
Supplementary Appendices

First, some notations are collected for reference in all proofs and lemmas. The letter C is used as a generic

positive constant, which need not be the same from line to line. Pn is the empirical probability measure,

and Gnf =
p
n (Pn � P ) f is the empirical process indexed by f . De�ne

� =
�

; �0

�0
=
�

; �01; �

0
2

�0
. �0 =

�10+�20
2 = �10 � �0

2 = �20 +
�0
2 .e�` = �` � �`0 is the local perturbation of �` around �`0. e`i = y � x0�`0.

h = (v; u01; u
0
2)
0
=: (v; u0)

0 is the local parameter for �.

s (wj�) = 1
2 (y � x

0�11(q � 
)� x0�21(q > 
))
2
:

Sn (�) = Pns (�j�) ; S (�) = Ps (�j�) ; Gns (�) =
p
n (Sn (�)� S (�)) :

T (wj�`; �`0) =
�
y � x0 �`0+�`2

�
x0 (�`0 � �`) =

�
m`(x; q)� x0 �`0+�`2

�
x0 (�`0 � �`) + (�`0 � �`)

0
x"`

= �
�
y � x0�`0 �

x0e�`
2

�
x0e�` = ��m`(x; q)� x0�`0 �

x0e�`
2

�
x0e�` � e�0`x"`;

z1 (wj�2; �10) =
�
y � x0 �10+�22

�
x0 (�10 � �2) =

�
m1(x; q)� x0 �10+�22

�
x0 (�10 � �2) + (�10 � �2)

0
x"1

=
�
y � x0�0 �

x0e�2
2

�
x0
�
�0 � e�2� = �m1(x; q)� x0�0 �

x0e�2
2

�
x0
�
�0 � e�2�+ ��0 � e�2�0 x"1

=

�
y � x0�10 �

x0(e�2��0)
2

�
x0
�
�0 � e�2� = �m1(x; q)� x0�10 �

x0(e�2��0)
2

�
x0
�
�0 � e�2�+ ��0 � e�2�0 x"1;

z2 (wj�1; �20) =
�
y � x0 �20+�12

�
x0 (�20 � �1) =

�
m2(x; q)� x0 �20+�12

�
x0 (�20 � �1) + (�20 � �1)

0
x"2

= �
�
y � x0�0 �

x0e�1
2

�
x0
�
�0 + e�1� = ��m2(x; q)� x0�0 �

x0e�1
2

�
x0
�
�0 + e�1�� ��0 + e�1�0 x"2

= �
�
y � x0�20 �

x0(�0+e�1)
2

�
x0
�
�0 + e�1� = ��m2(x; q)� x0�20 �

x0(�0+e�1)
2

�
x0
�
�0 + e�1�� ��0 + e�1�0 x"2,

z1i = z1 (wij�20; �10) =
�
yi � x0i�0

�
x0i�0; z2i = z2 (wij�10; �20) = �

�
yi � x0i�0

�
x0i�0:

where z1i and z2i reduce to �q0qi
�
yi � x0i�0

�
and ��q0qi

�
yi � x0i�0

�
in CTR and reduces to

�
"1i +

x0i�0
2

�
x0i�0

and
�
�"2i + x0i�0

2

�
x0i�0 as in Yu (2014) and YZ in CS models.

The following formulas are used repetitively in the following analysis:

s (wj�) = 1
2 (y � x

0�11(q � 
)� x0�21(q > 
))
2
= 1

2 (y � x
0�1)

2
1(q � 
) + 1

2 (y � x
0�2)

2
1(q > 
)

= 1
2 (m1(x; q) + "1 � x0�1)

2
1(q � 
 ^ 
0) + 1

2 (m2(x; q) + "2 � x0�2)
2
1(q > 
 _ 
0)

+ 1
2 (m1(x; q) + "1 � x0�2)

2
1(
 ^ 
0 < q � 
0) +

1
2 (m2(x; q) + "2 � x0�1)

2
1(
0 < q � 
 _ 
0);

so

s (wj�)� s (wj�0) =
�
y � x0 �10+�12

�
x0 (�10 � �1) 1(q � 
 ^ 
0) +

�
y � x0 �20+�22

�
x0 (�20 � �2) 1(q > 
 _ 
0)

+
h�
y � x0 �10+�22

�
x0 (�10 � �2)

i
1(
 ^ 
0 < q � 
0) +

h�
y � x0 �20+�12

�
x0 (�20 � �1)

i
1(
0 < q � 
 _ 
0)

= T (wj�1; �10) 1(q � 
 ^ 
0) + T (wj�2; �20) 1(q > 
 _ 
0)
+ z1 (wij�2; �10) 1(
 ^ 
0 < q � 
0) + z2 (wj�1; �20) 1(
0 < q � 
 _ 
0)
= T (wj�1; �10) 1(q � 
0) + T (wj�2; �20) 1(q > 
0)

+ (z1 (wj�2; �10)� T (wj�1; �10)) 1(
 ^ 
0 < q � 
0) + (z2 (wj�1; �20)� T (wj�2; �20)) 1(
0 < q � 
 _ 
0):

We use VW for an abbreviation of Van der Vaart and Wellner (1996), KP for Kim and Pollard (1990),

and GC for Glivenko-Cantelli.  signi�es weak convergence over a compact metric space.
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Appendix A: Proofs

Proof of Proposition 1. Note that

�0E [xx0jq = 
] � =
�
��; �

0
x; �q

�0B@ 1 E [x0jq = 
] 


E [xjq = 
] E [xx0jq = 
] 
E [xjq = 
]


 
E [x0jq = 
] 
2

1CA
0B@ ��

�x

�q

1CA
= �2� + �

0
xE [xx0jq = 
] �x + 


2�2q + 2
�qE [x0jq = 
] �x + 2E [x0jq = 
] �x�� + 2
���q

=
�
��; �

0
x

� 1 E [x0jq = 
]

E [xjq = 
] E [xx0jq = 
]

! 
��

�x

!
+ 
2�2q + 2
�qE [x0jq = 
] �x + 2
���q

=: A+ 
2�2q + 2
 (E [x0jq = 
] �x + ��) �q:

"(=" If �x = 0, then �0E [xx0jq = 
] � = �2� + �2q

2 + 2���q
 = (�� + �q
)

2, which is equal to zero only if

�� + �q
. "=)" If 
 = 0, then

�0E [xx0jq = 
] � =
�
��; �

0
x

� 1 E [x0jq = 0]
E [xjq = 0] E [xx0jq = 0]

! 
��

�x

!
;

which is equal to zero only if
�
��; �

0
x

�0
= 0 when

 
1 E [x0jq = 0]

E [xjq = 0] E [xx0jq = 0]

!
= E

" 
1

x

!
(1; x0) jq = 0

#
>

0 (equivalently, V ar (xjq = 0) > 0). In this case,
�
��; �

0
x

�0
= 0 is equivalent to �x = 0 and ��+�q
 = 0. When


 6= 0, is there any other case such that �0E [xx0jq = 
] � = 0 but not the case that �x = 0 and ��+�q
 = 0? If


 > 0, letting �q =
�2
(E[x0jq=
]�x+��)�

p
4
2(E[x0jq=
]�x+��)2�4
2A
2
2 =

�(E[x0jq=
]�x+��)�
p
(E[x0jq=
]�x+��)2�A




can serve the purpose. However, A�(E [x0jq = 
] �x + ��)
2
= �0xE [xx0jq = 
] �x��xE [xjq = 
]E [x0jq = 
] �x =

�0xV ar (xjq = 
) �x > 0 if �x 6= 0, so �x must be 0. If �x = 0, we have shown that �� + �q
 must be zero to

have �0E [xx0jq = 
] � = 0. The case for 
 < 0 can be similarly analyzed. In summary, if V ar (xjq = 
) > 0,

then the only case where �0E [xx0jq = 
] � = 0 but � 6= 0 is �x = 0 and �� + �q
 = 0.

Proof of Proposition 2. Making the change-of-variables v =
�
$�
�2�

� 1
2��1

r, noting the distributional

equality B`(a2r) = aB`(r), and setting ! =
$�
�2�
, we have

argmaxv

(
� 1
2�� jvj

�
+
p
$�B1(�v);

� 1
2�+v

� +
p
$+B2(v);

if v � 0;
if v > 0;

=
�
$�
�2�

� 1
2��1

argmaxr

8><>:
� 1
2��

�
$�
�2�

� �
2��1 jrj� +p$�B1(�

�
$�
�2�

� 1
2��1

r);

� 1
2�+

�
$�
4�2�

� �
2��1

r� +
p
$+B2(

�
$�
�2�

� 1
2��1

r);

if r � 0;
if r > 0;

= !
1

2��1 argmaxr

8><>: � 1
2

�
$�
�

��

� 1
2��1 jrj� +

�
$�
�

��

� 1
2��1

B1(�r);

� 1
2

�+
��

�
$�
�

��

� 1
2��1

r� +
�
$+

$�

�1=2 �$�
�

��

� 1
2��1

B2(r);

if r � 0;
if r > 0;

= !
1

2��1 argmaxr

(
� 1
2 jrj

�
+B1(�r);

� 1
2'r

� +
p
�B2(r);

if r � 0;
if r > 0;

where ' = �+=�� and � = $+
0 =$

�
0 . From the analysis above,

max
�

(
� 1
2�� jvj

�
+
p
$�B1(�v);

� 1
2�+v

� +
p
$+B2(v);

if v � 0;
if v > 0:

=

�
$�
�

��

� 1
2��1

max
r

(
� 1
2 jrj

�
+B1(�r);

� 1
2'r

� +
p
�B2(r);

if r � 0;
if r > 0:
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In � ('; �; 1), �1 = maxr�0

n
B1 (�r)� jrj2

o
, �2 ('; �) = maxr>0

np
�B2 (r)� ' jrj2

o
, and �1 and �2 are

independent. From Bhattacharya and Brockwell (1976), �1 follows the standard exponential function, and

�2 ('; �) follows an exponential distribution with mean �='. It follows that

P (� ('; �) � x) = P (�1 � x; �2 ('; �) � x) = P (�1 � x)P (�2 ('; �) � x) = (1� e�x)(1� e�x'=�):

To derive the asymptotic distribution of an estimator, we will follow the standard procedure, (a) consis-

tency, (b) convergence rate, and (c) derive the weak limit. Consistency is proved in Lemma 1 except the

shrinking threshold e¤ect case in Section 4.2 whose consistency is proved in Lemma 3.

Proof of Theorem 1. First, b� = argmin� Sn (�) implies
bhn : =

�
n (b
 � 
0) ;pn�b� � �0��

= arg min
(v;u)

nPn

�
s
�
�
���
0 + v

n
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
= argmin

h
fMn (h) + op(1)g :

where from Lemma 8,

Mn (h) =
1

2
u01M0u1 +

1

2
u02M0u2 �Wn (u) +Dn (v) ;

and (Wn (u) ; Dn (v)) is de�ned there. Now, a modi�ed version of the argmax continuous mapping theorem

(Theorem 3.2.2 of VW) is used to derive the asymptotic distribution.

(i) Dn(v) �Wn (u)  D (v) �W (u), where D (v) is de�ned in the main text and W (u) = u01W1 + u02W2

with W` de�ned in (9). This is proved in Lemma 12.

(ii) n(b
 � 
0) = Op(1) and
p
n
�b� � �0� = Op(1). This is proved in Lemma 2.

(iii) argmin
v

D(v) = Op(1) and arg min
u1;u2

�
1
2u
0
1M0u1 +

1
2u
0
2M0u2 � u01W1 � u02W2

	
= Op(1). The former is

shown in Appendix D of Yu (2012) and the minimizer in the latter statement is equal to
�
M�10 W1;M

�1
0 W2

�
=

Op(1).

(iv) argmin
v

D(v) is unique and arg min
u1;u2

�
1
2u
0
1M0u1 +

1
2u
0
2M0u2 � u01W1 � u02W2

	
is unique. The former is

guaranteed by Assumption (x) and the latter is obvious.

The asymptotic independence between b
; b�1 and b�2 is implied by the independence between D(v), W1

and W2 which is shown in Lemma 12.

Proof of Theorem 2. First, b� = argmin� Sn (�) implies
bhn : =

�
an (b
 � 
0) ;pn�b� � �0��

= arg min
(v;u)

nPn

�
s

�
�
����
0 + v

an
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
= argmin

h
fMn (h) + op(1)g ;

where from Lemma 9,

Mn (h) =
1

2
u01M0u1 +

1

2
u02M0u2 �Wn (u) + Cn (v) ;

and (Wn (u) ; Cn (v)) is de�ned there. Now, we apply Theorem 2.7 of KP to derive the asymptotic distribu-

tion.

(i) Mn (h) M (h) = 1
2u
0
1M0u1 +

1
2u
0
2M0u2 �W (u) + C (v) 2 Cmin

�
R2d+3

�
, where C (v) is de�ned in the

main text, and W (u) = u0W is the same as in the proof of Theorem 1, Cmin
�
R2d+3

�
is de�ned as the
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subset of continuous functions x(�) 2 Bloc
�
R2d+3

�
for which (i) x(t) ! 1 as ktk ! 1 and (ii) x(t)

achieves its minimum at a unique point in R2d+3, and Bloc(R2d+3) is the space of all locally bounded
real functions on R2d+3, endowed with the uniform metric on compacta. The weak convergence is

proved in Lemma 13. We now check M (h) 2 Cmin
�
R2d+3

�
. Because u and v are separable in M (h),

we can check M1 (u) :=
1
2u
0
1M0u1 +

1
2u
0
2M0u2 � u0W 2 Cmin

�
R2d+2

�
and M2 (v) := C (v) 2 Cmin (R)

separately. First, M1 (u) 2 Cmin
�
R2d+2

�
because it is continuous, has a unique explicit minimizer

and limkuk!1M1 (u) =1 with probability one given that for each value of W , M1 (u) is a quadratic

function in u. Second, M2 (v) 2 Cmin (R) because it is continuous, has a unique minimum (see Lemma

2.6 of KP), and limjvj!1 M2 (v) = 1 almost surely which follows since limjvj!1B` (v) = jvj = 0

almost surely by virtue of the law of the iterated logarithm for Brownian motion.

(ii) an(b
 � 
0) = Op(1) and
p
n
�b� � �0� = Op(1). This is shown in Lemma 4.

Now, by Proposition 2(i),

an (b
 � 
0) d�! argmax
v
f�C(v)g d

= argmax
v

(
� 1
2�� jvj+

p
$�B1(�v);

� 1
2�+ jvj+

p
$+B2(v);

if v � 0;
if v > 0;

= !� ('; �; 1)

where ! = $�=�
2
�, ' = �+=�� and � = $+

0 =$
�
0 . The asymptotic independence between b
; b�1 and b�2 is

implied by the independence between C(v), W1 and W2 which is shown in Lemma 13.

Proof of Corollary 1. By the CMT and Proposition 2(ii),

n (Sn (
0)� Sn (b
)) = n
h�
Sn

�

0;
b� (
0)�� Sn (
0; �0)�� �Sn �b
; b��� Sn (
0; �0)�i

d�! min
u

�
1

2
u0S��u� u0W

�
�min

u;v

�
1

2
u0S��u� u0W + C (v)

�
= max

v
f�C (v)g d

= max
v

(
� 1
2�� jvj+

p
$�B1(�v);

� 1
2�+ jvj+

p
$+B2(v);

if v � 0;
if v > 0;

= �2� ('; �; 1) ;

where �2 = $�=��, and the distribution of � ('; �; 1) is derived in Proposition 2(iii). The required result

follows by Slutsky�s theorem.

Proof of Theorem 3. We apply Theorem 2.7 of KP to �nd the asymptotic distribution of n1=3
�b� � �0�.

First, b� = argmin� Sn (�) implies
n1=3

�b� � �0� = argmin
h
n2=3

�
Sn

�
�0 + h=n

1=3
�
� Sn (�0)

�
= argmin

h
fMn (h) + op (1)g

from Lemma 10, where

Mn (h) :=
1

2
h0S���h1(v � 0) +

1

2
h0S+��h1(v > 0) + �n (v) ;

and �n (v) is de�ned in Lemma 10.

(i) Mn (h) M (h) := 1
2h
0S���h1(v � 0)+ 1

2h
0S+��h1(v > 0)+� (v) 2 Cmin

�
R2d+3

�
. The weak convergence is

proved in Lemma 14. We now checkM (h) 2 Cmin
�
R2d+3

�
. It is not hard to checkM (h) is continuous,

has a unique minimum (see Lemma 2.6 of KP), and limkhk!1 M (h) =1 almost surely (see Lemma

2.5 of KP given that the covariance kernel of M (h) satis�es the rescaling property (2.4) of KP).
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(ii) n1=3
�b� � �0� = Op(1). This is proved in Lemma 5.

