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Abstract

This paper studies estimation and inference based on the marginal quantile treatment effect. First, we
illustrate the importance of the rank preservation assumption in the quantile treatment effects evaluation,
show the identifiability of the marginal quantile treatment effect, and clarify the relationship between
the marginal quantile treatment effect and other quantile treatment parameters. Second, we develop
sharp bounds for the quantile treatment effect with and without the monotonicity assumption, and also
sufficient and necessary conditions for point identification. Third, we estimate the marginal quantile
treatment effect and associated quantile treatment effect and integrated quantile treatment effect based
on the distribution regression, derive the corresponding weak limits and show the validity of the bootstrap
inferences. The inference procedure can be used to construct uniform confidence bands for quantile
treatment parameters and test unconfoundedness and stochastic dominance. We also develop goodness
of fit tests to choose regressors in the distribution regression. Fourth, we conduct two counterfactual
analyses: deriving the transition matrix and developing the relative marginal policy relevant quantile
treatment effect parameter under the policy invariance. Fifth, we compare the identification schemes in
some important literature with that by the marginal quantile treatment effect, and point out advantages
and also weaknesses of each scheme, e.g., Chernozhukov and Hansen (2005) concentrate mainly on the
quantile treatment effect with the selection select but without the essential heterogeneity; Abadie, Angrist
and Imbens (2002), Aakvik, Heckman and Vytlacil (2005) and Chernozhukov and Hansen (2006) suffer
from some obvious misspecification problems. Meanwhile, an alternative estimator of the local quantile
treatment effect is developed and its weak limit is derived. Finally, we apply the estimation methods to
the famous return to schooling dataset of Angrist and Krueger (1991) to illustrate the usefulness of the

techniques developed in this paper to practitioners.
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1 Introduction

Treatment effect evaluation is one main task of econometric analysis. Most literature concentrates on the
average treatment effect evaluation; see Heckman and Vytlacil (2007a,b) for a comprehensive summary.
Meanwhile, as illustrated in Heckman (1992), Heckman et al. (1997) and Heckman and Smith (1993, 1998),
questions of political economy or "social justice" requires knowledge of the distribution of the treatment
effect. As a result, distributional treatment effects (especially when unconfoundedness does not hold) become
natural parameters of interest among econometricians. Actually, distributional treatment effects have been
studied extensively in the empirical literature. For example, Card (1996) uses a panel data set to study the
effects of unions on the structure of wages; DiNardo et al. (1996) presents a semiparametric procedure to
analyze the effects of institutional and labor market factors on changes in the U.S. distribution of wages;
Bitler et al. (2006) estimate quantile treatment effects using random-assignment data from Connecticut’s
Job First waiver.

Distributional treatment effects are usually estimated based on quantile regression initiated by Koenker
and Bassett (1978) (see Koenker (2005) for an introduction to quantile regression). One related field that
recently attracts much attention is the "general" semiparametric and nonparametric quantile regression with
endogeneity. For the semiparametric setups, see, e.g, Hong and Tamer (2003), Honoré and Hu (2004), Ma
and Koenker (2006), Lee (2007), Sakata (2007) and Jun (2008) among others. For nonparametric setups,
see, e.g., Chesher (2003), Chernozhukov et al. (2007), Horowitz and Lee (2007), Imbens and Newey (2009),
Chen and Pouzo (2012), and Gagliardini and Scaillet (2012) among others. However, the main interest of
this paper concentrates on the special structure of the treatment model, namely, the endogenous variable
is binary. A key parameter we will develop is the marginal quantile treatment effect (MQTE), which is the
counterpart of the marginal treatment effect (MTE) in the average treatment effect estimation.

The idea of the MTE was first introduced in the context of a parametric normal generalized Roy model by
Bjorklund and Moffitt (1987), and was analyzed more generally by Heckman (1997). In a choice (or selection,
or participation) model with the latent variable structure, Heckman and Vytlacil (1999, 2001a) express the
conventional average treatment effect parameters as different weighted averages of the MTE, and also identify
the MTE by the local instrumental variable (LIV) estimator. Actually, Heckman and Vytlacil (2007b) use
the MTE to unify the econometric literature on the evaluation of social programs, so it is well recognized
that the MTE is a convenient tool to organize the nonparametric literature on the average treatment effect
evaluation. An embarrassing situation is that the counterpart of the MTE in the quantile treatment effect
literature, the MQTE;, is yet to be well understood. The purpose of this paper is to integrate the relevant
literature on the quantile treatment effect evaluation without unconfoundedness into one framework and
provide some useful estimation and inference methods to practitioners based on the MQTE.

There are two strands of literature concerning about the distributional treatment effects, and they are
interwined. Before reviewing the relevant literature, we must emphasize that the distributional treatment
effects are functionals of the distribution of Y7 — Yy, which requires the joint distribution of Y; and Yy, where
Y7 and Yj are the outcome under the treatment status and the control status, respectively. As mentioned
in Section II.B of Manski (1996) or footnote 5 of Manski (1997), "knowledge of F(Y; — Y)) neither implying
nor being implied by knowledge of F(Y7) and F(Yp)", where F (X) is the cumulative distribution function
(CDF) of X for a random variable X. Due to the fundamental problem of causal inference (page 947 of
Holland (1986)), Yy and Y7 cannot be observed simultaneously. As a result, even in a random experiment,
the joint distribution F(Y1,Yp) or F (Y7 — Yy) cannot be identified if without further restrictions although
F(Y1) and F(Yp) can be identified. On the other hand, marginal distributions F(Y7) and F(Y;) are also of
interest in econometric analysis. For example, in Atkinson (1970), Sen (1997, 2000), Manski (1996, p714),



Imbens and Rubin (1997, p558), Imbens and Wooldridge (2009, p17), and Imbens (2010, p409), the marginal
distributions of outcomes are more relevant for a social planner choosing between two programs; see also the
Introduction of Abadie (2002) for an example where only the marginal distributions are relevant.

