vo + i <g¢ < ”Yo)} —-E [(ml(xia%) X; 50) (xjuz) 1(yo + i <g¢ < 70)}2>
-0 (5 (%)) -0,

the third term can be similarly analyzed, and the fourth term is

V1Pn o u;x7~,x§u2 v o 1 2 Xi Xl
nRD 21 s (0t - <@ <70) =us |5 2 5+ 5- <@ <) |u
i=

=1

which is similar to the counterpart in I(1) so is o, (1). The last term is

NS

Nk,

n

ZU/QXZEI’L Yo + pi < q; < ’YO) Pn /G (

i=1 n n

v
xellng+ - << w) — 0, (1)

1/4

since \/p,,/kn = (p,/n)""" = 0o(1). Because ,/np,¥_ (520 + 2% + pl) =0 (;:pp”> = o(1), it can be

neglected. In summary, the deterministic part is 1u} Mous + 2ubMous + A_ |v|”, and the random part is

VPn

n

{(m1(wi,qz) x;B4) x4601(7o + - <4 <) ( )} + m Z Soxie1il (g + - <4¢ <)

{(yz — x;80) X;001(70 +o-<a< Yo) (pi)} i: [211 (Yo o S S o) — A- (ﬁ)} :

K2

npy,
n

=1

-
Il

/3 We only mark the differences from the
F f

Second, check the case with o = 2, where p, = k, = n

analyses above. Now, Ty (u1,v) cannot be neglectable because = 1. As a result,

v —
Ty (ug,v) = n2/3y (ﬁm 1/3;’70 + 1/3) +o0,(1) = u’lSﬁﬂv.

The second and third terms in T3 (ug,v) are not neglectable either. It turns out that

(5 v _
TLQ/S\I/_ <ﬂ20 + W,’Yo + m) = uéSﬁﬂv.

N2
19 Note that the second moment is not p, F {(ml (%i,q:) — xgﬁo) (x§50)2 1(yo + pi <q < ’YO)] because the cross terms

do not disappear. Otherwise, the second moment is zero and the variance is zero, but the mean is not zero!
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In summary, the deterministic part is

1

I _ _ 1 -~
2u’2M0m +uiSy v tuySs v+ A v? = §h'599h.

1
*ullMoul +
2
[ ]
Lemma 11 Under Assumption I1(2), uniformly for h in a compact set,
v U
nk, (S ( ”Yo + W’BO + m) —s( \70750))
1 1
= 5h’é};ehl(v <0)+ ih'S’jehl(v >0) — W, (u) +op (1);
under Assumption Il(a), 2 < a < 3, uniformly for h in a compact set,
npP, (s (

1 1 ,—
- 5u’lMoul + §u’2M0u2 + A= v|" (v <0) + Apv*L(v > 0) — W, (u) + op (1);

v u
’70+p»ﬂo+n1/2) —s( |"/0a50))
n

and under under Assumption I11(3), uniformly for h in a compact set,

npb, (3 ( ”704-#,50‘?%) —s( |70a50)>

1 1 ,—
= iuﬁMoul + §u/2M0U,2 + A o 1(v < 0) + Ap0®1(v > 0) = W, (u) + E, (v) 4 0p (1),

where W, (u) is defined in Lemmal[§ and

ol

[Z1l(vo + 775 < ¢ < 70) — A (553) ] ifv <0,

[1]
3
—~

<
~

Il
©
Il
—

[Z2i1(70 < @ <o + 75) — Ay (59%)] ifv>0.

o

@
I
-

Under Assumption Il{a), 3 < a < 4, uniformly for h in a compact set,

np3 P, (s <

1 1 ,— a —
= §U/1Mou1 + §u’2M0uQ +2A- v["1(v €0) + Apv*1(v > 0) + E,, (v) + op (1),

’Yo"‘;aﬁo‘i‘:) —s( ’YOHBO))

n

where

BB
M=

{Elil('}’() + an <¢ < ’70) A (pln)} ifv <0,

{fzil(% <@g <+ ﬁ) — Ay (pi")} if v>0;

Il
-

i

[1]
3
—
<
=
|
k)
3w

B
v

Il
-

K2

and under Assumption I1(4), uniformly for h in a compact set,

n*5p, (8 ( ”Yo + #7BO + %) —s( ‘70750))