Finally, we show that argminhM (h) takes the simpli�ed form in the theorem. We �rst concentrate on

v. Given v, it is not hard to see that

bu (v) = argmin
u

M (v; u) = �S�1��
h
S��
v1(v � 0) + S

+
�
v1(v > 0)

i
= �

0@ M�10

h
S��1
1(v � 0) + S

+
�1

1(v > 0)

i
v

M
�1
0

h
S��2
1(v � 0) + S

+
�2

1(v > 0)

i
v

1A :

Plugging bu (v) in M (h) we have
min
u
M (h) =

v2

2

h�
2�� � S�
�S

�1
�� S

�
�


�
1(v � 0) +

�
2�+ � S+
�S

�1
�� S

+
�


�
1(v > 0)

i
+ �(v)

=

8<:
1
2

�
2�� � S�
�1M

�1
0 S��1
 � S

�

�2

M
�1
0 S��2


�
v2 +

q
f0!

�
0 B1(�v);

1
2

�
2�+ � S+
�1M

�1
0 S+�1
 � S

+

�2

M
�1
0 S+�2


�
v2 +

q
f0!

+
0 B2(v);

if v � 0;
if v > 0;

= :

(
1
2��v

2 +
p
$�B1(�v);

1
2�+v

2 +
p
$+B2(v);

if v � 0;
if v > 0;

=:M (v) ;

where note that S�
�S
�1
�� S

�
�
 = S�
�1M

�1
0 S��1
 +S

�

�2

M
�1
0 S��2
 , and �� > 0 by S

�
�� > 0. By Proposition 2(i),

we have

n1=3 (b
 � 
0) d�! argmax
v
f�M (v)g d

= argmax
v

(
� 1
2��v

2 +
p
$�B1(�v);

� 1
2�+v

2 +
p
$+B2(v);

if v � 0;
if v > 0;

= !
1
3 � ('; �; 2) ;

where ! = $�=�
2
�, ' = �+=�� and � = $+=$� = !+0 =!

�
0 .

Proof of Corollary 2. Note that

n2=3 (Sn(
0)� Sn (b
))� n2=3 �Sn(
0; �0)� Sn(b
; b�)�
= n2=3

�
Sn(
0;

b� (
0))� Sn (
0; �0)�
= �n2=3

�b� (
0)� �0�0 1ndiagnX 0�
0X�
0 ; X 0>
0X>
0

o�b� (
0)� �0�
= n2=3Op

�
n�1=2

�
O (1)Op

�
n�1=2

�
= op (1) ;

where b� (
0)� �0 = Op
�
n�1=2

�
, so

n2=3 (Sn(
0)� Sn (b
)) = n2=3
�
Sn(
0)� Sn(b
; b�)� d�! �min

h
M (h) = �min

v
M (v) = max

v
f�M (v)g :

Now, by Proposition 2(ii),

max
v
f�M (v)g d

= max
v

(
� 1
2��v

2 +
p
$�B1(�v);

� 1
2�+v

2 +
p
$+B2(v);

if v � 0;
if v > 0;

= �2=3� ('; �; 2) ;

where �2 = $2
�=��. The required result follows by Slutsky�s theorem.

Proof of Theorem 4. We �rst apply Theorem 2.7 of KP to �nd the asymptotic distribution of�
�n (b
 � 
0) ; �n �b� � �0�� and then re�ne the asymptotic distribution of b� to min �n1=2; �n� �b� � �0�.
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First, b� = argmin� Sn (�) implies�
�n (b
 � 
0) ; �n �b� � �0�� = argmin

h

p
n�n (Sn (
0 + v=�n; �0 + u=�n)� Sn (�0)) = argmin

h
fMn (h) + op (1)g

from Lemma 10, where

Mn (h) :=
1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0) + �n (v) ;

and �n (v) is de�ned in Lemma 10.

(i) Mn (h) M (h) := 1
2u
0
1M0u1+

1
2u
0
2M0u2+�� jvj� 1(v � 0)+�+v�1(v > 0)+� (v) =:M1(u)+M2 (v) 2

Cmin
�
R2d+3

�
. The weak convergence is shown in Lemma 14. We now check M (h) 2 Cmin

�
R2d+3

�
. It

is not hard to check M (h) is continuous, has a unique minimum (see Lemma 2.6 of KP), so it remains

to show limkhk!1 M (h) = 1 almost surely. Because u and v are separable in M (h), we can check
limkuk!1M1 (u) = 1 and limjvj!1M2 (v) = 1 separately. First, limkuk!1M1 (u) = 1 is obvious

since it is a deterministic quadratic function. Second, since

M2 (v) =
�
�� jvj� +

p
$�B1(�v)

�
1(v � 0) +

�
�+v

� +
p
$+B2(v)

�
1(v > 0);

and by the law of the iterated logarithms for Brownian motion, i.e., B(v) �
p
2v log log v as jvj ! 1,

we have the B (v) term is dominated by the jvj�, � � 1, term, so limjvj!1M2 (v) =1.

(ii)
�
�n (b
 � 
0) ; �n �b� � �0�� = Op(1). This is proved in Lemma 5.

Now,
�
�n (b
 � 
0) ; �n �b� � �0�� d�! argminhM (h) = (argminvM2 (v) ;0); in other words, �n

�b� � �0�
is degenerate and the convergence rate of b� is faster. We �rst show that argminvM2 (v) can be simplied to

the form as stated in the theorem. By Proposition 2(i), we have

argmin
v

M2 (v) = argmax
v
f�M2 (v)g

d
= argmax

v

(
��� jvj� +

p
$�B1(�v);

��+v� +
p
$+B2(v);

if v � 0;
if v > 0;

= !
1

2��1 � ('; �;�) ;

where ! = $�=4�
2
�, ' = �+=�� and � = !+0 =!

�
0 . We next show the asymptotic distribution of b�. Because

the randomness in the 
 direction dominates, we cannot search over � and 
 jointly; rather, we �x b
 and
concentrate on the randomness in the � direction. Note that

b� � �0 t argminu2Nu fSn (b
; �0 + u)� Sn (
0; �0)g
= argminu2Nu

�
[S (b
; �0 + u)� S (
0; �0)] + �Sn (b
; �0 + u)� S (b
; �0 + u)� n�1=2Gn (s (� j
0; �0 ))�	

= argminu2Nu

n
1
2u
0S��u+

h
(b
 � 
0)S�
�u+ �� jb
 � 
0j� L� (jb
 � 
0j)i 1(b
 � 
0)

+
h
(b
 � 
0)S+
�u+ �+ (b
 � 
0)� L+ (b
 � 
0)i 1(b
 > 
0)

+n�1=2Gn (s (� jb
; �0 + u ))� n�1=2Gn (s (� j
0; �0 )) + o ����n L
�
��1n

��
+ o

�
��2n

�	
= argminu2Nu

n
1
2u
0S��u+ (b
 � 
0)S�
�u1(b
 � 
0) + (b
 � 
0)S+
�u1(b
 > 
0)

�n�1=2u0Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+ op

�
n�1=2

�)

=

0@ M�10

n
�
h
S��1
1(b
 � 
0) + S

+
�1

1(b
 > 
0)

i
(b
 � 
0) + n�1=2Gn (xe11 (q � b
))o

M
�1
0

n
�
h
S��2
1(b
 � 
0) + S

+
�2

1(b
 > 
0)

i
(b
 � 
0) + n�1=2Gn (xe21 (q > b
))o

1A+ op �n�1=2� ;
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where the minimization operation is over a ��1n -neighborhood of 0,Nu, because b� is �n-consistent, Sn (
0; �0) =
S (
0; �0) + n

�1=2Gn (s (� j
0; �0 )) does not involve u,

n�1=2Gn (s (� jb
; �0 + u ))� n�1=2Gn (s (� j
0; �0 ))
= n�1=2Gn (s (� j
0; �0 + u ))� n�1=2Gn (s (� j
0; �0 )) + op

�
n�1=2

�
= �n�1=2u0Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+
n�1=2

2
Gn

 
u01xu11 (q � 
0)

u02xu21 (q > 
0)

!
+ op

�
n�1=2

�
= �n�1=2u0Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+ op

�
n�1=2

�
and o

�
���n L

�
��1n

��
= o

�
n�1=2

�
and o

�
��2n

�
= o

�
n�1=2

�
. In summary, the convergence rate of b� � �0 is

min
�
�n; n

1=2
�
. When 1 < � < 1:5,

n1=2
�b� � �0� = diagnM�10 ;M

�1
0

o
Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+ op (1)

d�!
 
Z�1
Z�2

!
;

and when 1:5 < � < 2;

�n

�b� � �0� = �diag
n
M�10 ;M

�1
0

oh
S��
1(b
 � 
0) + S

+
�
1(b
 > 
0)

i
�n (b
 � 
0) + op (1)

d�! �

0@ M�10

h
S��1
1 (Z
 (�) � 0) + S

+
�1

1 (Z
 (�) > 0)

i
Z
 (�) ;

M
�1
0

h
S��2
1 (Z
 (�) � 0) + S

+
�2

1 (Z
 (�) > 0)

i
Z
 (�) ;

1A
and when � = 1:5, the weak limit of n1=2

�b� � �0� is the sum of both limits.

Proof of Corollary 3. Note that

p
n�n (Sn(
0)� Sn (b
))�pn�n �Sn(
0; �0)� Sn(b
; b�)� = pn�n �Sn(
0; b� (
0))� Sn (
0; �0)�

= �pn�n
�b� (
0)� �0�0 1ndiagnX 0�
0X�
0 ; X 0>
0X>
0

o�b� (
0)� �0�
=
p
n�nOp

�
n�1=2

�
O (1)Op

�
n�1=2

�
= op (1) ;

where b� (
0)� �0 = Op
�
n�1=2

�
, and �n � n so

p
n�n � n. As a result,

p
n�n (Sn(
0)� Sn (b
)) = pn�n �Sn(�0; 
0)� Sn(b�; b
)� d�! �min

h
M (h) = �min

v
M2 (v) = max

v
f�M2 (v)g :

Now, by Proposition 2(ii),

max
v
f�M2 (v)g

d
= max

v

(
��� jvj� +

p
$�B1(�v);

��+v� +
p
$+B2(v);

if v � 0;
if v > 0;

= �
2

2��1 � ('; �;�) ;

where �2 =
$�
�

2��
. The required result follows by Slutsky�s theorem.

Proof of Theorem 5. First, b� = argmin� Sn (�) implies
bhn := pn�b� � �0� = arg min

(v;u)
nPn

�
s
�
�
��
0 + v

n1=2
; �0 +

u
n1=2

�
� s (� j
0; �0 )

�
= argmin

h
fMn (h) + op (1)g ;

7



where from Lemma 11,

Mn (h) =
1

2
h0S���h1(v � 0) +

1

2
h0S+��h1(v > 0)�Wn (u) ;

and Wn (u) is de�ned there. Now, we apply the argmax continuous mapping theorem (Theorem 3.2.2 of

VW) to derive the asymptotic distribution of
p
n
�b� � �0�.

(i) Wn (u) u0W , where W is de�ned in (9). This is proved in Lemma 12. So

Mn (h) 
1

2
h0S���h1(v � 0) +

1

2
h0S+��h1(v > 0)� u

0W =:M (h) :

(ii)
p
n
�b� � �0� = Op(1). This is proved in Lemma 6.

(iii) That argmin
h
M (h) = Op(1) is obvious.

(iv) That argmin
h
M (h) is unique is obvious.

Finally, we show that argmin
h
M (h) takes the simpli�ed form in the theorem. We �rst concentrate on u.

Given u, it is not hard to see that

bv (u) = argminv M (v; u) = � �S�

��1 S�
�u � 1(u0S��
 �S�

��1 S�
�u � u0S+�

�
S+



��1
S+
�u)

�
�
S+



��1
S+
�u1(u

0S��

�
S�



��1
S�
�u < u0S+�


�
S+



��1
S+
�u):

Plugging bv (u) in M (h) we have
minvM (h) = �u0W + 1

2u
0
�
S�� � S��


�
S�



��1
S�
�

�
u ^ 1

2u
0
�
S�� � S+�


�
S+



��1
S+
�

�
u

= min
n
�u0W + 1

2u
0
�
S�� � S��


�
S�



��1
S�
�

�
u;�u0W + 1

2u
0
�
S�� � S+�


�
S+



��1
S+
�

�
u
o
:

So

bu = argminu fminvM (h)g =
8><>:
�
S�� � S��


�
S�



��1
S�
�

��1
W , if W 2 R1,�

S�� � S+�

�
S+



��1
S+
�

��1
W , if W 2 R1,

where

R1 =

�
W j � 1

2W
0
�
S�� � S��


�
S�



��1
S�
�

��1
W � �1

2W
0
�
S�� � S+�


�
S+



��1
S+
�

��1
W

�
;

and the event in R1 cannot reduce to W 0
�
S��


�
S�



��1
S�
� � S

+
�


�
S+



��1
S+
�

�
W � 0,16 and

bv = bv (bu) d�!

8>>>>>>><>>>>>>>:

�
�
S�



��1
S�
�

�
S�� � S��


�
S�



��1
S�
�

��1
W , if W 2 R1 \R2,

�
�
S+



��1
S+
�

�
S�� � S��


�
S�



��1
S�
�

��1
W , if W 2 R1 \R2,

�
�
S�



��1
S�
�

�
S�� � S+�


�
S+



��1
S+
�

��1
W , if W 2 R1 \R3,

�
�
S+



��1
S+
�

�
S�� � S+�


�
S+



��1
S+
�

��1
W , if W 2 R1 \R3,

:

16Note that this is di¤erent from the result that A � B then A�1 � B�1. If S�� � S��


�
S�



��1
S�
� � S�� �

S+�


�
S+



��1
S+
� or the converse, then only one of the two cases can happen.
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where

R2 =

�
W jW 0

�
S�� � S��


�
S�



��1
S�
�

��1 h
S��


�
S�



��1
S�
� � S

+
�


�
S+



��1
S+
�

i �
S�� � S��


�
S�



��1
S�
�

��1
W � 0

�
;

R3 =

�
W jW 0

�
S�� � S+�


�
S+



��1
S+
�

��1 h
S��


�
S�



��1
S�
� � S

+
�


�
S+



��1
S+
�

i �
S�� � S+�


�
S+



��1
S+
�

��1
W � 0

�
;

and R2 and R3 are their negations.

Proof of Corollary 4. By the CMT,

n (Sn (
0)� Sn (b
))
= n

h�
Sn

�

0;
b� (
0)�� Sn (
0; �0)�� �Sn �b
; b��� Sn (
0; �0)�i

d�! minu
�
1
2u
0S��u� u0W

	
�minu;v

�
1
2h
0S���h1(v � 0) + 1

2h
0S+��h1(v > 0)� u0W

	
= � 1

2W
0S�1��W �min

�
� 1
2W

0
�
S�� � S��


�
S�



��1
S�
�

��1
W;� 1

2W
0
�
S�� � S+�


�
S+



��1
S+
�

��1
W

�
= 1

2 max

�
W 0
��
S�� � S��


�
S�



��1
S�
�

��1
� S�1��

�
W;W 0

��
S�� � S+�


�
S+



��1
S+
�

��1
� S�1��

�
W

�
:

It can be shown that�
S�� � S��


�
S�



��1
S�
�

��1
� S�1�� = S�1�� S

�
�


�
S�



��1 ��
S�



��1 � �S�

��1 S�
�S�1�� S��
 �S�

��1��1 �S�

��1 S�
�S�1��
= S�1�� S

�
�


�
S�

 � S�
�S

�1
�� S

�
�


��1
S�
�S

�1
�� ;

which results in the conclusion in the corollary.

Proof of Theorem 6. We apply Theorem 2.7 of KP to �nd the asymptotic distribution of
�
n1=3 (b
 � 
0) ;pn�b� � �0��.

First, b� = argmin� Sn (�) implies�
n1=3 (b
 � 
0) ; n1=2 �b� � �0�� = argmin

h
n
�
Sn

�

0 + v=n

1=3; �0 + u=n
1=2
�
� Sn (�0)

�
= argmin

h
fMn (h) + op (1)g

from Lemma 11, where

Mn (h) :=
1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj3 1(v � 0) + �+v31(v > 0)�Wn (u) + �n (v) ;

and �n (v) is de�ned in Lemma 11.

(i) Mn (h) M (h) := 1
2u
0
1M0u1+

1
2u
0
2M0u2+�� jvj3 1(v � 0)+�+v31(v > 0)�u0W+�(v) 2 Cmin

�
R2d+3

�
.

The weak convergence is shown in Lemma 15. Because u and v are separable in M (h), we can check
M1 (u) :=

1
2u
0
1M0u1 +

1
2u
0
2M0u2 � u0W 2 Cmin

�
R2d+2

�
and M2 (v) := �� jvj3 1(v � 0) + �+v

31(v >

0) + � (v) 2 Cmin (R) separately. First, M1 (u) 2 Cmin
�
R2d+2

�
by the same arguments as in proof of

Theorem 2. Second,

M2 (v) =
h
�� jvj3 +

p
$�B1(�v3)

i
1(v � 0) +

�
�+v

3 +
p
$+B2(v

3)
�
1(v > 0)

is continuous, and has a unique minimizer by Lemma 2.6 of KP. Since

lim
jvj!1

M2 (v) = lim
jvj3!1

M2 (v) = lim
j�j!1

�
�� j�j+

p
$�B1(��)

�
1(� � 0)+

�
�+� +

p
$+B2(�)

�
1(� > 0);

we have limjvj!1M2 (v) =1 by the same arguments as in proof of Theorem 2.
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(ii)
�
n1=3 (b
 � 
0) ; n1=2 �b� � �0�� = Op(1). This is proved in Lemma 6.