The first strand of literature tackles the joint distribution F(Y7,Y)) directly. This strand of literature is
mainly interested in the quantile of differences of Y1 and Y. First, using the classical probability results due
to Hoeffding (1940) and Fréchet (1951), Heckman et al. (1997) and Heckman and Smith (1993, 1998) bound
F(Y1,Yy) using F (Y1) and F(Yp) in a random experiment. It turns out that this kind of bounds are too
wide to be useful. Later, Aakvik et al. (2005) impose more structures on the problem to get more stringent
identification results. Basically, two key structures are imposed: (i) the error terms in the outcome equations
and the choice equation are independent of all the covariates; (ii) the error terms follow a one-factor structure,
i.e., the correlation among the error terms is only through the factor. Under these two assumptions, F(Y7,Yy)
can be identified, so all interesting functionals of F'(Y7,Yy) can be identified. For example, the proportion of
people who benefit from participation in the program (P(Y; > Yp)), gains to participants at selected levels
of the no-treatment distribution (F(Y; — Yo|Yo = yo)) or treatment distribution (F(Y; — Y5|Y: = 31)), and
a variety of other questions including the quantile treatment effect (QTE) and the quantile treatment effect
on the treated (QTT) can be answered. Aakvik et al. (2005) consider only two binary potential outcomes,
and parametric one-factor models with cross-sectional data. Extensions to multiple (possibly continuous or
mixed discrete and continuous) outcomes, and semiparametric (or nonparametric) multiple-factor models
with possibly panel data can be found in Aakvik et al. (1999) and Carneiro et al. (2001, 2003). See Section
2 of Abbring and Heckman (2007) for a summary of this strand of literature.

The second strand of literature concentrates on the marginal distribution of ¥; and Yy (maybe also
conditional on some covariates or some specified population). However, as noted above, the distributional
treatment effects require the joint distribution of Y7 and Y. To circumvent this problem, this strand of
literature explicitly or implicitly assume some type of rank preservation (RP) condition. Such type of
condition was initiated by Lehmann (1974) and Doksum (1974). Under this assumption, the distributional
treatment effects can be described by the difference of quantiles of Y1 and Yy. The first part of this strand of
literature bounds F'(Y7) and F(Yy) without imposing any restrictions on the choice process. Under the RP
assumption, these bounds imply bounds on the QTE. Such literature are summarized in Manski (1994, 1995,
2003). When further restrictions on the choice process are imposed, point identifying some type of quantile
treatment effects is possible. The second part of this strand of literature estimates and conducts inferences
on some type of quantile treatment effects under point identification. Firgo (2007) estimates the QTE and
the QTT in observational studies under the unconfoundedness assumption. When the unconfoundedness
assumption fails while only the selection effect exists, Chernozhukov and Hansen (2005) show that the
QTE can be identified under some completeness assumption, and Chernozhukov and Hansen (2006) provide
a specific estimation scheme; see also Chernozhukov and Hansen (2013) for most updated developments
along this line. When there is also the essential heterogeneity, the monotonicity assumption of Imbens and
Angrist (1994) or the uniformity assumption of Heckman and Vytlacil (2005) is usually imposed. Under
this assumption, Abadie et al. (2002) estimate the local quantile treatment effect (LQTE), which is the
counterpart of the local average treatment effect (LATE)E using the identification results in Abadie (2003);
see also Imbens and Rubin (1997) for identification of the marginal potential distributions of compliers
when no covariates are present, and Abadie (2002) for bootstrap tests of distributional treatment effects in
a similar framework. Carneiro and Lee (2009) deal with the essential heterogeneity in an alternative way.

They borrow a key assumption, the independence assumption (i) in the last paragraph, from the first strand

IThe LATE parameter is first introduced by Imbens and Angrist (1994). The MTE is a limit form of the LATE, see, e.g.,
Bjorklund and Moffitt (1987), Heckman (1997) and Angrist et al. (2000).



of literature to identify the (conditional) marginal distributions of potential outcomes. These distributions
imply the MQTE, which is also the main objective of this paper but we do not need the independence
assumption. The above-mentioned literature concentrates on the cross-sectional data; Athey and Imbens
(2006) also use the panel data to identify the QTT through what they called change-in-change approach
under the RP condition on the treated.

Although these two strands of literature use different identification assumptions, their targets are the
same, namely, identifying the joint distribution of Y; and Yj. This paper can be put in the second strand of
literature, i.e., we impose some RP assumptions to identify F'(Y7,Yp). Consequently, the quantile treatment
effect in this paper refers to the difference of quantiles rather than the quantile of differences. Meanwhile,
we employ the framework in the first strand of literature to study the difference of quantiles.

The rest of this paper is structured as follows. Section 2 sets up our treatment model, illustrates the
importance of the RP assumption in the quantile treatment effect evaluation, shows the identifiability of the
MQTE, and clarifies the relationship between the MQTE and other quantile treatment parameters. Section
3 develops sharp bounds and sufficient and necessary conditions for point identification of the QTE with
and without the monotonicity assumption. In Section 4, we estimate the MQTE based on the distribution
regression introduced by Foresi and Peracchi (1995), derive its weak limit and show the validity of the
bootstrap inferences, and we also develop goodness of fit tests to choose regressors. In Section 5, we conduct
two counterfactual analyses: deriving the transition matrix and developing the relative marginal policy
relevant quantile treatment effect parameter under the policy invariance. In Section 6, we comment some key
literature in the two strands above, pointing out their weaknesses, underlying assumptions, and interactions
with this paper. Section 7 presents an empirical application to the return to schooling and Section 8
concludes. All proofs are contained in an appendix.

Some notations are collected here for future reference. d is always used for indicating the two treatment
statuses, so is not written out explicitly as "d = 0,1" throughout the paper. supp(X) for a random variable
X denotes the support of the distribution of X. Both @ x(7) and Q- (X) denote the 7th quantile of a random
variable X. The capital letters such as X denote random variables and the corresponding lower case letter
such as x denote the potential values they may take. For any parameter 6, dy is the dimension of 8. The
space £°°(F) represents the space of real-valued bounded functions defined on the index set equipped with

the supremum norm |||y ). C () is the space of continuous functions on Y.

2 The Setup and Parameters of Interest

We use the nonlinear and nonseparable outcome model as in Heckman and Vytlacil (2005),

Y1 = m(X,Uh),

Yo = p1 (X, Vo). M

Actually, the additively separable setup, Yy = pq(X) + Ug, does not lose generality since we can define the
new Uy as Yy — Qy,|x(7|X) and all our analysis in this paper is conditional on X. The distribution of Yy
may be discrete (e.g., employment status), continuous (e.g., wage), or mixed discrete and continuous (e.g., in
the national JTPA study 18 month impact sample used in Heckman et al. (1997), a substantial proportion
of persons has zero earnings in both distributions of Yy and Y7). The participation decision

D =1(pp(X,2) =V = 0), (2)



where Z includes the instruments for the choice process. Both X and Z appearing as the arguments of up
does not lose generality since up(X,Z) may not depend on all elements of X. By transforming pp (X, Z)
and V' by Fy|x z, we can rewrite

D =1(p(X,Z) —Up = 0), (3)

where Up|X,Z ~ U(0,1) and p(X, Z) is the propensity score. We use these two formulations of D inter-
changeably throughout the paper. As shown in Vytlacil (2006), there is a larger class of latent index models
that will have a representation of this form. Also, this setup of D implies the monotonicity assumption of
Imbens and Angrist (1994) as shown in Vytlacil (2002).