- % (u’,'v2) S~ (u',vQ)/ 1(v <0)+ % (1/,112) St (u’,vQ)/ 1(v>0)+Z, (v)+op (1),

where 2, (v) is the same as above except replacing p,, by n'/° (i.e., \/p3 //n is replaced by n=1/%).
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Proof. From the analyses in the previous two lemmas, we can see that for 77 (u1), we need pay attention
to the scaled ® (610 ﬂ) and the random part, for Ty (us,v), only the scaled ¥_ (610 + v + pi),
and for T3 (ug,v), the scaled W_ (,820 %+ ) + A_ ( L) and the random part. The scaled
_ (510 + :ﬁv’Yo + pi) and W_ (,820 ,Tnv'YO + pi) may be neglectable, but the scaled ® (510 + f:—i) and
A (’Yo + %) cannot be neglected. The random part in either T3 (u;) or T3 (ug,v) may be neglectable.
When 2 < o < 3, T1 (u1) is the same as in Lemma For Ty (u1,v), we can show the randomness

disappears as in Lemma |8 Now,

(510"‘ fa’Yo‘F P ) _’ulsg 5

when o = 2. When 2 < a < 3, by Taylor expansion, it is

K U ] (2 O IR O A €3 R

where note that SB_1 , =0 In T3 (ug2,v), we can show the variances of various terms shrink to zero under
Assumption (x)(b) as in Lemma [10] As a result, we need only check

v
<520 fﬂ’o + p) - UQSﬁ ~

when « = 2 and is neglectable when 2 < o < 3, and

nA_ <70 + v) — A |v]”
Pn,

by the definition of p,,. The variance of the random terms

n

n
— v — v
> (ma (i, a:) — xB) xid01(vo + PR Yo) =Y (ma(xi, ai) — xBo) aibg01(vo + P o)
i=1

i=1 n n

n n

D Gxiel(vo+ — <@ <70) = D dgodEril(vo + — < a4 < %)
i=1 Pn =1 Pr
is O (p%) which is neglectable unless o = 3. In summary, the deterministic part converges to %h’ Sggh when
o =2 and 1u)Mou; + JubMous + A_ [v|” when 2 < o < 3, and the random part converges to —W,, (u)
when 2 < @ < 3 and —W,, (u) + E,, (v) when a = 3.
3 3/4
When 3 < a <4, Kk, = (np,‘?b)l/4 and nl/% < Pn =< nl/?’, SO Ve = Lo

Fon nl/a

=o0(1). Now,

Ty (u1)

\/ npn Uz
E T <wz|510 aﬂ10> g <v9)
Vnp3 X up ) U1
V- Fa E Y P g < 7o),
- (61 2 “n> (@ <)

li
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and

o (1 i (1 »
w2 (g e <) 3 | 2 XXM < 70) Jur = usMous +0p (1),

=1

V/np3 uh NIRRT
VI B E el (qi < § <o) = 0p (1
N Xi€14 (Qz > ’YO) Koy \/» x;e1;1 QZ ’YO) Op ( )

In other words, the random part in T3 (u1) disappears. In Ty (u1,v), by Taylor expansion,

/5 N L SV [ VA T
non - (’810 7’%+pn> B O<Sﬁ”n+sﬁ B 2, %, %ern

Rn

np, \/n 1 3 1\*! 1
= oV Vreng (L TV (T (L
K K P\ pp Kn Pn Pn
3 1\2
= o Vg (1)) oo Vin
Kn o pn vV pnﬁ’ﬂ
which is 0(1) unless o = 4 where y/np3 ¥ _ (ﬁm + i+ ﬁ) converges to uZSﬁ 721) In T5 (us,v),

3 3
0 <S_ VAL AL \/nanB_2 <%+pv>>

(5] v
npsV_ (520 + a’”yo + Pn>

B KnPp, B2B2v H?Lpn K

- o2 () ) o ().

which is 0 (1) unless o = 4 where /np3 ¥ _ (520 + 22,90 + #) converges to %ugsﬁ—ﬂz v?, and

VA (o ) = A"

n

As to the random part in T3 (ug, v),

m quoql yi — x;80) 1(vo + pi < qi <)

n

whose variance is O (1) so is not neglectable. In summary, the deterministic part converges to % (u’ , v2) S— (u’ , vz)/
when a = 4 and fuj Mou; + 3ubMouz + A [v|* when 3 < a < 4, and the random part converges to =, (v)
forany3<a<4. m