Now, we show that argminhM (h) can be simpli�ed to the form as stated in the theorem. First,

argminuM1(u) =
�
Z�1 ; Z�2

�
is standard. Second,

argmin
v

M2 (v) = argmax
v
f�M2 (v)g

d
= argmax

v

(
��� jvj3 +

p
$�B1(�v3);

��+v3 +
p
$+B2(v

3);

if v � 0;
if v > 0;

= b�1=3;
where b� = argmax

�

(
� 1
22�� j�j+

p
$�B1(��);

� 1
22�+� +

p
$+B2(�);

if � � 0;
if � > 0:

From Proposition 2(i), b� = !� ('; �; 1) with ! = $�
(2��)

2 , ' =
�+
��

and � = !+0
!�0
.

Proof of Corollary 5. By the CMT and Proposition 2(ii),

n (Sn (
0)� Sn (b
))
= n

h�
Sn

�

0;
b� (
0)�� Sn (
0; �0)�� �Sn �b
; b��� Sn (
0; �0)�i

d�! min
u

�
1

2
u0S��u� u0W

�
�min

u;v

�
1

2
u0S��u� u0W + �� jvj3 1(v � 0) + �+v31(v > 0) + � (v)

�
= �min

v

n
�� jvj3 1(v � 0) + �+v31(v > 0) + � (v)

o
d
= max

v

(
��� jvj3 +

p
$�B1(�v3);

��+v3 +
p
$+B2(v

3);

if v � 0;
if v > 0;

= max
r

(
� 1
22�� jrj+

p
$�B1 (�r) ;

� 1
22�+ jrj+

p
$+B2 (r) ;

if r � 0;
if r > 0;

= �2� ('; �; 1)

where �2 = $�
2��

, and the distribution of � ('; �; 1) is derived in Proposition 2(iii). The required result follows

by Slutsky�s theorem.

Proof of Theorem 7. We apply Theorem 2.7 of KP to �nd the asymptotic distribution of
�
n1=5 (b
 � 
0) ; n2=5 �b� � �0��.

First, b� = argmin� Sn (�) implies�
n1=5 (b
 � 
0) ; n2=5 �b� � �0�� = argmin

h
n4=5

�
Sn

�

0 + v=n

1=5; �0 + u=n
2=5
�
� Sn (�0)

�
= argmin

h
fMn (h) + op (1)g

from Lemma 11, where

Mn (h) :=
1

2

�
u0; v2

�
S�
�
u0; v2

�0
1(v � 0) + 1

2

�
u0; v2

�
S+
�
u0; v2

�0
1(v > 0) + �n (v) ;

and �n (v) is de�ned in Lemma 11.

(i) Mn (h) M (h) := 1
2

�
u0; v2

�
S�
�
u0; v2

�0
1(v � 0)+ 1

2

�
u0; v2

�
S+
�
u0; v2

�0
1(v > 0)+� (v) 2 Cmin

�
R2d+3

�
.

The weak convergence is shown in Lemma 15. We now check M (h) 2 Cmin
�
R2d+3

�
. It is not hard

to check M (h) is continuous, has a unique minimum (see Lemma 2.6 of KP), so it remains to show

limkhk!1 M (h) = 1 almost surely. Note that M (h) � � (v) � C
2 u
0S��u + C (�� ^ �+) v4, and

� (v) =
p
$�B1(�v3)1(v � 0) +

p
$+B2(v

3)1(v > 0). By the law of the iterated logarithms for

Brownian motion, B(v3) �
p
2v3 log log v3 as jvj ! 1, so B(v3) is dominated by v4. As a result,

limkhk!1 M (h) =1.
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(ii)
�
n1=5 (b
 � 
0) ; n2=5 �b� � �0�� = Op(1). This is proved in Lemma 6.

Now, we show that argminhM (h) can be simpli�ed to the form as stated in the theorem. We �rst

concentrate on v. Given v, it is not hard to see that

bu (v) = argmin
u

M (v; u) = �S�1��
�
1

2
S�
2

�
v2 = �1

2

 
M�10 S�`
2

M
�1
0 S�`
2

!
v2:

Plugging bu (v) in M (h) we have
minuM (h) = v4

2

h
2��1(v � 0) + 2�+1(v > 0)� 1

4S
2�S
�1
�� S�
2

i
+ �(v)

=

8><>:
1
2

�
2�� � 1

4S
2�`M
�1
0 S�`
2 �

1
4S
2�`M

�1
0 S�`
2

�
v4 +

q
f0�2q0
3 !�0 B1(�v3);

1
2

�
2�+ � 1

4S
2�`M
�1
0 S�`
2 �

1
4S
2�`M

�1
0 S�`
2

�
v4 +

q
f0�2q0
3 !+0 B2(v

3);

if v � 0;
if v > 0;

=:

(
1
2��v

4 +
p
$�B1(�v3);

1
2�+v

4 +
p
$+B2(v

3);

if v � 0;
if v > 0;

=:M (v) ;

where �� > 0 by S
�
�� > 0. So

n1=5 (b
 � 
0) d�! argmin
v

M (v) = argmax
v
f�M (v)g d

= argmax
v

(
� 1
2��v

4 +
p
$�B1(�v3);

� 1
2�+v

4 +
p
$+B2(v

3);

if v � 0;
if v > 0;

= b�1=3;
where by Proposition 2(i),

b� = argmax
�

(
� 1
2���

4=3 +
p
$�B1(��);

� 1
2�+�

4=3 +
p
$+B2(�);

if � � 0;
if � > 0;

= !3=5� ('; �; 4=3) ;

with ! = $�=�
2
�, ' = �+=�� and � = $+=$� = !+0 =!

�
0 .

Proof of Corollary 6. Note that

n4=5 (Sn(
0)� Sn (b
))� n4=5 �Sn(
0; �0)� Sn(b
; b�)� = n4=5
�
Sn(
0;

b� (
0))� Sn (
0; �0)�
= �n4=5

�b� (
0)� �0�0 1ndiagnX 0�
0X�
0 ; X 0>
0X>
0

o�b� (
0)� �0�
= n4=5Op

�
n�1=2

�
O (1)Op

�
n�1=2

�
= op (1) ;

where b� (
0)� �0 = Op
�
n�1=2

�
, so

n4=5 (Sn(
0)� Sn (b
)) = n4=5
�
Sn(�0; 
0)� Sn(b�; b
)� d�! �min

h
M (h) = �min

v
M (v) = max

v
f�M (v)g :

Now, by Proposition 2(ii),

max
v
f�M (v)g d

= max
v

(
� 1
2��v

4 +
p
$�B1(�v3);

� 1
2�+v

4 +
p
$+B2(v

3);

if v � 0;
if v > 0;

= max
�

(
� 1
2���

4=3 +
p
$�B1(��);

� 1
2�+�

4=3 +
p
$+B2(�);

if � � 0;
if � > 0;

= �6=5� ('; �; 4=3) ;

where �2 =
$
4=3
�
��

. The required result follows by Slutsky�s theorem.
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Proof of Theorem 8. We apply Theorem 2.7 of KP to �nd the asymptotic distribution of
�
�n (b
 � 
0) ; �n �b� � �0��.

First, b� = argmin� Sn (�) implies�
�n (b
 � 
0) ; �n �b� � �0�� = argmin

h

p
n�3n (Sn (
0 + v=�n; �0 + u=�n)� Sn (�0)) = argmin

h
fMn (h) + op (1)g

from Lemma 11, where

Mn (h) :=
1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0) + �n (v) ;

and �n (v) is de�ned in Lemma 11.

(i) Mn (h) M (h) := 1
2u
0
1M0u1+

1
2u
0
2M0u2+�� jvj� 1(v � 0)+�+v�1(v > 0)+� (v) =:M1(u)+M2 (v) 2

Cmin
�
R2d+3

�
. The weak convergence is shown in Lemma 15. We now check M (h) 2 Cmin

�
R2d+3

�
.

The proof is similar to that in the proof of Theorem 4; only notice that

M2 (v) =
�
�� jvj� +

p
$�B1(�v3)

�
1(v � 0) +

�
�+v

� +
p
$+B2(v

3)
�
1(v > 0);

so

lim
jvj!1

M2 (v) = lim
jvj3!1

M2 (v) = lim
j�j!1

h
�� j�j�=3 +

p
$�B1(��)

i
1(� � 0) +

�
�+�

�=3 +
p
$+B2(�)

�
1(� > 0)!1;

as �=3 � 1.

(ii)
�
�n (b
 � 
0) ; �n �b� � �0�� = Op(1). This is proved in Lemma 6.

Now,
�
�n (b
 � 
0) ; �n �b� � �0�� d�! argminhM (h) = (argminvM2 (v) ;0); in other words, �n

�b� � �0�
is degenerate and the convergence rate of b� is faster. We �rst show that argminvM2 (v) can be simpli�ed

to the form as stated in the theorem. First,

argminv M2 (v) = argmaxvf�M2 (v)g
d
= argmaxv

(
� 1
22�� jvj

�
+
p
$�B1(�v3);

� 1
22�+v

� +
p
$+B2(v

3);

if v � 0;
if v > 0;

= b�1=3;
where b� = argmax

�

(
� 1
22�� j�j

�=3
+
p
$�B1(��);

� 1
22�+�

�=3 +
p
$+B2(�);

if � � 0;
if � > 0:

From Proposition 2(i), b� = !
1

2��1 � ('; �; �) with � = �=3, ! = $�= (2��)
2, ' = �+=��, and � = !+0 =!

�
0 .

We next show the asymptotic distribution of b�. As in the proof of Theorem 4,

b� � �0 t argminu2Nu fSn (b
; �0 + u)� Sn (
0; �0)g
= argminu2Nu

�
[S (b
; �0 + u)� S (
0; �0)] + �Sn (b
; �0 + u)� S (b
; �0 + u)� n�1=2Gn (s (� j
0; �0 ))�	

= argminu2Nu

n
1
2u
0S��u+

h
1
2u
0S��
2 (b
 � 
0)2 + �� jb
 � 
0j� L� (jb
 � 
0j)i 1(b
 � 
0)

+
h
1
2u
0S+�
2 (b
 � 
0)2 + �+ (b
 � 
0)� L+ (b
 � 
0)i 1(b
 > 
0)

+n�1=2Gn (s (� jb
; �0 + u ))� n�1=2Gn (s (� j
0; �0 )) +O ���2n ��1n
�
+ o

�
���n L

�
��1n

��
+ o

�
��1n ��2n

�	
= argminu2Nu

(
1
2u
0S��u+

1
2u
0S�
2 (b
 � 
0)2 � n�1=2u0Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+ op

�
n�1=2

�)

12



=

0@ M�10

h
� 1
2S�`
2 (b
 � 
0)2 + n�1=2Gn (xe11 (q � 
0))

i
M
�1
0

h
� 1
2S�`
2 (b
 � 
0)2 + n�1=2Gn (xe21 (q > 
0))

i 1A+ op �n�1=2� ;
whereNu is a ��1n -neighborhood of 0, O

�
��2n ��1n

�
= o

�
n�1=2

�
, o
�
���n L

�
��1n

��
= o

�
n�1=2

�
, and o

�
��1n ��2n

�
=

o
�
n�1=2

�
.

In summary, the convergence rate of b� � �0 is min ��2n; n1=2�. When 3 < � < 3:5,

n1=2
�b� � �0� = diagnM�10 ;M

�1
0

o
Gn

 
xe11 (q � 
0)

xe21 (q > 
0)

!
+ op (1)

d�!
 
Z�1
Z�2

!
;

and when 3:5 < � < 4;

�2n

�b� � �0� = �12
 
M�10 S�`
2

M
�1
0 S�`
2

!
�2n (b
 � 
0)2 + op (1) d�! �1

2

 
M�10 S�`
2

M
�1
0 S�`
2

!
Z
 (�)

2
;

and when � = 3:5, the weak limit of n1=2
�b� � �0� is the sum of both limits.

Proof of Corollary 7. Note thatp
n�3n (Sn(
0)� Sn (b
))�pn�3n �Sn(
0; �0)� Sn(b
; b�)� =pn�3n �Sn(
0; b� (
0))� Sn (
0; �0)�

= �
p
n�3n

�b� (
0)� �0�0 1ndiagnX 0�
0X�
0 ; X 0>
0X>
0

o�b� (
0)� �0�
=
p
n�3nOp

�
n�1=2

�
O (1)Op

�
n�1=2

�
= op (1) ;

where b� (
0)� �0 = Op
�
n�1=2

�
, and �n � n1=3 so

p
n�3n � n. As a result,

p
n�3n (Sn(
0)� Sn (b
)) =pn�3n �Sn(
0; �0)� Sn(b
; b�)� d�! �min

h
M (h) = �min

v
M2 (v) = max

v
f�M2 (v)g :

Now, by Proposition 2(ii),

max
v
f�M (v)g d

= max
v

(
��� jvj� +

p
$�B1(�v3);

��+v� +
p
$+B2(v

3);

if v � 0;
if v > 0;

= max
�

(
� 1
22�� j�j

�=3
+
p
$�B1(��);

� 1
22�+�

�=3 +
p
$+B2(�);

if � � 0;
if � > 0;

= �
2

2��1 � ('; �; �) ;

where �2 =
$�
�

2��
and � = �

3 . The required result follows by Slutsky�s theorem.

Proof of Theorem 9. First, b� = argmin� Sn (�) implies
bhn := ��n (b
 � 
0) ; �n �b� � �0�� = argmin

h
Mn (h) = arg min

(v;u)
nPn

�
s
�
�
���
0 + v

�n
; �0 +

u
�n

�
� s (� j
0; �0 )

�
:

From Lemma 11,

Mn (h) =
1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0)�Wn (u) + oP (1) ;

where Wn (u) is de�ned in Lemma 8. Now, we apply the argmax continuous mapping theorem (Theorem

3.2.2 of VW) to derive the asymptotic distribution of
�
�n (b
 � 
0) ; �n �b� � �0��.
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(i) Wn (u) u0W , where W is de�ned in (9). This is proved in Lemma 12. So

Mn (h) 
1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0)� u0W =:M (h) :

(ii)
�
�n (b
 � 
0) ; �n �b� � �0�� = Op(1). This is proved in Lemma 6.

(iii) That argmin
h
M (h) = Op(1) is obvious.

(iv) That argmin
h
M (h) is unique is obvious.

Now,
�
�n (b
 � 
0) ; �n �b� � �0�� d�! argminhM (h) =

�
0;M�10 W1;M

�1
0 W2

�
; in other words, �n (b
 � 
0)

is degenerate and the convergence rate of b
 is faster. Lemma 7 shows that n1=2 (b
 � 
0) = Op (1) when

2 < � � 2:5 and %n (b
 � 
0) = Op (1) when 2:5 < � < 3. We then apply Theorem 2.7 of KP to �nd the

asymptotic distribution of min
�
n1=2; %n

�
(b
 � 
0). First, when 2:5 < � < 3, the proof is the exactly the

same as that of Theorem 8, just noting that �=3 > 5=6, so B(v)= jvj�=3 �
p
2 jvj log log jvj= jvj5=6 ! 0 as

jvj ! 1. Second, when 2 < � < 2:5, from Lemma 7,

p
n (b
 � 
0) = argminv n�=2

L
�

1

n1=2

� ���b� � �0�0 S�� � v
n1=2

�
+ ��

�� v
n1=2

��� L� ��� v
n1=2

���� 1(v � 0)
+

��b� � �0�0 S+� � v
n1=2

�
+ �+

�
v

n1=2

��
L+
�

v
n1=2

��
1(v > 0) + op (1)

� ;

where n(��1)=2

L
�

1

n1=2

�S�� � v
n1=2

�
!  � jvj

��1 and n�=2

L
�

1

n1=2

��� �� v
n1=2

��� L� ��� v
n1=2

���! �� jvj� by Assumption (x)(ab),

so by Theorem 2.7 of KP,

p
n (b
 � 
0) d�! argminv

nh
Z 0� � jvj

��1
+ �� jvj�

i
1(v � 0) +

h
Z 0� +v

��1 + �+v
�
i
1(v � 0)

o

=

8>>>>>>><>>>>>>>:

��1
�

 0�
��
Z� ;

��1
�

 0�
��
Z� ;

���1
�

 0+
�+
Z� ;

���1
�

 0+
�+
Z� ;

0;

if  0�Z� < 0,  
0
+Z� < 0 and

jZ0� �j�
���1�

� jZ0� +j�
���1+

;

if  0�Z� < 0 and  
0
+Z� � 0;

if  0�Z� < 0,  
0
+Z� < 0 and

jZ0� �j�
���1�

<
jZ0� +j�
���1+

;

if  0�Z� � 0 and  0+Z� < 0;
if  0�Z� � 0 and  0+Z� � 0,

where the minimum on v � 0 is � (��1)��1
��

(�Z0� �)
�

���1�
and on v � 0 is � (��1)��1

��
(�Z0� +)