We impose the following assumptions on the outcome equation and the choice equation.

Al) pp(X,Z) is a nondegenerate random variable conditional on X.
A2) The random vectors (U, V) and (Up, V) are independent of Z conditional on X.
A3) The distribution of V' is absolutely continuous with respect to Lebesgue measure.
)
)

A5) 1> P(D=1|X) > 0.

(
(
(
(A4) X; = X, almost everywhere, where X, denote a value of X if D is set to d.
(
(A6) Conditional on X =z, V =0, ¥ and Y7 have the same rank.

(A1)-(A5) corresponds to (A-1)-(A-3), (A-6) and (A-5) in Heckman and Vytlacil (2005), respectively. These
assumptions are prevalent in the literature with heterogeneous treatment effects. A necessary condition for
(A1) is that Z contains a continuous variable. (A2) allows for both the selection effect (Uy £ D|X) and the
essential heterogeneity ((U; — Up) £ D|X). Also, (A2) implies the usual assumption in the control function
approach, say, Z L (Uy,Up)|(X,V). (A1l)-(A5), combined with and (2), impose testable restrictions
on the distribution of (Y, D, Z, X); see Heckman and Vytlacil (2005) (page 678) for the index sufficiency
restriction and the monotonicity restriction. We refer to Heckman and Vytlacil (2005) for more detailed

discussions on (A1)-(A5). The assumption (A6) deserves further examination.

2.1 The Rank Preservation Condition

The key extra assumption beyond those in Heckman and Vytlacil (2005) is the RP condition (A6). Cher-
nozhukov and Hansen (2005) state the RP assumption via the Skorohod representation. We try to do
the same thing here although unlike them, this representation is not essential for the development of our
identification scheme. Suppose Yj is continuous, and the 7th conditional quantile of Y, given X and V is
q(d, X, V,7); then we can represent

Y =q(d, X,V, Ra)

by the Skorohod representation, where R4|(X,V) ~ U(0,1) is the rank variable which represents some
unobserved characteristic of Yy, e.g., ability or proneness, among the slice of people with a specific value of
X and V. The RP assumption (A6) can be restated as Ri|(X,V) = Ro|(X,V). We now clarify two key
points of the Skorohod representation. First, the Skorohod representation decomposes the information in
U, of into two components: the value information and the rank information. The former is incorporated
in the quantile function ¢(-) and the later is included in Ry. Second, because Ry|(X,V) ~ U(0,1) does not
depend on (X, V), it may be suspected that R, is independent of (X, V). This is incorrect. This mistake
is immediately clear if we rewrite Y; = ¢(d, X,V, R4(X,V)); in other words, R; must be understood as
a conditional random variable. Suppose there are N distinct points on the support of (X, V), and then
there are N rank variables Rq(X,V). Although R;(X,V)|(X = =,V = v) ~ U(0,1) does not depend on
(z,v), the unconditional random variable Ry may depend on (X,V). The RP condition does not restrict

the dependence between R, and (X, V); rather, it restricts the total number of conditional rank variables



R4(X,V) from 2N to N. To be consistent with the notation in the literature, R, is replaced by Uy in the
rest of this paper. The meaning of U, should be clear from the context. For example, when V appears as an
argument of the representation of Yy, or Yy is represented as Yy = ¢(+), Uy means the rank variable. In this
paper, we do not consider the quality of the evidence supporting the assumption (A6). Instead, we consider

the evaluation of specific programs under this assumption.

Y:

Y,

Figure 1: Rank Preserved Conditional on Up BUT Unconditionally Unpreserved

Our RP assumption is weaker than the usual assumption that Yy and Y; have the same rank conditional
on X = z. Think about the following example. Suppose Z is the only covariate in the determination of
D, and Z can take only 0 and 1. So the only nontrivial values for Up are p(0) and p(1). Suppose for
each value of Up, there are only two persons. Figure [I] shows that although the rank is preserved among
the people with a specific Up value, the rank is unpreserved if all people are taken into account. In other
words, (A6) only requires the RP condition to hold locally (X = x,Up = up) instead of globally (X = z).
Conditional on X = z, the rank may not be maintained under the treatment. However, for a finer slice of
individuals, the rank is maintained. Local rank preservation is much weaker than global rank preservation.
The larger the conditional set on which the RP condition is imposed, the harder for the RP condition to
hold. Actually, the analysis in Heckman et al. (1997) show that the unconditional RP condition cannot hold
although substantial departures from the perfect positive dependence across Y7 and Y, are not credible in
their context; see also Carneiro et al. (2003) for further evidences against the unconditional RP condition.

The RP condition also imposes a restriction on the joint distribution of Y7 and Yy given X = x and
Up = up, namely, the joint distribution is fully determined by the marginal distribution. It is not hard to
see that when the RP condition holds,

P <y1,Yo <yo|X =2,Up =up)
=min{P (Y1 <y1|X =2,Up =up),P (Yo <yo|X =2,Up =up)},



which implies that the joint distribution of Y7 and Yy given X = x,Up = up is degenerate. To see how
this joint distribution looks like, suppose Yy| (X = z,Up = up) is continuously distributed and supp(Yy| X =
x,Up = up) = [0, 1] to simplify the discussion. It turns out that only on the line (yo, F;11‘X7UD (Fyo x,up (Wolz, up)|z, uD))
with yo € [0, 1] there is probability. In other words, only on the Q-Q plot, (Y, Y1) can occur simultaneously.
An implication of this result is that if Fy,x v, (-|z,up) is the same as Fy,|x v, (-|z,up), then the correla-
tion between Y; and Y7 conditional on X = z,Up = up must be 1. Figure |2 shows a typical Q-Q plot of
(Yp,Y1) conditional on X = z,Up = up. In Figure 2 P(Y7 > Y5|Yo = yo,X = 2,Up = up) = 1 when
Yo < 0.6 and P(Y7 > Yy|Yo = 4o, X = 2,Up = up) = 0 when gy > 0.6. In other words, for the slice of
people with Yy = y9, X = 2, Up = up, the participant always benefits as long as yo < 0.6, and vice versa.
Nevertheless, it is more likely that P(Y7 > Y5|Yy = yo, X = z) € (0,1), P(Y1 > Yo|X = 2,Up = up) =
Fy,1x,up(0.6]z,up) € (0,1) and P(Y; > Yo|X =) = [ P(Y1 > Yy|X = x,Up = up)dup € (0,1).