Appendix D: Weak Convergence

This appendix intends to show the weak limit of the localized objective function after neglecting the small
terms as done in Appendix C. We apply Theorem 2.11.22 of VW to prove all lemmas. All proofs include two
parts: (i) the finite-dimensional limit distributions of the process are the same as specified in the lemmas;
(ii) the process is stochastically equicontinuous or tight. For the second part, we need to check the condition
(2.11.21) and the uniform-entropy condition in Theorem 2.11.22 of VW.
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Lemma 12 Under Assumption I(1),
(Wa (u), Dy, (0)) ~> (W (u), D (v)) ,
where
W (u) = uy Wi + ubWo ='W

with W defined in (9), and D (v) defined in the main text. Furthermore, W1, W and D (v) are independent
of each other.

Proof. Because the proof is almost the same as that of Theorem 1 in Yu (2014), we omit the details. m
Lemma 13 Under Assumption I(1),

(Wa (), Cp (0)) ~» (W (u),C (v)),
where W (u) = /W, and C (v) defined in the main text. Furthermore, Wi, Wa and C (v) are independent

of each other.

Proof. The W,,(u) part is standard, so we concentrate on the C,, (v) part. From the proof of Lemma@, we
need only further concentrate on the random part of C,, (v).
Recall that the random part of C,, (v) is

Gy (T3 (v) + T (v))
where

v
T, (v) = Vnd,xierl(v + — <4=)

n

v
Tsn(v) = —vnd,xieail (70 <q<7+ a> .

n
First, for v; < 0 and vy > 0, define
' - / + 1 / , ’ 1
Sii = 0,xe1iA; (v1), 82 = 0, %ie2: A (v2), S3; = N (e1xi1 (g < 7g) s e2ixil (g > 7)) =: ﬁsz’m

where A7 (v1) =1 (’yo + 2 <q < ’yo), Af (vg) =1 (’yo <@ <+ 2 ), and Ss; is the asymptotic ran-

7 an

dom component in B By Taylor expansion around t := (¢1, to, tg)/ =0,

E [exp {V—1[t1 S + t252; + t555;]}]

1 1 11 1
= 1- -3 F [xixgaiA; (vl)} Op — =t20' B [xixgsgiA;r (’()2)] On — —=t5B [s3;85;]th +o | —
2 2 n2 n
t% / ! 2 t% / /2 1 / / / 1
= 1- %C E [Xixi51i|qi = 70—] cfolvi| = %C E [Xixi52i|Qi = ’YOH cfova — %%E [s3i55;]t5 + 0 n)’

where the cross term is O (R™Y/2||6,, || a;!) = o (1/n), so that

E [GXP {\/ -1 [h > Stidta Y Sai -ty Y] Sai] H = [ E [exp {V/—1[t151i + t2S2 + 555}
=1 =1 =1 i=1

2 2
= exp {f%c’E [xixgefi|qi = 707] cfolv1]| — %C/E [X¢X§6§i|qi = ’}/0+] cfovg — %t’gE [$3:55;] tg} +o(1).

36



As aresult, 6, >0 xie; A7 (v1), 00 S Xig2 A (v2) and B are asymptotically independent and the have
finite-dimensional limit distributions as specified in the lemma. Second, the uniform-entropy condition holds
since {T3,(v) : —oo < —K < v < 0} is VC-subgraph for each n and the VC-index bounded by some constant
independent of n (see, e.g., Example 2.11.24 of VW), so it remains to show condition (2.11.21):

(i) P*F? = O(1), (ii) P*F21(F, > nv/n) — 0, ¥n > 0,

and
(iii) sup P (T5n(v1) — Tg,n(fug))2 —0,Vn, 10,

|v1 —v2|<n,,

where P* is the outer probability, F, is the envelope function of {13, (v) : —co < —K < v < 0} and can be
taken as

K
Fo = Vo ldall x| ler[ 1o = = < ¢ < 70)-

(i)

Yo
PE < [ B[l I <] f @) dg
Yo—K/an
< ol {FoE[IxI* g =1]} =0
An  ~yeN

by Assumptions (iv)(b) and (vii). (ii)

P*F21(F, > nv/n)

< B [||<sn||2 IxI* €21 (vo — K/an < g < 70)1 (”X” el > II;II)]
< Onlsa B[Ol )™ 1 0o - Kfan <0 <20)]/ ()
< o™ gy £ g [t ea?* o=}/ (72 )
2 s ol
— 0,

where the convergence is from Assumptions (iv)(c) and (vii). (iii) Suppose v < v < 0,

sup B (Ts,(v1) — Tsn(v2))?