�

���1+

when the minimizer

is achieved on v < 0 and v > 0, respectively. When � = 2:5, from Lemma 7,

p
n (b
 � 
0) = argmin

v
fMn (v) + op(1)g ;

where Mn (v) is de�ned there. By Lemma 16,

Mn (v) M (v) :=
h
Z 0� � jvj

3=2
+ �� jvj5=2 � Z 0�2�

�
1 (v) + Z

0
�1
��1 (v) + �

�
2 (v)

i
1(v � 0)

+
h
Z 0� +v

3=2 + �+v
5=2 � Z 0�1�

+
1 (v) + Z

0
�2
�+1 (v) + �

+
2 (v)

i
1(v � 0);

where ��1 (v) and �
�
2 (v) are de�ned in Lemma 16. The asymptotic distribution of

p
n (b
 � 
0) is then

achieved by Theorem 2.7 of KP.
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Proof of Corollary 8. By the CMT,

n (Sn (
0)� Sn (b
))
= n

h�
Sn

�

0;
b� (
0)�� Sn (
0; �0)�� �Sn �b
; b��� Sn (
0; �0)�i

d�! min
u

�
1

2
u0S��u� u0W

�
�min

u;v

�
1

2
u0S��u� u0W + �� jvj� 1(v � 0) + �+v�1(v > 0)

�
= 0;

so we need a larger normalization rate than n. Note that

Sn

�

0;
b� (
0)�� Sn �b
; b�� = hSn �
0; b� (
0)�� Sn (
0; �0)i� hSn �b
; b��� Sn (
0; �0)i ;

and we need to analyze these two terms separately. From the proof of Theorem 8,

b� � b� (
0) =
�b� � �0�� �b� (
0)� �0�

= �S�1�� S
�
� (b
 � 
0) 1(b
 � 
0)� S�1�� S

+
� (b
 � 
0) 1(b
 > 
0) +Op

�
n�1

�
= O

�
(b
 � 
0)��1 L (b
 � 
0)� = op

�
n�1=2

�
but � Op

�
n�1

�
;

where note that u0S�� (b
 � 
0) rather than 1
2u
0S�
2 (b
 � 
0)2 is the dominating term now, and the Op

�
n�1

�
term in the second equality is from a careful analysis of the remainder term that is shown as op

�
n�1=2

�
in

the proof of Theorem 8, so

Sn

�

0;
b� (
0)��Sn �
0; b�� = �12 �b� � b� (
0)�0 diag

�
1

n
X 0�
0X�
0 ;

1

n
X 0>
0X>
0

��b� � b� (
0)� = Op

�


b� � b� (
0)


2� :
Because

Sn

�

0;
b��� Sn (
0; �0) = ��b� � �0�0 diag� 1nX 0�
0X�
0 ; 1nX 0>
0X>
0

��b� (
0)� �0�
+ 1

2

�b� � �0�0 diag� 1nX 0�
0X�
0 ; 1nX 0>
0X>
0

��b� � �0�
= � 1

2

�b� � �0�0 S�� �b� � �0�+ �b� � �0�0 S�� �b� � b� (
0)�+Op �n�3=2� ;
we have

Sn

�

0;
b� (
0)�� Sn (
0; �0)

= Sn

�

0;
b��� Sn (
0; �0) +Op�


b� � b� (
0)


2�

= � 1
2

�b� � �0�S�� �b� � �0�+ �b� � �0�0 S�� �b� � b� (
0)�+Op �n�3=2�+Op�


b� � b� (
0)


2� :
Next, in Sn

�b
; b��� Sn (
0; �0) of Lemma 7, the term
1
2

�b� � �0�0 S�� �b� � �0�+ C �b� � �0�
= 1

2

�b� � �0�0 S�� �b� � �0�� �b� � �0� diag� 1nX 0�
0X�
0 ; 1nX 0>
0X>
0

��b� (
0)� �0�+Op �n�3=2�
= � 1

2

�b� � �0�0 S�� �b� � �0�+ �b� � �0�0 S�� �b� � b� (
0)�+Op �n�3=2� :
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When 2:5 < � < 3, collecting the main terms (noting that � 1
2

�b� � �0�0 S�� �b� � �0� is o¤setted) in
Lemma 7, we have

p
n%3n

h
Sn

�

0;
b� (
0)�� Sn �b
; b��i d�! max

v

(
��� jvj� + ��2 (jvj) ;
��+v� + �+2 (v) ;

if v � 0;
if v > 0;

= �
6

2��3 � ('; �; �) ;

where note that
p
n%3nn

�1=2



b� � b� (
0)


 = op (1). When 2 < � < 2:5,

n�=2

L
�

1

n1=2

� �hSn �
0; b� (
0)�� Sn (
0; �0)i� � 12 �b� � �0�0 S�� �b� � �0�+ C �b� � �0���
= n�=2

L
�

1

n1=2

� �Op�


b� � b� (
0)


2�+Op �n�3=2�� = op (1) ;

where op (1) is due to n�=2=L
�

1
n1=2

�
n�1=2




b� � b� (
0)


 = Op (1) and Op
�
n�1

�
�



b� � b� (
0)


 � Op

�
n�1=2

�
.

As a result,

n�=2

L
�

1

n1=2

� hSn �
0; b� (
0)�� Sn �b
; b��i
d�! �

nh
Z 0� � jZ
 j

��1
+ �� jZ
 j�

i
1(Z
 � 0) +

h
Z 0� +Z

��1

 + �+Z

�



i
1(Z
 � 0)

o
= (��1)��1

��
(�Z0� �)

�

���1�
1(Z� 2 R1) + (��1)��1

��
(�Z0� +)

�

���1+

1(Z� 2 R2):

When � = 2:5, all terms remain and we have

n5=4
h
Sn

�

0;
b� (
0)�� Sn �b
; b��i d�! �M (Z
) ;

where M (�) is de�ned in the proof of Theorem 9.

Proof of Theorem 10. We concentrate on 
, i.e., we consider Sn (
). Note that

Sn (
) =
1

2n
Y 0 (I � P
)Y;

where P
 is the projection matrix on X�
 = [X�
 ; X>
 ]. Now, argmin
 Sn (
) = argmax
 S
�
n (
), where

S�n (
) =
1
nY
0P
Y . We can show by a GC theorem that

S�n (
) =

�
1

n
Y 0X�


��
1

n
X�0
 X

�



��1�
1

n
X�
Y

�
p�!
�
E
�
yx0�


�
;E
�
yx0>


��
S�� (
)

�1
 
E [x�
y]
E [x>
y]

!
= E

�
yx0�


�
E [xx�
 ]�1 E [x�
y] + E

�
yx0>


�
E [xx>
 ]�1 E [x>
y]

= �01
E [xx�
 ]�1
 + �
0
2
E [xx>
 ]�2
 =: S� (
)

uniformly in 
 2 �, where S�� (
) =diagfE [xx�
 ] ;E [xx>
 ]g. From Assumption (viii), argmax
 S� (
) =

�o. Because S� (
) is continuous, �o is a compact set. We denote the value of S� (
) on �o as S�0 . Re-

peating the proof of Theorem 2.1 of Newey and McFadden (1994) and treating �o as a point, we can show

P (b
 2 ��o)! 1 for any � > 0, where ��o is the �-enlargement of �o.
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To get the asymptotic distribution of b
 on �o, we subtract S�0 from S�n (
). Note that for 
 2 �o,

p
n [S�n (
)� S�0 ] =

p
n

"
1
nY
0P
Y �

�
E
�
yx0�


�
;E
�
yx0>


��
S�� (
)

�1
 
E [x�
y]
E [x>
y]

!#
=
h
1p
n

�
Y 0X�
 �

�
E
�
yx0�


�
;E
�
yx0>


���i �
1
nX
�0

 X

�



��1 � 1
nX
�

Y
�

+
�
E
�
yx0�


�
;E
�
yx0>


��
S�� (
)

�1
"

1p
n

 
X�
Y �

 
E [x�
y]
E [x>
y]

!!#
�
�
E
�
yx0�


�
;E
�
yx0>


�� �
1
nX
�0

 X

�



��1 h 1p
n

�
X�0
 X

�

 � S�� (
)

�i
S�� (
)

�1 � 1
nX
�

Y
�

 2�0
Bxy
 � �0
Bxx
 �
 ;

where the second equality is from the fact that for two invertible matrices A and B, A�1 � B�1 =

�A�1 (A�B)B�1, the weak convergence is by a Donsker�s theorem, Bxy
 =

 
Bxy1

Bxy1


!
, Bxx
 =

 
Bxx1
 0

0 Bxx2


!
,


 2 �o, and
�
Bxy01
 ;B

xy0
2
 ; vec

�
Bxx1


�0
; vec

�
Bxx2


�0�0
is a 2 (d+ 1) (d+ 2)-dimensional zero-mean Gaussian process

with the covariance kernel speci�ed in the theorem. The asymptotic distribution of b
 is then achieved by
Theorem 3.2.2 of VW. The asymptotic distribution of b� is completely determined by that of b
 because the
perfect dependency of �
 on 
.

If �10 = �20 =: �`0 on �o, then because b�`
 � �`0 is pn-consistent, we have for any 
0 2 �o,
n
�
Sn

�

; �0 +

up
n

�
� Sn (
0; �0)

�
= n

�
Sn

�

; �0 +

up
n

�
� Sn (
; �0)

�
+ n (Sn (
; �0)� Sn (
0; �0))

=
nP
i=1

T
�
wij�10 + u1p

n
; �10

�
1(qi � 
) +

nP
i=1

T
�
wij�20 + u2p

n
; �20

�
1(qi > 
)

+
nP
i=1

z1i1(
 ^ 
0 < q � 
0) +
nP
i=1

z2i1(
0 < q � 
 _ 
0)

= �
nP
i=1

�
ei � x0i

2
u1p
n

�
x0i

u1p
n
1(qi � 
)�

nP
i=1

�
ei � x0i

2
u2p
n

�
x0i

u2p
n
1(qi > 
)

= 1
2u
0
1
cM
u1 � u01Gn (xe1(q � 
)) + 1

2u
0
2
cM
u2 � u02Gn (xe1(q > 
)) ;

where ei = yi�x0i�`0 = m(xi; qi)�x0i�`0+"i, E [xiei1(qi � 
)] = E [xiyi1(qi � 
)]�E [xix0i1(qi � 
)]�`0 = 0

for 
 2 �o, and similarly E [xiei1(qi > 
)] = 0 for 
 2 �o, z`i = 0 because �0 = 0, cM
 = n�1
Pn
i=1 xix

0
i1(qi �


), and cM
 = n�1
Pn
i=1 xix

0
i1(qi > 
). Concentrating out u, we have

n
�
Sn

�

; �0 +

bu(
)p
n

�
� Sn (
; �0)

�
= � 1

2Gn (x
0e1(q � 
))cM�1
 Gn (xe1(q � 
))� 1

2Gn (x
0e1(q > 
))cM�1
 Gn (xe1(q > 
))

 � 1
2B

xe0
1
 M

�1

 Bxe1
 � 1

2B
xe0
2
 M

�1

 Bxe2
 ;

where bu (
) = �bu1 (
)0 ; bu2 (
)0�0 with bu1 (
) = cM�1
 Gn (xe1(q � 
)) and bu2 (
) = cM�1
 Gn (xe1(q > 
)), Bxe1

is a zero-mean Gaussian process with the covariance kernel equal to E

h
xx0�
1^
2e

2
i
, and Bxe2
 = Bxe11�Bxe1
 .

Note that Assumption III(v-vi) implies E
h
xx0�
1^
2e

2
i
> 0. Applying Theorem 3.2.2 of VW, we have

b
 d�! arg max

2�o

n
Bxe01
 M

�1

 Bxe1
 + Bxe02
 M

�1

 Bxe2


o
=: arg max


2�o
e� (
) =: eZ
 :
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Given the asymptotic distribution of b
, we can apply a GC theorem and Donsker�s theorem to show

p
n
�b�1 � �`0� = bu1 (b
) d�!M�1eZ
 Bxe1eZ
 and

p
n
�b�2 � �`0� = bu2 (b
) d�!M

�1eZ
Bxe2eZ
 ;
where eZ
 should be replaced by Z
 when �10 6= �20.

Proof of Corollary 9. Note that

LRn (
0) =
p
n (S�n (b
)� S�n (
0)) = pn [(S�n (b
)� S�0 )� (S�n (
0)� S�0 )]

=
p
n

�
max

2�o

(S�n (
)� S�0 )� (S�n (
0)� S�0 )
�
with probability approaching 1

d�! max

2�o

�
2�0
Bxy
 � �0
Bxx
 �


	
�
�
2�0
0B

xy

0
� �0
0B

xx

0
�
0

�
;

where the third equality is because P (b
 2 ��o)! 1 for any � > 0. Note also that when 
 =2 �o,

LRn (
) =
p
n

�
max

2�o

(S�n (
)� S�0 )� (S�n (
)� S� (
))� (S� (
)� S�0 )
�
!1

by S� (
)� S�0 < 0.
If �10 = �20 =: �`0 on �o, the normalization rate of LRn should be n. Speci�cally, by the CMT,

LRn (
0) = 2n
�
Sn

�

0;
b� (
0)�� Sn �b
; b���

= �2n
h�
Sn

�b
; b��� Sn (
0; �0)�� �Sn �
0; b� (
0)�� Sn (
0; �0)�i
d�! max


2�o
e� (
)� e� (
0) :

Similarly, when 
 =2 �o, LRn (
) ! 1 because Sn
�

; b� (
)� � Sn (
0; �0) will converge to a positive value

as assumed in Assumption (viii).

Appendix B: Consistency and Convergence Rate

We collect the proofs for consistency and convergence rates in this appendix and intend to give a uniform

treatment for all cases. We apply Theorem 2.1 of Newey and McFadden (1994) to prove the consistency; we

apply Corollary 3.2.6 of VW to show the convergence rate except the shrinking thresholds case in Section

4.2 where we apply the proof idea of Theorem 3.2.5 in VW. We will detail the proof for I(1) and then adjust

it for other cases.

Lemma 1 Under Assumption I(�), 1 � � � 2 or II(�), 2 � � � 4, b� � �0 = op (1).

Proof. We �rst show the consistency of b
. It is not hard to show sup
2� jSn (
)� S (
)j
p�! 0 by a

GC theorem, where S (
) = 1
2E
h�
y � x0�1
1(q � 
)� x0�2
1(q > 
)

�2i
. By assumption (vii), �
 is con-

tinuous in 
, and S (
) is continuous in 
. By by assumption (viii), argmin
2� S (
) is unique. So from

Theorem 2.1 of Newey and McFadden (1994), b
 p�! 
0. Given the consistency of b
, b� p�! �0 because

sup
2�

���b� (
)� �
��� p�! 0 and �
 is continuous at 
0.

Lemma 2 Under Assumption I(1), n (b
 � 
0) = Op(1) and n1=2
�b� � �0� = Op(1).
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Proof. First, S (�)� S (�0) � Cd2 (�; �0) with d (�; �0) = k� � �0k+
p
j
 � 
0j for � in a neighborhood of

�0. Extending the analyses in Section 3, we can show 	� (�; 
) in S (�)� S (�0) are dominated, so

S (�)� S (�0) t � (�1) + � (�2) + �+ (
) 1(
 > 
0) + �� (
) 1(
 � 
0)

� C
�
k�1 � �10k

2
+ k�2 � �20k

2
+ j
 � 
0j

�
:

Second, E

"
sup

d(�;�0)<�

jGn (s (wj�)� s (wj�0))j
#
� C� for any su¢ ciently small �. It is not hard to see that

fs (wj�)� s (wj�0) : d (�; �0) < �g is a VC-subgraph class of functions, so from Theorem 2.14.1 of VW,

E

"
sup

d(�;�0)<�

jGn (s (wj�)� s (wj�0))j
#
� C

p
PF 2;

where F is the envelope of fs (wj�)� s (wj�0) : d (�; �0) < �g. We can set F as

F =
�
jm1(x; q)� x0�10j kxk � + 1

2�
2 kxk2 + � kx"1k

�
1
�
q � 
0 + �

2
�

+
�
jm2(x; q)� x0�20j kxk � + 1

2�
2 kxk2 + � kx"2k

�
1
�
q > 
0 � �2

�
+
�
jm1(x; q)� x0�10j kxk (k�0k+ �) + (k�0k+ �)

2 kxk2 + (k�0k+ �) kx"1k
�
1
�

0 � �2 < q � 
0

�
+
�
jm2(x; q)� x0�20j kxk (k�0k+ �) + (k�0k+ �)

2 kxk2 + (k�0k+ �) kx"2k
�
1
�

0 < q � 
0 + �

2
�

=: F1 (x; "1j�) + F2 (x; "2j�) + F3 (x; "1j�) + F4 (x; "2j�) :

where �2 rather than � appear in the index functions for q since the metric for 
 is
p
j
 � 
0j. By Assumptions

(iv),
p
PF 2 =

p
C (�2 + �2) � C� for � < 1, i.e., the four terms of F are balanced. So � (�) = � in

Corollary 3.2.6 of VW and �=�% is decreasing for all 1 < % < 2. Since r2n�
�
1
rn

�
=
p
n for rn =

p
n,

p
nd
�b� � �0� = OP (1). By the de�nition of d, the result follows.