0.6

' (Fy, (Y0))

1

P

0 0.6 1
Yo

Figure 2: Q-Q Plot of (Y, Y1) Conditional on X = z,Up = up

It should be emphasized that the RP condition is only for defining various quantile treatment effects.
Even without this condition, we can still identify various marginal distributions which, as argued in the

introduction, are useful for many other purposes. Under the RP assumption, we define the MQTE in
Carneiro and Lee (2009) as

Aﬂ/[QTE(x7U'D) = QY1|X,UD (T‘Z‘, uD) o QYO‘X’UD (T‘.T, uD).

If we strengthen the RP assumption to be conditional on X = x or on X = z, D = 1, then we can define the
QTE in Chernozhukov and Hansen (2005, 2006) and the QTT as

AS?TE(@ = QY1|X(T|33) - QY0|X(T|$)

and

AQTT(CU) = QY1|X,D(T|9C7 1) - QY0|X,D(T\33, 1),



respectively. If the RP assumption is conditional on X = z,up < Up < u/p, then the LQTE of Abadie et
al. (2002)E| is defined as

ALRTE (3 up,up) = Qvy x,up (7|2, (up, up)) — Qvy x,0p (T2, (up, up)).

Finally, if the RP assumption holds unconditionally (with respect to X )E| then we define the integrated QTE
(IQTE)
A'lI'QTE = le (T) - QYO (T)a

the integrated QTT (IQTT)
AIRTT = Qy,1p(7]1) = Qyy p(71)

as in Firpo (2007)[] and the integrated LQTE (ILQTE)

AILQTE(y /)y = Qv (TI(up, upl) = Qvyjup, (T(up, up)).

2.2 Identification of the MQTE

The following theorem states that the MQTE can be identified for a range of up.

Theorem 1 Suppose assumptions (A1)-(A6) hold. Ifup is not an isolated point of PNPY, then AMOTE (3 wup)
can be identified for any T € (0,1), where P¢ =supp(p(X, Z)|X =z, D = d).

Proof. To simplify notations, we depress the conditioning on X = z. Given the RP assumption (A6), we
need only identify Qy, v, (T|up) whose identification is equivalent to the identification of Fy, |y, (-lup). We
provide two methods to identify Fy, v, (-lup).

Method 1: Note that

P(Y <ylp(Z)=p,D=1)p=P (Y1 <y|p(Z) =p,D =1) P(D = 1|p(Z) = p)

P
=PY1 <ylUp <p)p= / Fy,jup (ylup)dup,
0

1
and similarly, P (Y <y|p(Z) =p,D =0)(1-p) = / Fyyjup (ylup)dup, so
p

d[P (Y <ylp(Z) =p,D =1)p]
dp
d[P(Y <y[p(Z) =p,D=0)(1-p)|
dp

= FY1\UD (y|p)7

= Fy,ju, (ylp).

2 Abadie et al. (2002) conflate issues of definition of parameters with issues of identification; see Section 6.2 below for their
definition. Actually, A.%QTE(
on the support of p(z, Z).

3Note that if the RP assumption holds on X = , Y4|X can be expressed as Yy = ¢(d, X, U) by the Skorohod representation,
where U|X = Ui|X = Up|X. If the RP assumption holds unconditionally, then Yy can be expressed as Yy = q(d,U) by
the Skorohod representation, where U = U; = Us. This by no means implies that information in X and Z is useless to the
identification or efficiency improvement in the quantile treatment effect evaluation.

4Be careful about the terminology in the literature. Our IQTE and IQTT are the QTE and QTT of Firpo (2007). Also,
the MQTE of Cattaneo (2010) means Q- (Yp) and Q- (Y1) rather than AM?TE(z 4p), and the MQTE, QTE and QTT in the
first strand of literature mentioned in the introduction means Qy, _y,|x,vp, (7|2, up), Qv vy x (T]2) and Qy, _y,|x,p (7|2, 1)

rather than A.],—MQTE(I,UD), A.,QTE(I) and A.,(?TT(:E)‘

z,up,u,) can be defined for any up,u’, € (0,1) although it can only be identified for up,up



Method 2: As in Hahn (1998), we can use DY and (1 — D)Y to identify Fy, |y, (-lup). Note that for any
y=>0

P (DY <ylp(Z) =p)— (1 -p)
=P (DY <y|p(Z) =p,D =1) P(D = 1|p(Z) = p) + P (DY <y[p(Z) =p,D =0) P(D =0[p(Z) =p) — (1 = p)
=PY1 <ylUp <p)p+P(0<ylUp>p)P(D=0|p(Z)=p) —(1-p)

P P
_ / Fy, 1o (ylup)dup + (1 —p) — (1 - p) = / Fy, 10y (ylup)dun,
0 0

* d[P (DY <y|p(Z) =p) — (1 - p)]

o = Fy, v, (ylp)- (4)
For y < 0, repeat the analysis above, we have
dP (DY < ylp(Z) =p)
= F ) )
a ViU (¥1P) ()
Similarly,
_ dP(1-D)Y ipy|p(z) =p) —p _ FYOIUD(y|p) when y > 0, (6)
and dP (1- D)Y < ylp(Z) = p)
- = IPZ =P — By (ylp) when y < 0. (7)

dp
Inverting Fy,u,, (y|p) as a function of y, we can get Qy, v, (7|p). Since p(2), P (Y < y|p(Z) = p, D = d),
P (DY <ylp(Z) =p)and P ((1 — D)Y < y|p(Z) = p) fory € Rand p € P4 can be identified, AMTE(yp) =
Qvy vy (Tlup) —Qyy vy, (Tlup) for all 7 € (0,1) and up not being an isolated point of P1NPY can be identified.
L]

L—p 1—p

o o

Il I

S S

= (vlus) =

W Fyl\UD Y|Up duD o

Q ﬁ Q ﬁFYﬂUD(y'uD)duD
= = -

0 0 y 0 v o

Figure 3: Intuition for Identification of Fy, |y, (y|p) with y > 0 and y < 0

Figureprovides some intuition for the arguments in the second method. Fory > 0, P (DY < y|p(Z) = p)
P
includes a point mass 1 — p at 0, and the remaining probability is / Fy,\u, (ylup)dup, while for y < 0,
0



P (DY < y|p(Z) = p) does not include the point mass. This intuition is similar in spirit to that of the
censored quantile regression models discussed in Powell (1984, 1986).