[vi—v2|<n,,

2 2 V1 Vg
= sup  nE [||5nll Ix[" 31 <%+a <qg<v+ )]
n

|v1—v2|<n, an

[v1—va2|<n,

n ||y, 2
< ¢ sw {m—vza ” sgﬁ{f(v)E[IIXII%?q:ﬂ}}
n oy

— 0,vn, 0.

Lemma 14 Under Assumption I(a), 1 < a < 2,
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where
fowg Bi(—v) = J@=Bi(-v), ifv <0,
fowg Ba(v) =: \/@5Bi(~v), v>0.
Proof. Recall that

Zn (V) = Gy (T3, (v) + Ty (v)),

where

_ v
T3, (v) = m56x (y - X’Bo) L(vo + ; <q<7)s

n

T5n (’U)

/ — v
—/Pndox (y —x'By) 1 (’Yo <qg< 7+ p) :

n

Take T3, (v) as an example for analysis. First, check the covariance kernel of T3, (v). For vy, vs < 0,

E [\/pn ((y —x'By) x'do1 (70 +2<q< %) —A_ (},’f)) VP ((y = x'By) X501 (’Yo +2<q< 70) — A (},’f))]
2 \2 v1 VU, v v
=p, B [(y —x'By)” (x'd0)" 1 (70 +o <g < vo)} — /Pl (,7 VP A (,7)
—\2
- ‘Ul VU2| JolE [(y - X/Bo> (X/(SO)2 |q =% >
which is the covariance kernel of = (v) as v < 0. Second, the uniform-entropy condition holds by similar

arguments as in the proof of Lemma and we now show condition (2.11.21), where F,, the envelope
function of {T3,(v) : —oo < —K < v < 0}, can be taken as

Fo = /py [(y = %'Bo) x'do| 1 (v9 = K/pp < 0 < 70)-

. =\ 2 L
() P*F2 < Kb 7 B [(en 4 mi (2,0) = xBo)” x| 160l |a] £ () dg = O (1) by Assumption (iv)(b)

and (vii). (ii)

P*F21(F, > nv/n)

< B |(y = xBo) X'00[* 1 (v — K/ < 0 <70) 1 (|(y = xBo) X'b0| > n/n/p,, )|
< PRl U (y — x'Bo) X001 (v — K/p, < q < ’70)] / (77 n/pn)e

< Kp,/p, sup {f(v)E [\ (y—x'By) x| |g = ﬂ } / (77 n/pn)e

— 0,

where the convergence is from Assumptions (iv)(c) and (vii). (iii) Suppose v1 < vy < 0,

sup B (T,(v1) — Tan(v2))?

[v1—v2|<n,

= sup E{pn|(yx’ﬁo)x’5o|21<vo+zl<q§’yo+;2>}

|v1—va2|<n, n n

< sup {Ivl — 02| /P sup {f(v)E U (y — x'Bo) x'So|” g = v} }}

|v1—va2|<n,

— 0,vn, | 0.
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Lemma 15 Under Assumption [I{a), 3 < a <4,

2, (v) ~ 2 (v),

where

(v) = Vg By (<) =t T Bi(—v?) <0,
\/%BQ(U?’) = \/ﬁBﬂ—v?’), if v >0.

Proof. Ounly when o« = 3 both W, (u) and =, (v) appear. We can show as in Lemma [13| that they are
asymptotically independent. Also, the weak limit of W, (u) is easy to derive, so we concentrate on Z,, (v) in
this lemma.

Recall that

En (v) = Gy, (T (v) + Ty (v))

where
—- v
Ty (v) = p} (y —x'Bo) 46401 (70 + o <q <),
= v
Tsn (v) = —v/pidox (y — xBo) gdq0l (70 <q<7+ p) .