Lemma 3 Under Assumption I(1)0, b
 � 
0 = op (1) and b� � �0 = op (k�nk).

Proof. First, as in Lemma A.5 of Hansen (2000),

k�nk�2 [Sn (
)� Sn (�0)] = k�nk�2
�
1

2n
Y 0 (I � P
)Y �

1

2n
e0e

�
= � 1

2 k�nk2
1

n
e0P
e+

�0n
k�nk

1

n k�nk
X 00 (I � P
) e+

1

2

�0n
k�nk

1

n
X 00 (I � P
)X0

�n
k�nk

where P
 is the projection matrix on X�
 = [X;X�
 ] with X being the matrix stacking xi, X0 = X�
0 and

e is the vector stacking ei = e1i1(qi � 
0) + e2i1(qi > 
0). Although

n�1=2X 0e = n�1=2X 0�
0e1 + n
�1=2X 0>
0e2 = Op (1) ;

when 
 < 
0,

n�1X 0�
e = n�1
nX
i=1

xi"1i1(qi � 
) + n�1
nX
i=1

xi (m1 (xi; qi)� x0i�10) 1(qi � 
)

= Op

�
n�1=2

�
+ E [x (m1 (x; q)� x0�10) 1(q � 
)]
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and when 
 � 
0

n�1X 0�
e = n�1
nX
i=1

xie1i1(qi � 
0) + n
�1

nX
i=1

xi ("2i +m2 (xi; qi)� x0i�20) 1(
0 < qi � 
)

= Op

�
n�1=2

�
+ E [x (m2 (x; q)� x0�20) 1(
0 < q � 
)]

where e` is the vector stacking e`i. As a result, uniformly in 
,

� 1

2 k�nk2
1

n
e0P
e = �1

2

�
1

a
1=2
n

n�1=2e0X;
1

n k�nk
e0X�


��
1

n
X�0
 X

�



��1 1

a
1=2
n

n�1=2X 0e

1
nk�nkX�
e

!

p�!

8>>>><>>>>:
� 1
2

�
00; &1 (
)

0� M M


M
 M


!�1 
0

&1 (
)

!
;

� 1
2

�
00;�&2 (
)

0� M M


M
 M


!�1 
0

�&2 (
)

!
;

if 
 < 
0;

if 
 � 
0;

where �&2 (
) = &2 (
0) � &2 (
) =limn!1E
h
x
�
m2(x;q)�x0�20

k�nk

�
1(
0 < q � 
)

i
and &` (
) is de�ned in As-

sumption (viii). Since  
M M


M
 M


!�1
=

 
M
�1

 �M�1


�M�1
 M�1
 +M
�1



!
;

we have �
00; &` (
)

0� M M


M
 M


!�1 
0

&` (
)

!
= &` (
)

0
h
M�1
 +M

�1



i
&` (
) .

Similarly, uniformly in 
,

1

n k�nk
X 00 (I � P
) e

p�!

8>>>><>>>>:
�
M0;M
^
0

� M M


M
 M


!�1 
0

&1 (
)

!
;

�
M0;M
^
0

� M M


M
 M


!�1 
0

�&2 (
)

!
;

if 
 < 
0;

if 
 � 
0;

=

8<:
h
M
^
0M

�1

 +

�
M
^
0 �M0

�
M
�1



i
&1 (
) ;h

M
^
0M
�1

 +

�
M
^
0 �M0

�
M
�1



i
�&2 (
) ;

if 
 < 
0;

if 
 � 
0;

=

( h
I + (M
 �M0)M

�1



i
&1 (
) ;

M0M
�1

 �&2 (
) ;

if 
 < 
0;

if 
 � 
0:

Finally, 1nX
0
0 (I � P
)X0 has the probability limit as in Lemma A.5 of Hansen (2000), i.e.,M0�M0M

�1

 M0.

If assume �n
k�nk ! c, then

k�nk�2 [Sn (
)� Sn (�0)]
p�! S (
) =: 12c

0 �M0 �M0M
�1

 M0

�
c

+

8<:
n
c0
h
I + (M
 �M0)M

�1



i
� 1

2 &1 (
)
0
h
M�1
 +M

�1



io
&1 (
) ;n

c0M0M
�1

 � 1

2�&2 (
)
0
h
M�1
 +M

�1



io
�&2 (
) ;

if 
 < 
0;

if 
 � 
0:

Although the minimizer of 12c
0 �M0 �M0M

�1

 M0

�
c is 
0, it is not obvious that the minimizer of S (
) is 
0;

that is why it is assumed in Assumption (viii). Note that since �&2 (
0) = 0, S (
0) = 0.
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The above analysis shows sup
2� jSn (
)� S (
)j
p�! 0, so Assumption I(1)0(viii) implies b
�
0 = op(1).

Now we show b� � �0 = op (k�nk). Note that

1

k�nk

 b�2 � �20b� � �n
!

=
1

k�nk
�
X�0b
 X�b
��1X�0b
 �Y �X�b
 ��020; �0n�0�

=
1

k�nk

�
1

n
X�0b
 X�b


��1
1

n
X�0b


�
X�
0

�
�020; �

0
n

�0
+ e�X�b
 ��020; �0n�0�

=

�
1

n
X�0b
 X�b


��1 �
1

n
X�0b
 �X�
0 �X�b
� �n

k�nk
+

1p
n k�nk

1p
n
X�0b
 e

�
:

Now, by the stochastic equicontinuity of 
 7! Gn (xe1(q � 
)), we have thatGn (xe1(q � b
)) = Gn (xe1(q � 
0))+

op(1), so
1p
n
X 0�b
e = E [xe1(q � b
)] +Gn (xe1(q � 
0)) + op(1) =

1p
n
X 0�
0e+ op(1)

which implies

1p
n
X�0b
 e = 1p

n

 
X 0e

X 0�b
e
!
=

 
1p
n
X 0�
0e+

1p
n
X 0>
0e

1p
n
X 0�
0e+ op(1)

!
= 1p

n
X�
0e+ op(1) = Op(1);

where E [xe1(q � b
)] = op(1) because b
 � 
0 = op(1) and E [xe1(q � 
0)] = 0, and
1p
n
X�
0e = Op(1) by the

CLT. Since
p
n k�nk ! 1, 1p

nk�nk
1p
n
X�b
e = op(1). By the continuity of M
 and the consistency of b
,

1

n
X�b
 �X�
0 �X�b
� p�!

 
M0

M0

!
�
 
M0

M0

!
= 0

and
1

n
X�0b
 X�b
 p�!

 
M M0

M0 M0

!
:

The determinant of the limit matrix is jM0j
��M0

�� > 0 by Assumption MA(v), so by the CMT, � 1nX�0b
 X�b
��1 p�! 
M M0

M0 M0

!�1
> 0. In summary, 1

k�nk

 b�2 � �20b� � �n
!
= Op (1) op(1) = op(1).

Lemma 4 Under Assumption I(1)0, an (b
 � 
0) = Op(1) and n1=2
�b� � �0� = Op(1).

Proof. Since �n depends on n, Corollary 3.2.6 of VW cannot be used. Nevertheless, we can apply the proof

idea of Theorem 3.2.5 in VW to prove this result. De�ne dn (�; �0) = k� � �0k+ k�nk
p
k
 � 
0k for � in a

neighborhood of �0, and

Qn (�) =
1

k�nk2
(Sn (�)� Sn (�0)) 17

= 1
an

Pn
i=1 T (wij�1; �10) 1(qi � 
0) +

1
an

Pn
i=1 T (wij�2; �20) 1(qi > 
0)

+ 1
an

Pn
i=1 (z1 (wij�2; �10)� T (wij�1; �10)) 1(
 ^ 
0 < qi � 
0)

+ 1
an

Pn
i=1 (z2 (wij�1; �20)� T (wij�2; �20)) 1(
0 < qi � 
 _ 
0)

=: T1 (�) + T2 (�) + T3 (�) + T4 (�) :

17 Note that Qn (�) 6= k�nk�2 [Sn (
)� Sn (�0)].
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For each n, the parameter space (minus �0) can be partitioned into the "shells" Sj;n =
�
� : 2j�1 <

p
ndn (�; �0) � 2j

	
with j ranging over the integers. Given an integer J ,

P
�
dn

�b�; �0� > 2J� � P
j�J;k���0k<Mk�nk;k
�
0k<�

P

�
inf

�2Sj;n
Qn(�) � 0

�
+P (2 k� � �0k �M k�nk ; 2 k
 � 
0k � �) ;

(32)

where M and � are small positive numbers. The second term on the right hand side of (32) converges to

zero as n!1 for every � > 0 and M > 0 by Lemma 3, so we can concentrate on the �rst term.

P

�
inf

�2Sj;n
Qn(�) � 0

�
� P

 
sup
�2Sj;n

jQn(�)� E [Qn(�)]j � inf
�2Sj;n

jE [Qn(�)]j
!

� E

"
sup
�2Sj;n

jQn(�)� E [Qn(�)]j
#,

inf
�2Sj;n

jE [Qn(�)]j

�
4X
k=1

E

"
sup
�2Sj;n

jTk (�)� E [Tk (�)]j
#,

inf
�2Sj;n

jE [Qn(�)]j ;

where the last equality is from Markov�s inequality.

From the analysis in Lemma 2, it is not hard to see that

inf
�2Sj;n

jE [Qn(�)]j = inf
�2Sj;n

����X4

k=1
E [Tk (�)]

����
= inf
�2Sj;n

C
��� nan k� � �0k2 + n

an

h
k�10 � �2k

2
+ k�nk k�10 � �2k+ k�20 � �1k

2
+ k�nk k�20 � �1k

i
k
 � 
0k

���
= inf
�2Sj;n

C
��� nan k� � �0k2 + n

an
k�nk2 k
 � 
0k

��� = inf
�2Sj;n

C n
an
dn (�; �0)

2 � C 22j�2

an
= C 22j

an
;

where the third equality is because �10 � �20 = �n and k�` � �`0k < M k�nk so that k�1 � �20k = O (k�nk)
and k�20 � �1k = O (k�nk). From Lemma 2, for k = 1; 2,

2X
k=1

E

"
sup
�2Sj;n

jTk (�)� E [Tk (�)]j
#
� C

sup
�2Sj;n

k� � �0k
p
n k�nk2

:

As to T3 (�), applying a maximal inequality (e.g., Theorem 2.14.1 of VW) we can show that

E

"
sup
�2Sj;n

jT3 (�)� E [T3 (�)]j
#
� C

sup
�2Sj;n

q
k�10 � �2k

2
p
j
 � 
0j

p
n k�nk2

=

sup
�2Sj;n

k�nk
p
j
 � 
0j

p
n k�nk2

:

Similarly, E

"
sup
�2Sj;n

jT3 (�)� E [T3 (�)]j
#
� C

sup
�2Sj;n

k�nk
p
j
�
0j

p
nk�nk2

. So

4X
k=1

E

"
sup
�2Sj;n

jTk (�)� E [Tk (�)]j
#
� C

sup
�2Sj;n

dn (�; �0)

p
n k�nk2

� C
2j=
p
n

p
n k�nk2

= C
2j

an
:
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In summary,

X
j�J;k���0k<Mk�nk;j
�
0j<�

P

 
sup
�2Sj;n

Qn (�) � 0
!
� C

X
j�J

�
2j

an

�
22j

an

�
� C

X
j�J

1

2j
;

which can be made arbitrarily small by letting J large enough. So
p
ndn

�b�; �0� = Op(1), which implies

an (b
 � 
0) = Op(1), and
p
n (� � �0) = Op(1).

Lemma 5 Under Assumption I(�), 1 < � � 2, �n (b
 � 
0) = Op (1) and �n
�b� � �0� = Op(1), where �n

and �n are de�ned in Section 3; especially, when � = 2, n1=3
�b� � �0� = Op(1).

Proof. When 1 < � < 2, de�ne d (�; �0) = k� � �0k +
p
� (j
 � 
0j) for � in a neighborhood of �0. Given

that � (�) is monotone, we can check d (�; �0) is indeed a peudo-metric.18 Since 	� (�; 
) in S (�) � S (�0)

are dominated,

S (�)� S (�0) t � (�1) + � (�2) + �+ (
) 1(
 > 
0) + �� (
) 1(
 � 
0)

� C
�
k�1 � �10k

2
+ k�2 � �20k

2
+ �(j
 � 
0j)

�
:

Second, we use the same envelope function F as in the proof of Lemma 2 except that �2 in the index functions

for q are replaced by � 
�
�2
�
. Now,

p
PF 2 =

p
C (�2 + � (�2)) � C

p
� (�2) for � < 1, i.e., the last

two terms of F dominate. So � (�) =
p
� (�2) 2 RV1=� and �=�% is decreasing for all 1=� < % < 2. Since

r2n�
�
1
rn

�
=
p
n implies rn = �n which is the convergence rate of b�. By the de�nition of d, the convergence

rate of b
, �n, can be obtained by solving p� (1=�n) = 1=rn.
When � = 2, � (j
 � 
0j) = j
 � 
0j

2, so d (�; �0) = k� � �0k is the Euclidean norm. Now, 	� (�; 
) in
S (�)�S (�0) are not dominated. Anyway, because S��� > 0 and S (�)�S (�0) t 1

2 (� � �0)
0
S+�� (� � �0) 1(
 >


0)+
1
2 (� � �0)

0
S��� (� � �0) 1(
 � 
0), we have S (�)�S (�0) � Cd2 (�; �0). Also, � (�) =

p
�, which implies

rn = n1=3, i.e., n1=3d
�b� � �0� = OP (1).

Lemma 6 Under Assumption II(�), 2 � � � 4, �n (b
 � 
0) = Op (1) and �n
�b� � �0� = Op(1), where �n

and �n are de�ned in Section 3; especially, when � = 2, n1=2
�b� � �0� = Op(1), when � = 3, n1=3 (b
 � 
0) =

Op (1) and n1=2
�b� � �0� = Op(1), and when � = 4, n1=5 (b
 � 
0) = Op (1) and n2=5

�b� � �0� = Op(1).

Proof. De�ne d (�; �0) = k� � �0k +
p
� (j
 � 
0j) for � in a neighborhood of �0, which reduces to the

Euclidean norm when � = 2, k� � �0k+ j
 � 
0j
3=2 when � = 3 and k� � �0k+ j
 � 
0j

2 when � = 4. When

� = 2, 	� (�; 
) in S (�)�S (�0) are not dominated, but because S��� > 0, we have S (�)�S (�0) � Cd2 (�; �0).

When 2 < � < 4, 	� (�; 
) are dominated, and S (�)�S (�0) � C
�
k� � �0k

2
+ �(j
 � 
0j)

�
. When � = 4,

	� (�; 
) in S (�)� S (�0) are not dominated, but we can show

	� (�; 
) t

 
� 1
2E [x

0q�q01 (
 < q � 
0)]
e�1

� 1
2E [x

0q�q01 (
 < q � 
0)]
0 e�2

!
t

 
�q0f0
4 E [x0jq = 
0]

e�1
2
�q0f0
4 E [x0jq = 
0]

e�2
2
!

and 	+ (�; 
) t

 
1
2E [x

0q�q01 (
0 < q � 
)] e�1
1
2E [x

0q�q01 (
0 < q � 
)] e�2
!
t

 
�q0f0
4 E [x0jq = 
0]

e�1
2
�q0f0
4 E [x0jq = 
0]

e�2
2
!

18As noted in the footnote on page 289 of VW, d(�; �) need not be a peudo-metric, but because we need the reverse function
of � (�) below, we assume � (�) to be monotone.
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under Assumptions (vii) and (x)(b). As a result, by Taylor expansion,

S (�)� S (�0) t 1
2
e�01S�1�1e�1 + 1

2
e�02S�2�2e�2 + h �q0f04 E [x0jq = 
0]

e�1
2 + �q0f0
4 E [x0jq = 
0]

e�2
2 + �� j
j4i 1(
 � 
0)

+
h
�q0f0
4 E [x0jq = 
0]

e�1
2 + �q0f0
4 E [x0jq = 
0]

e�2
2 + �+
4i 1(
 > 
0)

= 1
2

�e�01; e�02; 
2� S� �e�01; e�02; 
2�0 1(
 � 
0) +
1
2

�e�01; e�02; 
2� S+ �e�01; e�02; 
2�0 1(
 > 
0)

� C
�
k�1 � �10k

2
+ k�2 � �20k

2
+ j
 � 
0j

4
�
;

where the last equality is from Assumption (x)(d).