The arguments in Theorem 1 can be applied to the discrete Y; case. Suppose Y7 and Y have the same
support {y1,--- ,ys}, and then the counterpart of the MQTE is Py, v, (ys|up) — Py, (Yslup), s =1,---, S,
where Py, |y, (ys|up) is the point mass of Yy| (Up = up) at y,. We can still identify Fy, |y, (ys|p) by ,
[, (6) and (@), and then Py, (y1lp) = Fy,ju, (ilp) and Py,ju, (vslp) = Fy,u, (vslp) — Fyajup (Ys-1lp)
for s = 2,--- S can be sequentially identified. If Y; can take only 0 and 1, then the parameter of interest is
Py, jup (1lup) — Py, v, (1lup) which coincides with the MTE. Of course, we can also consider the case with
mixed discrete and continuous outcomes. Both the discrete case and the mixed case are easier to handle
than the continuous case, so we will concentrate on the continuous case in the rest of this paper unless stated
otherwise.

If we use the idea of LIV as in Heckman and Vytlacil (2001a), we have

P <ylp(Z)=p)=P (Y <ylp(Z)=p,D=1)p+ P(Y <y|p(Z) =p,D =0) (1 —p)

P 1
Z/ FY1\UD(?J\UD)duD+/ Fy, v, (ylup)dup,
0 p

and
OP (Y < Z) =
=D 20 By 0lp) — P 0lp),

which is the difference of CDFs in the two treatment statuses. So it is hard to identify the MQTE from
OP (Y < y|p(Z) = p) /Op. From Theorem 1, we can identify E[Y1|Up = p] and E[Yy|Up = p] separately, not
just their difference E[Y; — Yo|Up = p] as in the LIV method of Heckman and Vytlacil (2001a).

Method 1 of the proof is a special case of Theorem 1 in Carneiro and Lee (2009). We also discuss
Method 2 to distinguish the difference between the identification scheme of the MTE and the MQTE. For

the MTE, E[DY|p(2) = p| = E[Y|p(Z) = p,D = 1]p = / "EM|Up = upl dup, and E[(1 - D) Y|p(Z) =

1
pl=EY|p(Z)=p,D=0](1-p) = / E[Yo|Up = up|dup, so the two methods in the proof are the same
P

in the MTE identification.
We close this subsection by a concrete example. Suppose Y1 = V42U, Yy = 2V+U,and D = 1(Z—-V > 0),
where

U 1 05 0
V | ~N(@OX) withE=1| 05 1 0
Z 0 0 1
It can be shown that AMOTE(yp) = —0.50 1 (up) + +0.7507 (7). Figure Y| shows AMCTE(yp) for

7=0.1,0.25,0.5,0.75 and 0.9. In this simple model, the spreading measure of the MQTE, e.g., AKQTTE(UD)—
AMQOTE(yp) for 7 € (0,0.5), is the same for any up, which may not be standard in practice. Also,
AMGRTE () is a decreasing function of p, which indicates that the more likely will an individual par-
ticipate in the program, the higher benefit will she receive In the figure, we also show AMTE (yp), AYTE
and AATE (= E[Y;] — E[Y]) for comparison. Note that in this example, AMTE(yp) = AYQTE (y) and
ARTE = (0 = AATE does not depend on Tﬂ Obviously, AMRTE(yp) provides more information than
AMTE (), AQTE  and AATE.

5 Aakvik et al. (2005) provide a converse example.

61t should be emphasized that AQTE is not well defined in this example since the RP condition does not hold unconditionally
given that Y7 and Yp have the same marginal distribution but Corr(Y1,Ys) = 6.5/7 < 1.
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Figure 4: AMRTE(yp) for 7 = 0.1,0.25,0.5,0.75 and 0.9 in a Simple Example

2.3 Relationship with Other Parameters of Treatment Effects

In this subsection, we first discuss the relationship between AMQTE (. 4 p) and AQTT (x), AYTE (), ALRTE (2 up, u'y),
AIRTE AIQTT ' ATLQTE Tt turns out that the building block is Fy, x,up, (ydlz,up) rather than AMRTE (1 up).
Actually, AMRTE (g v p) is more relevant to the (conditional) quantile of Y7 — Y.

From the supplementary materials, we can show that

AgTT(x) = F;ll‘X’D(ﬂx, 1) - F}Z)}Xl)(ﬂxa 1)

and the quantile treatment effect on the untreated (QTUT)
AZTOT () = Fyy p (712, 0) = Fy iy p(7]2,0),

Y1|X,D Yo|X,D

where
1
FYd|X,D(yd|xa1):/ Fy, x,up (Yalz,wp)hrr(z,up)dup,
0
1
FYdlx,D(yd|$70):/ Fy, x,vp (Yalz,up)hrur(z,up)dup,
0

with hTT(as,uD) = (1 7Fp(X7Z)|X(uD‘m)) /E[p(X, Z)‘X = w] and hTUT(I’7uD) = Fp(X,Z)\X('UJD|1')/E[1 —
p(X, Z)|X = z]. Also,

APTE(z) = Fy | (Tl2) = Fy i (rla), AT = Fpl(r) — Fyl(n),

Yi|X Yo
AIQTT = Fub (7]1) = Byl (r1), AI9TUT = FL (7]0) — Fy2Ly (7]0)

10



where

1
Fy, x (yalx) =/ Fy, x,up Walz,up)dup, Fy,(ya) = /Fyd\x(yd\a?)dFX(x),
0

! 1-F (uplz)
Fy,p(yll) = /FYd|X,D(y\$a1)dFX|D($|1) = // Fy, 1 x,up (ylz,up) ;)D(E(l’)z)_le) dupdFx(x),
o —

Fyx,7)x (uplx)

1
Frap0) = [ Frpxole )ifxpe0) = [ [ P, e un) 25 aupdry (@)
Finally,
ALRTE (3 up, uly) = FQJX}UD (1|@, (up,u’p]) — F;O}X)UD (1|z, (up,u’p)),
ALLQTE (4 o)) = F;lllUD (t|(up,up]) — F;O}UD (t1(up,up)),
where
/ 1 o
Fy, x,up(dlz, (up,upl) = ——— Fy, x,up (yalz, up)dup,
uD —Uup up

Fy,jup (al(up,upl) = /FYd\X,UD(ydW% (up, up))dFx p(x,2) (x| (up, up))

P (p(X,Z) € (up,up||X = 2)
P (p(X,Z) € (up,up))

_ / Fyyx.vp Wale, (up, uh)) dFy (z).