Take T3, (v) as an example for analysis. First, check the covariance kernel of T3, (v). For v,vy <0,

E [\/p% ((yz- —x'By) 40401 (vo +2<g< 'Yo) —A- (}%)) Vo ((yi —x'By) 4001 (70 +22<g< ’Yo) - A (%))]
22 v1Vou v v
= 3B [ (i = xBo)” (a000)* 1 (70 + 2222 < g <o) | = /oA (2) VoA ()
s -2
— |1 V va]? -+ folB |:(yz —x'By) " g = 70—} ;
which is the covariance kernel of = (v) as v < 0. As the the tightness of Z,, (v), the proof is almost identical

as that of Lemma so omitted. Note that the proof here can be applied to 2.5 < a < 3 with p,, replacing
Py B

Lemma 16 Under Assumption I11(2.5),

N
[1] [1]
N =
S 3
S =
~
$
VR
[11 [1]
No=
==
~—
I
/N

where
= () = ni;iGn (v = xBo) xL(r0 + 72 <a<70)) i v <0,
n'1Gy, ((y —xBo) x1(vo < g <o+ #)) if v >0,
S (0) = n3/4G,, ((y — x'By) adq01 (7o + 4z <q< Y0)) ., ifv <0,

—n?/4G, ((y - X/Bo) q0q01(70 < q <o+ #)) , ifv>0,

v
1) ) is a (d + 2)-dimensional Brownian motion with the covariance kernel on (—oo,0] is
v

(1] [1]

and (

2

— .2 — \2
B[(y—xBo)’ xxlg = 70— |l Vea|  —22B [(y—x'By) xlg = 70-] lon V v

E
0 — \2 — \2
—20B [(y - xBo)’ ¥la =~ | o1 Veo! B [(y - x'By)” la =0~ | [0 V 0o’
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and on [0,00) is

E [(y — XIBO)2XX’|C] = 70—1—} (v1 A wg) —5§°E [(y - X/B())z x|q = 70—&-} (v1 Awg)?

I _ _ )
’ —‘%O]E {(y - x’50)2 x'|qg = %ﬁ-] (v1 A ’02)2 =B {(y — x’50)2 lg = vo—i—} (v1 A vg)3

>

Proof. The proof is almost the same as that of Lemma so we only mention the differences. First, 2o, (v)
is the same as Z,, (v) except p,, = n'/2, s0 Zy, (v) ~» Z5 (v) with =, (v) being the same as Z (v) in Lemma
For =1, (v), its covariance kernel for vy, vy < 0 is

! ((y = xBo) x1(vo + 7tz < a < 70) — B [(y —xBo) x1(vg + 71 <4 <))
n'/4 ((y - Xlﬂo) Xll('Yo + % <q< 70) -E [(y - X/ﬁo) Xll(’)’o + % <q< ’70)])
=B [(y —xBy)" 301 (30 + S22 <4 < 70)
1 [y = xFy) x1 oy + 58 < 0 < 70)] 0B [(y — X y) 100 + 58 < 0% 70)
— |v1 Va| foE [(y —x/'By) xx|qg = 70—} ;

which is the covariance kernel of

1/2

= (o 3B |(y - x'By) xx'la = 70-|  Bi(-v) = VOB (<0) ity <o,
=1\ = _ 1/2 .
o/’E [(?/ —x'By)" xx'|qg = ’Yo"‘} B; (v) =1 /B3 (v) if v>0.

as v < 0, where B (v) and By (v) are two independent standard (d + 1)-dimensional Brownian motions on

[0,00). For v1,v9 < 0, the covariance between Z1,, (v1) and Es,, (v2) is

nl/4 ((y - X'Bo) xl(7g+ -1 <q< ) — E [(y - XIBO) x1(v0 + i <a < 70)])
l n? ((y — x'By) 4001 (o + 225 < ¢ < 79) =B [(y — x'Bo) a6q01 (70 + =25 < a < 70)])
=nE {(y - X/BO)Qqu (7o + Ut <q < ’Yo)] dq0
—n'1UE [(y — x'By) x1(vo + 787 < a4 < 70)] B [(y — xBo) adq01(v0 + 755 < a < 70)]
= o Voal* BB [(y - xBo)Xla =0~ g0 = 01 V 02" Y.

Eln (’U) El (U)
In summary, ( Zn (0) > ( =, (v) ), where <
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