To bound the modulus of continuity of the empirical process, we use a di¤erent envelope function in

CTR. Speci�cally,

F =
�
jm1(x; q)� x0�10j kxk � + 1

2�
2 kxk2 + � kx"1k

�
1
�
q � 
0 + �

 ��2��
+
�
jm2(x; q)� x0�20j kxk � + 1

2�
2 kxk2 + � kx"2k

�
1
�
q > 
0 � � 

�
�2
��

+ F3 (x; "1j�) + F4 (x; "2j�) ;

where F3 (x; "1j�) is based on

sup
d(�;�0)<�

jz1 (wj�2; �10)j 1 (
 < q � 
0)

= sup
d(�;�0)<�

�����m1(x; q)� x0�0 �
x0e�2
2

�
x0
�
�0 � e�2�+ ��0 � e�2�0 x"1���� 1 (
 < q � 
0)

� sup
d(�;�0)<�

���m1(x; q)� x0�0
�
x1 (
 < q � 
0)

�� 


e�2


+ ���m1(x; q)� x0�0
�
q1 (
 < q � 
0)

�� j�q0j
+

�
ke�2kj�q0j

2 kxk jqj+ kxk2 k
e�2k2
2

�
1 (
 < q � 
0) +

�
�q0 jqj j"1j+




e�2


 kx"1k� 1 (
 < q � 
0)

� C�
���m1(x; q)� x0�0

��� kxk 1 �
0 � � ��2� < q � 
0
�

+C� 
�
�2
� ���m1(x; q)� x0�0

��� 1 �
0 � � ��2� < q � 
0
�

+C
�
�� 

�
�2
�
kxk+ �2 kxk2

�
1
�

0 � � 

�
�2
�
< q � 
0

�
+C

�
� 

�
�2
�
j"1j+ � kx"1k

�
1
�

0 � � 

�
�2
�
< q � 
0

�
;

and similarly for F4 (x; "2j�). Now,

PF 2 = O
�
�2 + �2� 

�
�2
�
+ � 

�
�2
�3
+
�
�2� 

�
�2
�3
+ �4� 

�
�2
��
+
�
� 

�
�2
�3
+ �2� 

�
�2
���

= O
�
�2 + � 

�
�2
�3�

:

When � = 2, � 
�
�2
�
= �2, so PF 2 = O

�
�2
�
. When � = 3, � 

�
�2
�
= �2=3, PF 2 = O

�
�2
�
. When � = 4,

� 
�
�2
�
= �1=2, so PF 2 = O

�
�3=2

�
. For the in-between case, when 2 < � < 3, PF 2 = O

�
�2
�
and when

3 < � < 4, PF 2 = O
�
� 

�
�2
�3�

. It follows that � (�) = � when 2 � � � 3 and � (�) = � 
�
�2
�3=2

when

3 < � � 4, so we can always �nd a % < 2 such that �=�% is decreasing. Solving r2n�
�
1
rn

�
=
p
n, we have

rn = �n which is the convergence rate of b�. By the de�nition of d, the convergence rate of b
 is �n. Especially,
when � = 2; 3; 4, rn = n1=2; n1=2; n2=5, which implies �n = �

�1 �1=r2n� = n1=2; n1=3; n1=5, respectively.

Lemma 7 Under Assumption II(�), n1=2 (b
 � 
0) = Op (1) when 2 < � � 2:5 and %n (b
 � 
0) = Op (1)

when 2:5 < � < 3, where %n is de�ned in Theorem 9.
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Proof. Similar as in the proof of Theorems 4 and 8, because the randomness in the � direction dominates,
we cannot search over � and 
 jointly; rather, we �x b� and concentrate on the randomness in the 
 direction.
Speci�cally,

b
 � 
0 t argminv2Nv nSn �
0 + v; b��� Sn (
0; �0)o
= arg min

v2Nv

nh
S
�

0 + v;

b��� S (
0; �0)i+ hn�1=2Gn �s�� ���
0 + v; b���� n�1=2Gn (s (� j
0; �0 ))io
= arg min

v2Nv

�
1
2

�b� � �0�0 S�� �b� � �0�+ 1
2

�b� � �0�0 S�2
 �b� � �0� v + 1
2

�b� � �0�0 S�
2v2��b� � �0�0 S�� (v) + �� jvj� L� (jvj)� 1(v � 0) + ��b� � �0�0 S+� (v) + �+v�L+ (v)� 1(v > 0)
+n�1=2Gn

�
s
�
�
���
0 + v; b��� s (� j
0; �0 )�+ o (jvj� L� (jvj)) + op �n�1 jvj�+ op �n�1=2v2�o

= arg min
v2Nv

���b� � �0�0 S�� (v) + �� jvj� L� (jvj)� 1(v � 0) + ��b� � �0�0 S+� (v) + �+v�L+ (v)� 1(v > 0)
n�1=2Op

�
v3=2

�
+Op

�
n�1=2




b� � �0


 jvj1=2�
+
h
Op

�
n�3=2 jvj1=2

�
+Op

�
n�1v3=2

�
+ op

�
n�1=2v(��1)

�
+ o (jvj� L� (jvj))

io
;

where Nv is a ��1n -neighborhood of 0, S�� (v) 2 RV��1, and

n�1=2Gn
�
s
�
�
���
0 + v; b��� s (� j
0; �0 )�

= C
�b� � �0�+ n�1=2Gn h�y � x0�0 � x0 b�2��202

��
q�q0 � x0

�b�2 � �20�� 1(v < q � 0)
i

� n�1=2Gn
�
�
�
y � x0�0 � x0�0

2 � x0 b�1��102

�
x0
�b�1 � �10� 1(v < q � 0)

�
� n�1=2Gn

��
y � x0�0 � x0

b�1��10
2

��
q�q0 + x

0
�b�1 � �10�� 1(0 < q � v)

�
� n�1=2Gn

�
�
�
y � x0�0 + x0�0

2 � x0 b�2��202

�
x0
�b�2 � �20� 1(0 < q � v)

�
= C

�b� � �0�+ n�1=2Gn ��y � x0�0� q�q01(v < q � 0)�
�
y � x0�0

�
q�q01(0 < q � v)

�
� n�1=2

�b�2 � �20�0Gn ��y � x0�0�x1(v < q � 0)
�

+ n�1=2
�b�1 � �10�Gn ��y � x0�0�x1(v < q � 0)

�
� n�1=2

�b�1 � �10�0Gn ��y � x0�0�x1(0 < q � v)
�

+ n�1=2
�b�2 � �20�0Gn ��y � x0�0�x1(0 < q � v)

�
+Op

�
n�3=2 jvj1=2

�
+Op

�
n�1 jvj3=2

�
= C

�b� � �0�+ n�1=2Op �v3=2�+Op �n�1=2 


b� � �0


 jvj1=2�+Op �n�3=2 jvj1=2�+Op �n�1v3=2�
with

C
�b� � �0� = n�1=2

�b�1 � �10�0Gn ���y � x0�10 � x0 b�1��102

�
x1(q � 
0)

�
+ n�1=2

�b�2 � �20�0Gn ���y � x0�20 � x0 b�2��202

�
x1(q > 
0)

�
= n�1=2

�b�1 � �10�0Gn (�xe11(q � 
0)) + n
�1=2

�b�2 � �20�0Gn (�xe21(q > 
0)) +Op
�
n�3=2

�
= �

�b� � �0�0 diag� 1nX 0�
0X�
0 ; 1nX 0>
0X>
0

��b� (
0)� �0�+Op �n�3=2� :
Now, we balance the "deterministic" part max

n


b� � �0


 kS� (v)k ; jvj� L (jvj)o and the "random" part

max
n
n�1=2Op

�
v3=2

�
; Op

�
n�1=2




b� � �0


 jvj1=2�o. We consider three areas of Nv. (i) jvj � n�1=2. But we

then need to balance jvj� L (jvj) and Op
�
n�1=2




b� � �0


 jvj1=2� to have jvj � n�1=2, impossible! (ii) jvj �
n�1=2. Then we need to balance jvj� L (jvj) and n�1=2Op

�
v3=2

�
to have v � %n, where %n � n�1=2 only if � >
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2:5. (iii) jvj � n�1=2. If � > 2:5, the random part dominates, and the minimizer is O
�
��1n

�
� n�1=2, impossi-

ble! If � < 2:5, the deterministic part dominates, and we minimize
��b� � �0�0 S�� (v) + �� jvj� L� (jvj)� 1(v �

0) +

��b� � �0�0 S+� (v) + �+v�L+ (v)� 1(v > 0) to have v � n�1=2. If � = 2:5, we need to balance all terms

to have v � n�1=2. The arguments here can be made rigorous using the slicing method as in the proof of

Lemma 4, and the details are omitted.

In summary, when 2:5 < � < 3,

%n (b
 � 
0) = argminvpn%3n n�� ��� v%n ���� L� ���� v%n ���� 1(v � 0) + �+ � v
%n

��
L+

�
v
%n

�
1(v > 0)

n�1=2Gn
h�
y � x0�0

�
q�q01(

v
%n

< q � 0)�
�
y � x0�0

�
q�q01(0 < q � v

%n
)
i
+ op (1)

o ;

which is the same as the case where �0 is known; when 2 < � < 2:5,

p
n (b
 � 
0) = argminv n�=2

L
�

1

n1=2

� ���b� � �0�0 S�� � v
n1=2

�
+ ��

�� v
n1=2

��� L� ��� v
n1=2

���� 1(v � 0)
+

��b� � �0�0 S+� � v
n1=2

�
+ �+

�
v

n1=2

��
L+
�

v
n1=2

��
1(v > 0) + op (1)

� ;

where the randomness of b
 is driven only by b�; when � = 2:5,
p
n (b
 � 
0) = argmin

v
fMn (v) + op (1)g ;

where

Mn (v) = n5=4
���b� � �0�0 S�� � v

n1=2

�
+ ��

�� v
n1=2

��5=2 L� ��� v
n1=2

���� 1(v � 0)
+

��b� � �0�0 S+� � v
n1=2

�
+ �+

�
v

n1=2

�5=2
L+
�

v
n1=2

��
1(v > 0)

+ n�1=2Gn
��
y � x0�0

�
q�q01(

v
n1=2

< q � 0)�
�
y � x0�0

�
q�q01(0 < q � v

n1=2
)
�

� n�1=2
�b�2 � �20�0Gn ��y � x0�0�x1( v

n1=2
< q � 0)

�
+ n�1=2

�b�1 � �10�Gn ��y � x0�0�x1( v
n1=2

< q � 0)
�

� n�1=2
�b�1 � �10�0Gn ��y � x0�0�x1(0 < q � v

n1=2
)
�

+n�1=2
�b�2 � �20�0Gn ��y � x0�0�x1(0 < q � v

n1=2
)
��

:

Appendix C: Local Approximation

This appendix intends to show the main terms in the localized objective function. We will detail the proof

for I(1) and then adjust it for other cases.

Lemma 8 Under Assumption I(1), uniformly for h in a compact set,

nPn

�
s
�
�
���
0 + v

n
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 �Wn (u) +Dn (v) + oP (1) ;

26



where Wn (u) =W1n (u1) +W2n (u2) with

W1n (u1) =
u01p
n

nX
i=1

xie1i1 (qi � 
0) and W2n (u2) =
u02p
n

nX
i=1

xie2i1 (qi > 
0) ;

and

Dn (v) = nPn

�
s
�
�
���
0 + v

n
; �0

�
� s (� j
0; �0 )

�
=

nX
i=1

z1i1
�

0 +

v

n
< qi � 
0

�
+

nX
i=1

z2i1
�

0 < qi � 
0 +

v

n

�
:

Proof. From the decomposition of s (wj�)� s (wj�0),

nPn

�
s
�
�
���
0 + v

n ; �0 +
up
n

�
� s (� j
0; �0 )

�
=

nP
i=1

T
�
wij�10 + u1p

n
; �10

�
1(qi � 
0) +

nP
i=1

T
�
wj�20 + u2p

n
; �20

�
1(q > 
0)

+
nP
i=1

z1

�
wij�20 + u2p

n
; �10

�
1(
0 +

v
n ^ 
0 < qi � 
0)

�
nP
i=1

T
�
wij�10 + u1p

n
; �10

�
1(
0 +

v
n ^ 
0 < qi � 
0)

+
nP
i=1

z2

�
wij�10 + u1p

n
; �20

�
1(
0 < qi � 
0 +

v
n _ 
0)

�
nP
i=1

T
�
wij�20 + u2p

n
; �20

�
1(
0 < qi � 
0 +

v
n _ 
0)

=: T1 (u1) + T2 (u2) + T3 (u1; v)� T4 (u2; v) + T5 (u2; v)� T6 (u1; v) :

Check each term in turn. The analyses for T2 (u2) ; T5 (u2; v) and T6 (u1; v) are similar to T1 (u1) ; T3 (u1; v)

and T4 (u2; v), so we concentrate the latter three terms below. First,

T1 (u1) =
nP
i=1

�
�
e1i � x0i

2
u1p
n

�
x0i

u1p
n
1(qi � 
0)

=
u01S�1�1u1

2 � u01p
n

nP
i=1

xie1i1(qi � 
0) + op(1);

where op(1) is from the LLN. By a similar analysis, when v < 0,

T4 (u1; v) =
u01E[xix

0
i1(
0+

v
n<qi�
0)]u1

2 � u01p
n

nP
i=1

xie1i1(
0 +
v
n < qi � 
0) + op(1)

= op(1)� u01
�
Gn
�
xe11(
0 +

v
n < q � 
0)

�
+
p
nE
�
xie1i1(
0 +

v
n < qi � 
0)

��
+ op(1)

= op(1);

where the op(1) in the �rst equality is from a GC theorem, and the �rst op(1) in the second equality is

because

E
h
xix
0
i1(
0 +

v

n
< qi � 
0)

i
=
jvj
n
f (
)E [xix0ijq = 
] ;

for some 
 between 
0 +
v
n and 
0, which is which is o (1) by Assumptions (iv)(b) and (vii), and op (1) in

the third equality is because by the stochastic equicontinuity of 
 7! Gn (xe11(
 < q � 
0)),

Gn
�
xe11(
0 +

v
n < q � 
0)

�
= Gn (xe1(
0 < q � 
0)) + op(1) = op(1)
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and p
nE
h
xie1i1(
0 +

v

n
^ 
0 < qi � 
0)

i
=
jvjp
n
f (
)E [xie1ijq = 
] ;

which is o (1) by Assumptions (iv)(b) and (vii). Finally, when v < 0,

T3 (u2; v) =
nP
i=1

z1

�
wij�20 + u2p

n
; �10

�
1(
0 +

v
n < qi � 
0)

=
nP
i=1

�
m1(xi; qi)� x0i

�10+(�20+u2=
p
n)

2

�
x0i

�
�10 �

�
�20 +

u2p
n

��
1(
0 +

v
n < qi � 
0)

+
nP
i=1

�
�0 � u2p

n

�0
xi"1i1(
0 +

v
n < qi � 
0)

=
nP
i=1

�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
n < qi � 
0)

� 1p
n

nP
i=1

�
m1(xi; qi)� x0i�0

�
x0iu21(
0 +

v
n < qi � 
0)

� 1p
n

nP
i=1

�00xi
2 x0iu21(
0 +

v
n < qi � 
0)

+u02

�
1
n

nP
i=1

xix
0
i

2 1(
0 +
v
n < qi � 
0)

�
u2

+
nP
i=1

�00xi"1i1(
0 +
v
n < qi � 
0)�

u02p
n

nP
i=1

xi"1i1(
0 +
v
n < qi � 
0)

=
nP
i=1

�
m1(xi; qi)� x0i�0

�
x0�01(
0 +

v
n < qi � 
0) + op(1)

+
nP
i=1

�00xi"1i1(
0 +
v
n < qi � 
0) + op(1)

=
nP
i=1

z1i1
�

0 +

v
n < qi � 
0

�
+ op(1):

The op(1) in the fourth equality need careful analysis. The second term

1p
n

nX
i=1

�
m1(xi; qi)� x0i�0

�
x0iu21(
0 +

v

n
< qi � 
0) = op(1)

by the stochastic equicontinuity of 
 7! Gn
��
m1(x; q)� x0�0

�
x0u21(
 < q � 
0)

�
and

p
nE
h�
m1(xi; qi)� x0i�0

�
x0iu21(
0 +

v

n
< qi � 
0)

i
=
jvjp
n
f (
)E

��
m1(xi; qi)� x0i�0

�
x0iu2jq = 


�
;

which is o (1) by Assumptions (iv)(b) and (vii), the third term can be similarly analyzed, the fourth term

u02

�
1
n

nP
i=1

xix
0
i

2 1(
0 +
v
n < qi � 
0)

�
u2

= u02E
h
xix

0
i

2 1(
0 +
v
n < qi � 
0)

i
u2 + op (1)

= O
�
n�1

�
+ op (1) = op (1) ;

and the last term is op(1) is by the stochastic equicontinuity of 
 7! Gn (x"11(
 < q � 
0)) and E [x"11(
 < q � 
0)] =

0.
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Lemma 9 Under Assumption I(1)0, uniformly for h in a compact set,

nPn

�
s

�
�
����
0 + v

an
; �0 +

up
n

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 �Wn (u) + Cn (v) + oP (1) ;

where Wn (u) is de�ned in Lemma 8, and

Cn (v) = nPn

�
s
�
�
���
0 + v

n
; �0

�
� s (� j
0; �0 )

�
=

nX
i=1

�
m1(xi; qi)� x0i�10 +

1

2
x0i�n + "1i

�
x0i�n1

�

0 +

v

an
< qi � 
0

�

�
nX
i=1

�
m2(xi; qi)� x0i�20 �

1

2
x0i�n + "2i

�
x0i�n1

�

0 < qi � 
0 +

v

an

�
:

Proof. The proof is almost the same as Lemma 8, just replacing �0 by �n and n by an everywhere. Di¤erent
from Dn (v), the component

nP
i=1

�
m1(xi; qi)� x0i�10 + 1

2x
0
i�n
�
x0i�n1

�

0 +

v
an

< qi � 
0

�
�

nP
i=1

�
m2(xi; qi)� x0i�20 � 1

2x
0
i�n
�
x0i�n1

�

0 < qi � 
0 +

v
an

�
in Cn (v) will converge to a constant because an � n so that averaging is involved. Take the second term as

an example. Its variance is

nV ar

��
m2(xi; qi)� x0i�20 �

1

2
x0i�n

�
x0i�n1

�

0 < qi � 
0 +

v

an

��

= n

0@ E
h�
m2(xi; qi)� x0i�20 � 1

2x
0
i�n
�2
(x0i�n)

2
1
�

0 < qi � 
0 +

v
an

�i
�E

h�
m2(xi; qi)� x0i�20 � 1

2x
0
i�n
�
(x0i�n) 1

�

0 < qi � 
0 +

v
an

�i2
1A

= n

�
O

�
E
�n
(m2(xi; qi)� x0i�20)

4
+ (x0i�n)

4
o
1

�

0 < qi � 
0 +

v

an

����
+n

 
O

 
E
�n
(m2(xi; qi)� x0i�20) (x0i�n) + (x0i�n)

2
o
1

�

0 < qi � 
0 +

v

an

��2!!