See Appendix B.1 of Carneiro and Lee (2009) for implementation of some of these parameters in practice.
1

Note that AQTH(z) # / ARTE(z up)dup, and ALRTE £ /A?TE(x)dFX(J:), so it is hard to find a
0

relationship between these quantile treatment parameters and AMOTE (v p).
We can also identify the MTE

AMTE(z up) = /yldFY1|X,UD (1], up) — /yodFYg|X,UD (y1]z,up) = /AyQTE(m,uD)dT,

so all the parameters that can be identified by AMTE (2, up) as listed in Table IA of Heckman and Vytlacil
(2005) can also be identified by AM@TE (3 yp). In other words, AM@TE(3 up) is a more basic building
block of the average treatment parameters. Note that to identify AM7#  we do not need the RP assumption,
but we need to assume F [|Yy]] < oc.

Heckman et al. (1997) consider also the following parameters of treatment effects: (a) the proportion
of people taking the program who benefit from it, P(Y; > Yy|D = 1); (b) the proportion of the total
population that benefits from the program, P(Y; > Yy|D = 1)P(D = 1); (c) selected quantiles of the impact
distribution, Qy, —y,|p(7[1); (d) the distribution of gains at selected base state values, Fy, _v;|v,,p(-|%o, 1)[|
These parameters can be identified from AMPTE (z 4p). Tt is not hard to show that under the RP assumption

(A6),

trrt 1 — Fyx,2)x (up|z)
Pti-Yo<yp=1=[ [ [ | 1R ) < e | dupdFy ()
0 0 P(D = 1)

"They also consider the option value of a social program, E[max (Yo, Z)|D = 1]— E[Yo|D = 1], where Z is the option provided
by the program.
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by a similar derivation as in the expression of Fy,|p(y|1), so Qy,—y,|p(7|1) can be identified and
P(Vi > Yy[D=1)=1- P (¥~ ¥% <0|D = 1)

can also be identiﬁedEI Actually, we can identify any conditional or unconditional quantile of Y7 — Yy of
interest, e.g., Qy, —vy|x,p (7|2, d), Qv, —v,|x (T|7), Qv; —v, | p(7|d), Qv, —v, (1) and Qy, _v;|x,v,, (T2, (v, up]),
based on AMRTE (g 4p). Since the corresponding weights can be similarly defined as above, we neglect the
details.

Note that if only assumption (A6) holds, P(Y; > Y;|D = 1) need not equal [ fol L(AQTT () > 0)drdFx|p(z[1)
or fol L(AICTT > 0)dr. They are equal only if the RP assumption holds on X = 2,D = 1 or D = 1. This
observation can be used to test whether the RP assumption holds on a larger set than X = x,Up = up.
Because quantile is not a linear operator of the distribution function, Qy,_y,(:) and Qy,(:) — Qy,(+) are
generally unequal (and do not have any identifiable relationships), so the quantile treatment effect and the
quantile of the impact distribution are two different parameters. On the contrary, since mean is a linear
operator of the distribution function, the average treatment effect and the average of the impact distribution
are the same parameter. In this paper, we concentrate on three most popular quantile treatment effect pa-
rameters in the literature: AMQTE (g up), AYTE(z) and AITF. We concentrate on difference of quantiles
rather than quantile of differences because the latter may not be interesting. For example, in the common
effect model, the distribution of Y7 — Y} is a point mass at a fixed value. Even if the treatment effect is
not common, Y7 — Yy may still have discrete components in its distribution. See Section 3.2 of Aakvik et
al. (2005) for definitions of the distributional counterparts of the MTE, ATE and ATT based on Y; — Yy
when the outcomes are binary, and see Section 2 of Abbring and Heckman (2007) for definitions of the
distributional treatment effects in more general settings.

Finally, we study Fy, _y,|v,,p(-|[y0,1). We have already shown in Section 2.1 that under the RP assump-
tion (A6),

P(Y1 =Yy < y|Yo =yo, X =2,Up = up) = UQy, x,up (Fyvy | x,up (Wol2z, up)|7,up) <y + o),

SO

PY1—Yy<ylYo=9y0,D=1)=P(Y1 — Yy <y|Yo =v0,Up < p(X, Z))
= ff [FUD‘UO,X(p(:zc,zl)|FY0|X(yo\m),m) fop(m’Z) P(Yl - }/E) < y|YO = yo,X =z, UD = uD)dFUD|U07x(p|Fy0|X(y0|x),:L‘)]
dFz x (2|2)dFx)y, (x|yo),

where the equality is from the fact that F(UD,X,Z)\Yg:yo = FUD \Y():yo,X,Z'FZ\Yo:yo,X'FX\Yg:yo = FUD|U0:FYO\X(QO|X)aX.
Fyz1xFx\|y,=y,, and Uy is defined in the Skorohod representation of Yy, Y5|X = F;(Jllx (Up|X). So this parame-
ter is a complicated functional of Qy,|x, v, (Fyy|x,up (YolT,up)|2, up) and is not easy to estimate. Actually,
it is unknown whether it can be point identified since Fys, |y, x is hard to be nonparametrically identified

without further structures on the model.

3 Sharp Bounds for the QTE

Although Qy,,|x v, (7|2, up) can be point identified from Theorem 1, we show in this section that Qy,|x (7]z)
generally can only be partially identified, which implies that AST#(z) can only be partially identified. Here,
we implicitly assume that the RP assumption on X = z holds (i.e., Yy can be represented as Yy = ¢(d, X, Uy)

8This parameter is useful, e.g., in the median-voter model, we need to check whether P(Y1 > Yp|D = 1)P(D = 1) > 1/2.
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with Up|(X = z) = U |(X = x)), but we do not explicitly explore the information content in this assumptionﬂ

First, we impose the quantile independence assumption (QIA),

dep(,z (T|X,Z):de|x (T|X) for all T € (0,1) (8)

This assumption is equivalent to (Y7,Ys) L Z|X. This assumption is parallel to the usual IV assumption
E[Yy|X, Z] = E[Y4|X] in the average treatment effect evaluation. As in Heckman and Vytlacil (2001b), we
assume further that

D=1(p(X,Z) >Up) and Z L Up|X (9)

to study the improvement on the bounds for AT (z).