= n

0@O k�nk4
an

!
+O

0@ k�nk2
an

!21A1A = O
�
k�nk2 + n�1

�
= o (1) ;

uniformly in v 2 [0; v] for any v > 0, where the second equality uses Cauchy-Schwarz inequality and

ab � a2+ b2 for nonnegative numbers a and b, and the third equality is by Assumption (x)(a,b). As a result,

sup
v2[0;v]

�����
nX
i=1

�
m2(xi; qi)� x0i�20 �

1

2
x0i�n

�
x0i�n1

�

0 < qi � 
0 +

v

an

�

� n

an

Z v

0

" 
�k�nk _&2

�

0 +

v

an

�0
�n �

1

2
�0nD
0+

�
an
�n

!
f

�

0 +

�

an

�#
d�

����� P�! 0;
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where by the continuity of _&2 (
) and D
 in 
 at 
0, we have

n

an

Z v

0

" 
�k�nk _&2

�

0 +

�

an

�0
�n �

1

2
�0nD
0+

�
an
�n

!
f

�

0 +

�

an

�#
d� !

�
�c0 _&20 �

1

2
c0D0c

�
f0v

uniformly in v 2 [0; v]. Similarly,

Xn

i=1

�
m1(xi; qi)� x0i�10 +

1

2
x0i�n

�
x0i�n1

�

0 +

v

an
< qi � 
0

�
p�!
�
c0 _&10 +

1

2
c0D0c

�
f0 jvj

uniformly in v 2 [v; 0] for any v < 0. In summary,

Cn (v) =

8>><>>:
1
2f0 (c

0D0c+ 2c
0 _&10) jvj+

nP
i=1

�0nxi"1i1(
0 +
v
an

< qi � 
0);

1
2f0 (c

0D0c+ 2c
0 _&20) v �

nP
i=1

�0nxi"2i1(
0 < qi � 
0 +
v
an
);

if v � 0;
if v > 0;

+ op(1):

Lemma 10 Under Assumption I(�), 1 < � < 2, uniformly for h in a compact set,

p
n�nPn

�
s

�
�
����
0 + v

�n
; �0 +

u

�n

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0) + �n (v) + oP (1) ;

where

�n (v) =

8>><>>:
q

�n
n

nP
i=1

h
z1i1(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
;q

�n
n

nP
i=1

h
z2i1(
0 < qi � 
0 +

v
�n
)� �+

�
v
�n

�i
;

if v � 0;
if v > 0:

Under Under Assumption I(2), uniformly for h in a compact set,

n2=3Pn

�
s
�
�
���
0 + v

n1=3
; �0 +

u

n1=3

�
� s (� j
0; �0 )

�
=

1

2
h0S���h1(v � 0) +

1

2
h0S+��h1(v > 0) + �n (v) + oP (1) :

where �n (v) is the same as above except replacing �n by n
1=3.

Proof. First, check the cases with 1 < � < 2. Because �n = (n�n)
1=4 and n1=3 � �n � n, we have

p
�n
�n

= 4

r
�n
n
= o (1) and

p
�n
�n

p
n

�n
= 4

r
n

�3n
= o (1) :

Now,

T1 (u1) =

p
n�n
n

nX
i=1

T

�
wij�10 +

u1
�n
; �10

�
1(qi � 
0)

=

p
n�n
n

nX
i=1

�
�
e1i �

x0i
2

u1
�n

�
x0i
u1
�n
1(qi � 
0):

30



and

p
n�n
n

u01
2

 
1

�2n

nX
i=1

xix
0
i1(qi � 
0)

!
u1 =

u01
2

 
1

n

nX
i=1

xix
0
i1(qi � 
0)

!
u1 =

1

2
u01M0u1 + op (1) ;

p
n�n
n

u01
�n

nX
i=1

xie1i1 (qi � 
0) =

p
�n
�n

u01p
n

nX
i=1

xie1i1 (qi � 
0) = op (1) :

In other words, the random part in T1 (u1) disappears. Next,

T4 (u1; v) =
u01E

h
xix

0
i1(
0+

v
�n
<qi�
0)

i
u1

2 �
p
�n
�n

u01p
n

nP
i=1

xie1i1(
0 +
v
�n

< qi � 
0) + op(1) = op(1);

where

E
h
xix
0
i1(
0 +

v
�n

< qi � 
0)
i
= jvj�n

f (
)E [xix0ijq = 
] = o (1) ;

and p
�n
�n

u01p
n

nP
i=1

xie1i1(
0 +
v
�n

< qi � 
0)

t
p
�n
�n
Gn
�
u01xe11(
0 +

v
�n

< q � 
0)
�
+
p
n�n	�

�
�10 +

u1
�n
; 
0 +

v
�n

�
=
p
�n
�n

op (1) +
p
n�n

�n�n
u01S

�
�1


v

= op (1) + o (1) = op (1) :

witht in the �rst equality because a smaller term�
u01E

h
xix

0
i1(
0+

v
�n
<qi�
0)

i
u1

2 is excluded from
p
n�n	�

�
�1 +

u1
�n
; 
 + v

�n

�
.

In other words, T4 (u1; v) can be neglected. Finally,

T3 (u2; v) =
p
n�n
n

nP
i=1

z1

�
wij�20 + u2

�n
; �10

�
1(
0 +

v
�n

< qi � 
0)

=
p
n�n
n

nP
i=1

�
m1(xi; qi)� x0i

�10+(�20+u2=�n)
2

�
x0i

�
�10 �

�
�20 +

u2
�n

��
1(
0 +

v
�n

< qi � 
0)

+
p
n�n
n

nP
i=1

�
�0 � u2

�n

�0
xi"1i1(
0 +

v
�n

< qi � 
0)

=
p
n�n
n

nP
i=1

�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)

�
p
n�n
n�n

nP
i=1

�
m1(xi; qi)� x0i�0

�
x0iu21(
0 +

v
�n

< qi � 
0)

�
p
n�n
n�n

nP
i=1

�00xi
2 x0iu21(
0 +

v
�n

< qi � 
0)

+
p
n�n
n�2n

nP
i=1

u02xix
0
iu2

2 1(
0 +
v
�n

< qi � 
0)

+
p
n�n
n

nP
i=1

�00xi"1i1(
0 +
v
�n

< qi � 
0)�
p
n�n
n�n

nP
i=1

u02xi"1i1(
0 +
v
�n

< qi � 
0)

=
p
n�n��

�
v
�n

�
+
p
n�n	�

�
�20 +

u2
�n
; 
0 +

v
�n

�
+
p
n�n
n

nP
i=1

h�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
+
p
n�n
n

nP
i=1

�00xi"1i1(
0 +
v
�n

< qi � 
0) + op(1)

= �� jvj� +
p
n�n
n

nP
i=1

h
z1i1(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
+ op(1):
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The second to last equality need careful analysis. The variance of the �rst term in the third equality is

�nV ar
��
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)
�

= �n

�
E
h�
m1(xi; qi)� x0i�0

�2
(x0i�0)

2
1(
0 +

v
�n

< qi � 
0)
i
� E

h�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)
i2�

= O
�
�n�
�1
n

�
�O

�
�n�
�2�
n L (1=�n)

�
= O (1) :19

where because E
h�
m1(xi; qi)� x0i�0

�2
(x0i�0)

2
1(
 < qi � 
0)

i
need not be RV2��1, the second moment is

not o (1) and the variance is not o (1). If E
h�
m1(xi; qi)� x0i�0

�2
(x0i�0)

2
1(
 < qi � 
0)

i
2 RV2��1, the

second moment is �n�
�(2��1)
n L (1=�n) = o (1), i.e., the variance is o (1). In general, this term remains

random and its variance is the same as its second moment. The analysis here also shows that when � = 1,

E
h�
m1(xi; qi)� x0i�0

�2
(x0i�0)

2
1(
 < qi � 
0)

i
2 RV1, the variance of the �rst term is O (1) in whatever

sense; as a result, it remains random in Dn (v) of Lemma 8. Similarly, the variance of the second term in

the third equality is

�n
�2n

�
E
h�
m1(xi; qi)� x0i�0

�2
(x0iu2)

2
1(
0 +

v
�n

< qi � 
0)
i
� E

h�
m1(xi; qi)� x0i�0

�
(x0iu2) 1(
0 +

v
�n

< qi � 
0)
i2�

= O
�
�n
�2n

�
1
�n
� 1

�2n

��
= o (1) ;

the third term can be similarly analyzed, and the fourth term is

p
n�n
n�2n

nP
i=1

u02xix
0
iu2

2 1(
0 +
v
�n

< qi � 
0) = u02

�
1
n

nP
i=1

xix
0
i

2 1(
0 +
v
�n

< qi � 
0)

�
u2:

which is similar to the counterpart in I(1) so is op (1). The last term is

p
n�n
n�n

nX
i=1

u02xi"1i1(
0 +
v

�n
< qi � 
0) =

p
�n
�n

u02Gn
�
x"1(
0 +

v

�n
< q � 
0)

�
= op (1)

since
p
�n=�n = (�n=n)

1=4
= o (1). Because

p
n�n	�

�
�20 +

u2
�n
; 
0 +

v
�n

�
= O

�p
n�n

�n�n

�
= o (1), it can be

neglected. In summary, the deterministic part is 1
2u
0
1M0u1 +

1
2u
0
2M0u2 + �� jvj�, and the random part is

p
n�n
n

nP
i=1

h�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
+
p
n�n
n

nP
i=1

�00xi"1i1(
0 +
v
�n

< qi � 
0)

=
p
n�n
n

nP
i=1

h�
yi � x0i�0

�
x0i�01(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
=
p
n�n
n

nP
i=1

h
z1i1(
0 +

v
�n

< qi � 
0)� ��
�
v
�n

�i
:

Second, check the case with � = 2, where �n = �n = n1=3. We only mark the di¤erences from the

analyses above. Now, T4 (u1; v) cannot be neglectable because
p
�n
�n

p
n

�n
= 1. As a result,

T4 (u1; v) = n2=3	�

�
�10 +

u1
n1=3

; 
0 +
v

n1=3

�
+ op (1) = u01S

�
�1


v:

The second and third terms in T3 (u2; v) are not neglectable either. It turns out that

n2=3	�

�
�20 +

u2
n1=3

; 
0 +
v

n1=3

�
= u02S

�
�2


v:

19 Note that the second moment is not �nE
��
m1(xi; qi)� x0i�0

�2 �
x0i�0

�2
1(
0 +

v
�n

< qi � 
0)
�
because the cross terms

do not disappear. Otherwise, the second moment is zero and the variance is zero, but the mean is not zero!
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In summary, the deterministic part is

1

2
u01M0u1 +

1

2
u02M0u2 + u

0
1S
�
�1


v + u02S
�
�2


v + ��v
2 =

1

2
h0S���h:

Lemma 11 Under Assumption II(2), uniformly for h in a compact set,

nPn

�
s
�
�
���
0 + v

n1=2
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
=

1

2
h0S���h1(v � 0) +

1

2
h0S+��h1(v > 0)�Wn (u) + oP (1) ;

under Assumption II(�), 2 < � < 3, uniformly for h in a compact set,

nPn

�
s

�
�
����
0 + v

�n
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0)�Wn (u) + oP (1) ;

and under under Assumption II(3), uniformly for h in a compact set,

nPn

�
s
�
�
���
0 + v

n1=3
; �0 +

u

n1=2

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj3 1(v � 0) + �+v31(v > 0)�Wn (u) + �n (v) + oP (1) ;

where Wn (u) is de�ned in Lemma 8, and

�n (v) =

8>><>>:
nP
i=1

�
z1i1(
0 +

v
n1=3

< qi � 
0)� ��
�

v
n1=3

��
nP
i=1

�
z2i1(
0 < qi � 
0 +

v
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)� �+
�

v
n1=3

�� if v � 0;
if v > 0:

Under Assumption II(�), 3 < � < 4, uniformly for h in a compact set,

p
n�3nPn

�
s

�
�
����
0 + v

�n
; �0 +

u

�n

�
� s (� j
0; �0 )

�
=

1

2
u01M0u1 +

1

2
u02M0u2 + �� jvj� 1(v � 0) + �+v�1(v > 0) + �n (v) + oP (1) ;

where

�n (v) =

8>><>>:
p
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n

nP
i=1

h
z1i1(
0 +

v
�n

< qi � 
0)� ��
�
v
�n
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p
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n
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i=1

h
z2i1(
0 < qi � 
0 +

v
�n
)� �+

�
v
�n

�i if v � 0;
if v > 0;

and under Assumption II(4), uniformly for h in a compact set,
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�
s
�
�
���
0 + v
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; �0 +

u
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�
� s (� j
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�
=

1

2

�
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�
S�
�
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�0
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2

�
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�
S+
�
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�0
1(v > 0) + �n (v) + oP (1) ;

where �n (v) is the same as above except replacing �n by n
1=5 (i.e.,

p
�3n=

p
n is replaced by n�1=5).
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Proof. From the analyses in the previous two lemmas, we can see that for T1 (u1), we need pay attention

to the scaled �
�
�10 +

u1
�n

�
and the random part, for T4 (u2; v), only the scaled 	�

�
�10 +

u1
�n
; 
0 +

v
�n

�
,

and for T3 (u2; v), the scaled 	�
�
�20 +

u2
�n
; 
0 +

v
�n

�
+ ��

�

0 +

v
�n

�
and the random part. The scaled

	�

�
�10 +

u1
�n
; 
0 +

v
�n

�
and 	�

�
�20 +

u2
�n
; 
0 +

v
�n

�
may be neglectable, but the scaled �

�
�10 +

u1
�n

�
and

��

�

0 +

v
�n

�
cannot be neglected. The random part in either T1 (u1) or T3 (u2; v) may be neglectable.

When 2 � � � 3, T1 (u1) is the same as in Lemma 8. For T4 (u1; v), we can show the randomness

disappears as in Lemma 8. Now,

n	�

�
�10 +

u1p
n
; 
0 +

v

�n

�
! u01S

�
�1


v

when � = 2. When 2 < � � 3, by Taylor expansion, it is

O

�
S��1


np
n�n

+ S��1�1

n

n�n
+

np
n
S��1

�

0 +

v

�n

��
= O

 
p
n

�
1

�n

�2
+
p
n

�
1

�n

���1
L

�
1

�n

�!
= o (1) ;

where note that S��1
 = 0. In T3 (u2; v), we can show the variances of various terms shrink to zero under

Assumption (x)(b) as in Lemma 10. As a result, we need only check

n	�

�
�20 +

u2p
n
; 
0 +

v

�n

�
! u02S

�
�2


v

when � = 2 and is neglectable when 2 < � � 3, and

n��

�

0 +

v

�n

�
! �� jvj�

by the de�nition of �n. The variance of the random terms

nX
i=1

�
m1(xi; qi)� x0i�0

�
x0i�01(
0 +

v

�n
< qi � 
0) =

nX
i=1

�
m1(xi; qi)� x0i�0

�
qi�q01(
0 +

v

�n
< qi � 
0)

and
nX
i=1

�00xi"1i1(
0 +
v

�n
< qi � 
0) =

nX
i=1

�q0qi"1i1(
0 +
v

�n
< qi � 
0)

is O
�
n
�3n

�
which is neglectable unless � = 3. In summary, the deterministic part converges to 1

2h
0S���h when

� = 2 and 1
2u
0
1M0u1 +

1
2u
0
2M0u2 + �� jvj� when 2 < � � 3, and the random part converges to �Wn (u)

when 2 � � < 3 and �Wn (u) + �n (v) when � = 3.

When 3 < � � 4, �n =
�
n�3n

�1=4
and n1=5 � �n � n1=3, so

p
�3n
�n

=
�3=4n

n1=4
= o (1). Now,

T1 (u1) =

p
n�3n
n

nX
i=1

T

�
wij�10 +

u1
�n
; �10

�
1(qi � 
0)

=

p
n�3n
n

nX
i=1

�
�
e1i �

x0i
2

u1
�n

�
x0i
u1
�n
1(qi � 
0);
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and p
n�3n
n

u01
2

 
1

�2n

nX
i=1

xix
0
i1(qi � 
0)

!
u1 =

u01
2

 
1

n

nX
i=1

xix
0
i1(qi � 
0)

!
u1 =

1

2
u01M0u1 + op (1) ;p

n�3n
n

u01
�n

nX
i=1

xie1i1 (qi � 
0) =

p
�3n
�n

u01p
n

nX
i=1

xie1i1 (qi � 
0) = op (1) :

In other words, the random part in T1 (u1) disappears. In T4 (u1; v), by Taylor expansion,

p
n�3n	�

�
�10 +

u1
�n
; 
0 +

v

�n

�
= O

 
S��1


p
n�3n

�n�n
+ S��1�1


p
n�3n

�2n�n
+

p
n�3n
�n

S��1

�

0 +

v

�n

�!

= O

 p
n�n
�2n

+

p
n�3n
�n

S��1



�
1

�n

�2
+

p
�3n
�n

p
n

�
1

�n

���1
L

�
1

�n

�!

= O

 p
n�3n
�n

S��1



�
1

�n

�2!
= O

� p
n

p
�n�n

�

which is o (1) unless � = 4 where
p
n�3n	�

�
�10 +

u1
�n
; 
0 +

v
�n

�
converges to 1

2u
0
2S
�
�1


2v
2. In T3 (u2; v),

p
n�3n	�

�
�20 +

u2
�n
; 
0 +

v

�n

�
= O

 
S��2


p
n�3n

�n�n
+ S��2�2


p
n�3n

�2n�n
+

p
n�3n
�n

S��2

�

0 +

v

�n

�!

= O

 p
n�3n
�n

S��2



�
1

�n

�2!
= O

� p
n

p
�n�n

�
;

which is o (1) unless � = 4 where
p
n�3n	�

�
�20 +

u2
�n
; 
0 +

v
�n

�
converges to 1

2u
0
2S
�
�2


2v
2, and

p
n�3n��

�

0 +

v

�n

�
! �� jvj� :

As to the random part in T3 (u2; v),p
n�3n
n

nX
i=1

�q0qi
�
yi � x0i�0

�
1(
0 +

v

�n
< qi � 
0);

whose variance isO (1) so is not neglectable. In summary, the deterministic part converges to 12
�
u0; v2

�
S�
�
u0; v2

�0
when � = 4 and 1

2u
0
1M0u1 +

1
2u
0
2M0u2 + �� jvj� when 3 < � < 4, and the random part converges to �n (v)

for any 3 < � � 4.

Appendix D: Weak Convergence

This appendix intends to show the weak limit of the localized objective function after neglecting the small

terms as done in Appendix C. We apply Theorem 2.11.22 of VW to prove all lemmas. All proofs include two

parts: (i) the �nite-dimensional limit distributions of the process are the same as speci�ed in the lemmas;

(ii) the process is stochastically equicontinuous or tight. For the second part, we need to check the condition

(2.11.21) and the uniform-entropy condition in Theorem 2.11.22 of VW.
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Lemma 12 Under Assumption I(1),

(Wn (u) ; Dn (v)) (W (u) ; D (v)) ;

where

W (u) = u01W1 + u
0
2W2 = u0W

with W de�ned in (9), and D (v) de�ned in the main text. Furthermore, W1, W2 and D (v) are independent

of each other.

Proof. Because the proof is almost the same as that of Theorem 1 in Yu (2014), we omit the details.

Lemma 13 Under Assumption I(1)0,

(Wn (u) ; Cn (v)) (W (u) ; C (v)) ;

where W (u) = u0W , and C (v) de�ned in the main text. Furthermore, W1, W2 and C (v) are independent

of each other.

Proof. The Wn(u) part is standard, so we concentrate on the Cn (v) part. From the proof of Lemma 9, we

need only further concentrate on the random part of Cn (v).

Recall that the random part of Cn (v) is

Gn (T3n (v) + T5n (v))

where

T3n (v) =
p
n�0nxi"1i1(
0 +

v

an
< q � 
0);

T5n (v) = �
p
n�0nxi"2i1

�

0 < q � 
0 +

v

an

�
:

First, for v1 < 0 and v2 > 0, de�ne

S1i = �0nxi"1i�
�
i (v1) ; S2i = �0nxi"2i�

+
i (v2) ; S3i =

1p
n
(e1ix

0
i1 (qi � 
0) ; e2ix

0
i1 (qi > 
0))

0
=:

1p
n
s3i;

where ��i (v1) = 1
�

0 +

v1
an

< qi � 
0

�
, �+i (v2) = 1

�

0 < qi � 
0 +

v2
an

�
, and S3i is the asymptotic ran-

dom component in b�. By Taylor expansion around t := (t1; t2; t03)0 = 0,
E
�
exp

�p
�1 [t1S1i + t2S2i + t03S3i]

	�
= 1� 1

2
t21�
0
nE
�
xix
0
i"
2
1i�
�
i (v1)

�
�n �

1

2
t22�
0
nE
�
xix
0
i"
2
2i�

+
i (v2)

�
�n �

1

n

1

2
t03E [s3is03i] t03 + o

�
1

n

�
= 1� t21

2n
c0E
�
xix
0
i"
2
1ijqi = 
0�

�
cf0 jv1j �

t22
2n
c0E
�
xix
0
i"
2
2ijqi = 
0+

�
cf0v2 �

1

2n
t03E [s3is03i] t03 + o

�
1

n

�
;

where the cross term is O
�
n�1=2 k�nk a�1n

�
= o (1=n), so that

E
�
exp

�p
�1
�
t1

nP
i=1

S1i + t2
nP
i=1

S2i + t
0
3

nP
i=1

S3i

���
=

nQ
i=1

E
�
exp

�p
�1 [t1S1i + t2S2i + t03S3i]

	�
= exp

n
� t21
2 c
0E
�
xix
0
i"
2
1ijqi = 
0�

�
cf0 jv1j � t22

2 c
0E
�
xix
0
i"
2
2ijqi = 
0+

�
cf0v2 � 1

2 t
0
3E [s3is03i] t03

o
+ o(1):
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As a result, �0n
Pn
i=1 xi"1i�

�
i (v1), �

0
n

Pn
i=1 xi"2i�

+
i (v2) and b� are asymptotically independent and the have

�nite-dimensional limit distributions as speci�ed in the lemma. Second, the uniform-entropy condition holds

since fT3n(v) : �1 < �K � v � 0g is VC-subgraph for each n and the VC-index bounded by some constant
independent of n (see, e.g., Example 2.11.24 of VW), so it remains to show condition (2.11.21):

(i) P �F 2n = O (1) , (ii) P �F 2n1
�
Fn > �

p
n
�
! 0, 8� > 0,

and

(iii) sup
jv1�v2j<�n

P (T3n(v1)� T3n(v2))2 ! 0, 8�n # 0;

where P � is the outer probability, Fn is the envelope function of fT3n(v) : �1 < �K � v � 0g and can be
taken as

Fn =
p
n k�nk kxk j"1j 1(
0 �

K

an
< q � 
0):

(i)

P �F 2n � n

Z 
0


0�K=an
E
h
k�nk2 kxk2 "21jq

i
f (q) dq

� C
n k�nk2

an
sup

2N

n
f(
)E

h
kxk2 "21jq = 


io
= O (1)

by Assumptions (iv)(b) and (vii). (ii)

P �F 2n1
�
Fn > �

p
n
�

� nE
�
k�nk2 kxk2 "211 (
0 �K=an < q � 
0) 1

�
kxk j"1j >

�

k�nk

��
� Cn k�nk2 E

h
(kxk j"1j)2+� 1 (
0 �K=an < q � 
0)

i
=

�
�

k�nk

��
� C

n k�nk2

an
sup

2N

n
f(
)E

h
(kxk j"1j)2+� jq = 


io
=

�
�

k�nk

��
! 0;

where the convergence is from Assumptions (iv)(c) and (vii). (iii) Suppose v1 < v2 < 0,

sup
jv1�v2j<�n

E (T3n(v1)� T3n(v2))2

= sup
jv1�v2j<�n

nE
�
k�nk2 kxk2 "211

�

0 +

v1
an

< q � 
0 +
v2
an

��

� C sup
jv1�v2j<�n

(
jv1 � v2j

n k�nk2

an
sup

2N

n
f(
)E

h
kxk2 "21jq = 


io)
! 0, 8�n # 0:

Lemma 14 Under Assumption I(�), 1 < � � 2,

�n (v) � (v) ;
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where

� (v) =

8<:
q
f0!

�
0 B1(�v) =:

p
$�B1(�v);q

f0!
+
0 B2(v) =:

p
$+B1(�v);

if v � 0;
if v > 0:

Proof. Recall that
�n (v) = Gn (T3n (v) + T5n (v)) ;

where

T3n (v) =
p
�n�
0
0x
�
y � x0�0

�
1(
0 +

v

�n
< q � 
0);

T5n (v) = �p�n�00x
�
y � x0�0

�
1

�

0 < q � 
0 +

v

�n

�
:

Take T3n (v) as an example for analysis. First, check the covariance kernel of T3n (v). For v1; v2 < 0,

E
hp

�n

��
y � x0�0

�
x0�01

�

0 +

v1
�n

< q � 
0

�
� ��

�
v1
�n

��p
�n

��
y � x0�0

�
x0�01

�

0 +

v2
�n

< q � 
0

�
� ��

�
v2
�n

��i
= �nE

h�
y � x0�0

�2
(x0�0)

2
1
�

0 +

v1_v2
�n

< q � 
0

�i
�p�n��

�
v1
�n

�p
�n��

�
v2
�n

�
! jv1 _ v2j f0E

h�
y � x0�0

�2
(x0�0)

2 jq = 
0�
i
;

which is the covariance kernel of � (v) as v � 0. Second, the uniform-entropy condition holds by similar

arguments as in the proof of Lemma 13, and we now show condition (2.11.21), where Fn, the envelope

function of fT3n(v) : �1 < �K � v � 0g, can be taken as

Fn =
p
�n
���y � x0�0�x0�0�� 1 (
0 �K=�n < q � 
0) :

(i) P �F 2n � K 1
K=�n

R 
0

0�K=�n

E
h�
"1 +m1 (x; q)� x0�0

�2 kxk2 k�0k2 jqi f (q) dq = O (1) by Assumption (iv)(b)

and (vii). (ii)

P �F 2n1
�
Fn > �

p
n
�

� �nE
h���y � x0�0�x0�0��2 1 (
0 �K=�n < q � 
0) 1

����y � x0�0�x0�0�� > �
p
n=�n

�i
� �nE

h���y � x0�0�x0�0��2+� 1 (
0 �K=�n < q � 
0)
i
=
�
�
p
n=�n

��
� K�n=�n sup


2N

n
f(
)E

h���y � x0�0�x0�0��2+� jq = 

io

=
�
�
p
n=�n

��
! 0;

where the convergence is from Assumptions (iv)(c) and (vii). (iii) Suppose v1 < v2 < 0,

sup
jv1�v2j<�n

E (T3n(v1)� T3n(v2))2

= sup
jv1�v2j<�n

E
�
�n
���y � x0�0�x0�0��2 1�
0 + v1

�n
< q � 
0 +

v2
�n

��
� sup

jv1�v2j<�n

�
jv1 � v2j �n=�n sup


2N

n
f(
)E

h���y � x0�0�x0�0��2 jq = 

io�

! 0, 8�n # 0:
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Lemma 15 Under Assumption II(�), 3 � � � 4,

�n (v) � (v) ;

where

� (v) =

8<:
q

f0�2q0
3 !�0 B1(�v3) =:

p
$�B1(�v3)q

f0�2q0
3 !+0 B2(v

3) =:
p
$+B1(�v3);

if v � 0;
if v > 0:

Proof. Only when � = 3 both Wn (u) and �n (v) appear. We can show as in Lemma 13 that they are

asymptotically independent. Also, the weak limit of Wn (u) is easy to derive, so we concentrate on �n (v) in

this lemma.

Recall that

�n (v) = Gn (T3n (v) + T5n (v))

where

T3n (v) =
p
�3n
�
y � x0�0

�
q�q01(
0 +

v

�n
< q � 
0);

T5n (v) = �
p
�3n�
0
0x
�
y � x0�0

�
q�q01

�

0 < q � 
0 +

v

�n

�
:

Take T3n (v) as an example for analysis. First, check the covariance kernel of T3n (v). For v1; v2 < 0,

E
hp

�3n

��
yi � x0�0

�
q�q01

�

0 +

v1
�n

< q � 
0

�
� ��

�
v1
�n

��p
�3n

��
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�
q�q01

�

0 +

v2
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< q � 
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�
� �+

�
v2
�n

��i
= �3nE

h�
yi � x0�0

�2
(q�q0)

2
1
�

0 +

v1_v2
�n

< q � 
0

�i
�
p
�3n��

�
v1
�n

�p
�3n��

�
v2
�n

�
! jv1 _ v2j3

�2q0
3 f0E

h�
yi � x0�0

�2 jq = 
0�
i
;

which is the covariance kernel of � (v) as v � 0. As the the tightness of �n (v), the proof is almost identical
as that of Lemma 14, so omitted. Note that the proof here can be applied to 2:5 < � < 3 with %n replacing

�n.

Lemma 16 Under Assumption II(2:5), 
�1n (v)

�2n (v)

!
 
 
�1 (v)

�2 (v)

!
=:

 
��1 (v) 1(v � 0) + �+1 (v) 1(v > 0)
��2 (v) 1(v � 0) + �+2 (v) 1(v > 0)

!
;

where

�1n (v) =

(
n1=4Gn

��
y � x0�0

�
x1(
0 +

v
n1=2

< q � 
0)
�

n1=4Gn
��
y � x0�0

�
x1(
0 < q � 
0 +

v
n1=2

)
� if v � 0;

if v > 0;

�2n (v) =

(
n3=4Gn

��
y � x0�0

�
q�q01(
0 +

v
n1=2

< q � 
0)
�
;

�n3=4Gn
��
y � x0�0

�
q�q01(
0 < q � 
0 +

v
n1=2

)
�
;

if v � 0;
if v > 0;

and

 
�1 (v)

�2 (v)

!
is a (d+ 2)-dimensional Brownian motion with the covariance kernel on (�1; 0] is

f0

0@ E
h�
y � x0�0

�2
xx0jq = 
0�

i
jv1 _ v2j � �q0

2 E
h�
y � x0�0
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� �q0
2 E
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i
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�2q0
3 E

h�
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�2 jq = 
0�
i
jv1 _ v2j3

1A ;
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and on [0;1) is

f0

0@ E
h�
y � x0�0

�2
xx0jq = 
0+

i
(v1 ^ v2) � �q0

2 E
h�
y � x0�0
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2 E
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�2q0
3 E

h�
y � x0�0

�2 jq = 
0+
i
(v1 ^ v2)3

1A :

Proof. The proof is almost the same as that of Lemma 15, so we only mention the di¤erences. First, �2n (v)
is the same as �n (v) except �n = n1=2, so �2n (v)  �2 (v) with �2 (v) being the same as � (v) in Lemma

15. For �1n (v), its covariance kernel for v1; v2 < 0 is
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which is the covariance kernel of

�1 (v) =

8><>: f
1=2
0 E

h�
y � x0�0

�2
xx0jq = 
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i1=2
B1 (�v) =:

p

�B1 (�v)

f
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0 E
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y � x0�0

�2
xx0jq = 
0+

i1=2
B2 (v) =:

p

+B2 (v)

if v � 0;
if v > 0:

as v � 0, where B1 (v) and B2 (v) are two independent standard (d+ 1)-dimensional Brownian motions on
[0;1). For v1; v2 < 0, the covariance between �1n (v1) and �2n (v2) is
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��
y � x0�0

�
x1(
0 +

v1
n1=2

< q � 
0)� E
��
y � x0�0

�
x1(
0 +

v1
n1=2

< q � 
0)
��
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��
y � x0�0

�
q�q01(
0 +

v2
n1=2

< q � 
0)� E
��
y � x0�0

�
q�q01(
0 +

v2
n1=2

< q � 
0)
�� #

= nE
h�
y � x0�0

�2
xq1

�

0 +

v1_v2
n1=2

< q � 
0
�i
�q0

� n1=4E
��
y � x0�0

�
x1(
0 +

v1
n1=2

< q � 
0)
�
n3=4E

��
y � x0�0

�
q�q01(
0 +

v2
n1=2

< q � 
0)
�

! �jv1 _ v2j2 f02 E
h�
y � x0�0

�2
xjq = 
0�

i
�q0 =: jv1 _ v2j2��:

In summary,

 
�1n (v)

�2n (v)

!
 
 
�1 (v)

�2 (v)

!
, where

 
�1 (v)

�2 (v)

!
is as stated in the lemma.
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