3.1 Bounds Under the Quantile Independence Assumption

From Proposition 2 and (36) of Manski (1994), we have sharp bounds for Qy,|x (7|z) under :

sup Lt (z,2) < Qv x(7]z) < inf Rl (z,2),
Z2EZ, 2€Z,

sup L2 (z,2) < Qyy x(7]x) < inf RY (z,2),
2EZ, 2€Z;

where Z, =supp(Z|X = z),

L (.73 Z) — QY\X,Z’D (1 p};";) X, z, 1) s 1f p(aj7 Z) > 1— T,
T —00, otherwise,
Rl (z,2) = Qvix.z.p (p(-;,Z) |, 2, 1) ,ifp(z,2) =,
00, otherwise, (10)
L (.73 Z) _ QY\X,Z,D (1 - #(;,z) .’L',Z,O) s 1fp(m’z) <7,
T —00, otherwise,
RO (fE Z) = QYIX’Z7D ( 1—p7(—ac7z) Z, 270) ) if p(.%‘, Z) <1- T,
T 00, otherwise.
So
I*(z) = sup L (z,2) — inf R% (z,2) < AQTP(2) < inf R! (x,2) — sup L2 (z,2) = IV (z). (11
2€Z, 2€Zy 2€Z, 2€Z,
This bound is trivial, since I}(z) = —o0 and I/ (z) = oo if ¥ and Yj are unbounded. Similar phenomena

also happen in the average treatment effect evaluation. To avoid such trivial results, we assume that
P (yg(z) < Ya < yi(@)|X = 2,2) = 1, (12)

where y},(z), y%(z) € R does not depend on Z from . To simplify notations, we assume that y{(z) = v} (z),
denoted as y'(z), and y¥(x) = y¥(v), denoted as y“(x). Then —oco in is changed to y'(z) and oo is
changed to y*(x).

Let P, =supp(p(X, Z)|X = z), pS"P = sup P, and p'*f = infP,. The width of the bounds is IV (z) —

IE(x), a complicated expression to evaluate, especially if Z, is uncountable. Note that the above bounds
exactly identify AYTE(z) if IL(x) = IY(z). Note also that it is neither necessary nor sufficient for p(z, 2)

9In Section 6.1, we will show how Chernozhukov and Hansen (2005) point identify Qy,|x (T|z) by exploring the information
content in this assumption and imposing some completeness conditions.
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to be a nontrivial function of z for these bounds to improve upon the bounds when is not imposed (i.e.,

sup and ian are dropped from ); this is because Qy|x,z,p(7|z, z,d) may depend on z through other
2€EZ, 2€Zz

channels than p(z, z). Evaluating the bounds for AYT#(z) requires knowledge of
1—

77— z,z, 1> 7QY|X7Z,D <T €, z, 1) )
p(z, 2) p(, 2)

1—7 T

l u

- =7 a0 —
Yy (.T),y (-T)7QY|X7Z,D ( 1 —p(l’,Z) xT,z, > 7QY\X,Z,D (1 —p(iC,Z)

{p($7 2),Qy|x,z,D <1 -

=)

for each z € Z,; estimators of these objects can be constructed in an obvious way, so are omitted here.
The following theorem is parallel to Corollary 1 and 2 of Proposition 6 in Manski (1994). It develops

necessary and sufficient conditions on pS$"? and pi* for point identifying AQTF(z).

Theorem 2 Suppose assumptions (@) and @ hold.

(i) p2" > min {7,1 — 7} and p'™ < max {r,1 — 7} are necessary for point identification of ASTF(z). Also,

inf
T

inf

when pyt and p3'P are achieved at some values that Z can take, p
for point identification of ASTE(z) for any fized T € (0,1).

=0 and pi'* =1 are sufficient

(ii) When (Y1,Yy) L D|(X, Z), p5* =1 and p'*' = 0 is sufficient for point identification of A®TE (x) for any
fized T € (0,1). If assume further that Yy| (X = z) is continuously distributed with a positive density
on (Yt (), y"“(x)), then p*® = 1 and p'™ = 0 is also necessary for point identification of ARTF (x) using

.

For the average treatment effect evaluation, Corollary 1 of Proposition 6 in Manski (1994) implies that
p'™f < 1/2 and pS"? > 1/2 are necessary for point identification of A4T#(z) = E[Y; — Yy|X = z]. A key
assumption for this result to hold is that the support of Yy| (X = z,Z) does not depend on Z. Our first
necessary condition requires only the support independence assumption rather that the full independence
assumption . So these two sets of necessary conditions are comparable. When 7 = 1/2, they are the same.

To understand the sufficient condition for point identification of A2T#(z) in Theorem 2(i), we need
to clarify the meaning of Qy|x 7z p(7(x,%)|z,%,d) when Z € Z, but cannot be taken by Z, where 7(z, 2)
is the quantile index as a function of x and z. Since in this case Qy|x 2z p(7(x,Z)|z,Z,d) is not defined,
it should be understood as the continuous extension of Qy|x,z p(7(z,2)|r,2,d) as z converges to Z. The

inf

quantile functions in ((13) below are similarly understood when pS"P and pi!

x

cannot be taken by p(z, 2).
This extension is not required when Z is discretely distributed. When Z has a continuous component, we
can assume that Z can take all values in Z,, and assume is satisfied for Z € Z,. This assumption does
not lose generality since redefining a continuous random variable on a set with Lebesgue measure zero will

not affect its distribution at all. Under this extension, pi™ and p$"® must be achieved at some values in Z,,

so pitf = 0 and pS"P = 1 are sufficient for point identification of ASTE () for any fixed 7 € (0, 1) regardless

inf

of Z is discrete or continuous or a mixture. Finally, note that p}

= 0 and pi"P = 1 is essentially the usual
large support condition which entails identification-at-infinity.
In the average treatment effect evaluation, there are not sufficient conditions for point identification of

AATE(z) in the literature. From Manski (1994),

I*(z) < A (z) < 1Y(2),
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where

It (z) = Zseué) {p(x, NEMWM|X =2,Z =2,D = 1]+ (1 — p(x, 2))y'(z, z)}

— inf {(1=pw,2) EVo|X = 2,7 = 2D = 0] + pla 2)y" (@, 2)}

IY(z) = zienzfm {p(z,2) EMi|X =2,Z=2,D =11+ (1 —p(z, 2))y*(x,2)}

— sup {(1 —p(z,2) E[Yo|X =2,Z = 2,D = 0] +p(:c,z)yl(x,z)} ,
ZEZ,
and y'(z, z), y*“(z, z) € R satisfy P (y'(z,2) < Yq < y“(z,2)|X =2,Z = z) = 1. Note here that y'(z,z) and
y*(z, z) depend on z if only the mean independence assumption, E[Yy|X, Z] = E[Yy|X], is imposed. As in

inf

inf and p3' are achieved at some values that Z can take, p™f = 0 and p2"P = 1 implies

x

Theorem 2(i), when p

that
EVi|X=2,Z=2D=1-EYX=2,Z=2D =0 <I*x) <I1Y(z)
<EVi[X=2,Z=2D=1—-E[Yo|X =2,Z=2D=0],

so AATE(z) is point identified.
Corollary 2 of Proposition 6 in Manski (1994) implies that when (Y1,Yy) L D|(X, Z), AATE(z) is point
identified using his bound (35) or [I*(z), IV (z)] above if and only if pS" = 1 and pi* = 0. Our result parallels

x x

his result when Y| (X = z) is continuously distributed with a positive density on (y!(x),y"(x)). It should
be emphasized that when (Y1,Yy) L D|(X,Z), pS* = 1 and pi* = 0 is necessary for point identification

of AQSTE(z) only when is used. Actually, since Qy, x(7]z) = Qy,x,z(7|2,2) = Qy|x,z,p(7|z,2,d),
Qy,|x (T|z) can be identified directly from Qy|x z p(7|z, 2,d).

3.2 Bounds Under the Nonparametric Selection Model
The following theorem states the bounds for A9T#(z) when assumption @ is imposed.
Theorem 3 Suppose assumptions (@), @ and (@ hold.

(i) AQTE(x) has sharp bounds,

L () ~ RO.(2) < A9TF () < R () - 10.(2) 13)
where
1wy = [ @ixaxao (1= gt |emen). e 1o
yl (), otherwise,
R o) = | Qrixarxap (GFelepiin). 2
y'(z), otherwise,
10 (z) = | @rixacxz.p (1 5| 2pitf0) i <
v (@), otherwise,
RO (z) = { Qv ixp(x.2).0 (1#‘ mvpfé‘f,o) . ifpif < -,
(), otherwise.

(i) P =0 and p3* = 1 are sufficient for point identification of ASTF(z) for any fived T € (0,1). When

Y[(X =z,p(X,2) =pi"",D=1) and Y| (X = z,p(X, Z) = pi™, D = 0) are continuously distributed

with a positive density on (y'(z),y"(x)), they are also necessary.
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(iii) [IX(x),IY(x)] in will simplify to the bounds in under assumption (@

—
T3
PP
=
VI
)
Ry
-
£ Tor : : : : a
w)
<
=
5
2
A
1—p i
T1 —
/¢ Ly
RL LI, R, L, Bounds for Qy; (1)

Figure 5: Intuition for L < Qy, (7) < RL: p"P = 0.8, p = 0.5, 71 = 0.15, 72 = 0.46 and 73 = 0.91

Figure [5| provides some intuition for why L1 (z) < Qy,|x (7|z) < R} (x); similar intuition can be applied
to the bounds for Qy,|x (7]|z). From the proof of Theorem 3,

PY <ylp(Z2) =p®, D = 1)p"* < P(V1 <y) < P (Y <ylp(Z) = pi, D = 1) pi® + (1 — i),

1
where the conditioning on X = xz is depressed. Suppose (Y1,V) ~ N (0, ( ';) )), then
p

P "
P(Y <ylp(Z) = p™, D = 1) pi» = / ® y—p® (up) dup.
0 1—p2?

Figure [5| shows the bounds for P(Y; < y) when pi"P = 0.8 and p = 0.5. Inverting the bounds for P(Y; < y),
we can get the bounds for Qy, (7). When 7 < 1 — p"P, L! = 4!, when 7 > p3", Rl = y*. Only if
T € (1—pi'P, p3'P), both bounds are nontrivial. This is not always possible; only if pS* > max(r,1—7) > 1/2
(pIin < min(7, 1 — 7)), neither the left nor the right bound for Qy, (1) (Qy, (7)) is trivial. Pushing 7 — 0 or
1, we can see that there are nontrivial bounds for Qy, (1) (Qy, (7)) for all 7 if and only if pS*P = 1 (p™i® = 0).

Note that L%(z) and RZ(z) are increasing functions of 7; hence the bound for Qy,|x (|x) shifts to the
right as 7 increases. Also observe that

1—171 1—171

1-— P <T gpsup andl_l—pgl 77'7p'¥1f.

Hence Qv |x p(x,2),p (7|7, p3", 1) and Qy|x p(x,2),D ( |z, pint] 0) lie within the bound for Qy, x(7|z) and

Qy,|x (T]z), respectively. This implies that Fy,|x (:|7) = Fy|x p(x,2),0 (12,05, 1) and Fy, x (:|) = Fy|x p(x,2),

are not rejectable in the absence of other information.
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Evaluating the bounds for AT () requires knowledge only of

z,pi'P, 1)

7plnf 0) }

Estimators of these objects can be constructed in an obvious way, so are omitted here. The simpler structure

g -
{p}nf7pz Qv |x.,p(X,2),D (1 — —wp | T, D5 T, > Qy|x,p(X,2),D (p
xT

1—17 : T
y' (@), y"(2), Qv|x p(x,2),0 (1 1 Py, 0> s Qv |x,p(X,2),D (1 — it
T xT

of these bounds results from assumption (@ Also, it is both necessary and sufficient for p(z, z) to be a
nontrivial function of z for the bounds in Theorem 3 to improve upon the bounds when (8) and (9) are not
imposed.

As shown in Section 4 of Heckman and Vytlacil (2001b), pi* = 0 and p$'? = 1 are necessary and sufficient
for point identification of A47E(z) under assumption @ Our result parallels their result when Yy| (X = z)
is continuously distributed with a positive density on (y'(z),y*(z)). As shown in Section 6 of Heckman and
Vytlacil (2001b), the Manski IV bounds of A4TF(z) simplify to their bounds under assumption @; the last
part of Theorem 3 parallels their result.

Finally, note that the bounds for A2TF(z) can be integrated (with respect to z) to get the bounds for
AIQTE.

3.3 Some Counterexamples

The bounds for A2T#(z) in Theorem 3 can be applied to cases with discrete, continuous or mixed response
variables. Note that p'"f = 0 and p$'" = 1 are necessary for point identification of A2T#(z) only when
YI(X=z,pX,Z)=p"*,D=1) and Y| ( =z,p(X,Z) =p™, D = O) are continuously distributed with
a positive density on (y'(z),y"%(x)). The following example illustrates that pi"f = 0 and pS$"P = 1 is not
necessary for point identification of AYT#(z) when Y, is binary. The supplementary materials include
another example in a similar spirit where the distribution of Yy is a mixture of continuous and discrete.

Example 1 Suppose Yy € {0,1}. pP = P(Y = 0|X = 2,p(X, Z) =pS'*, D = 1) € (0,1) and pif = P(Y =

xl —

01X =,p(X,Z) =p™, D =0) € (0,1). First check the bounds for Qy,|x (T|z):

(@) = { 1 ifpiP>1—7and - wp > poi?,
0, zfpS“p<1—T01“[p5“p>1—7'andl—Tp<pm1/,
(x) = { 0, PP 2T and Fw Spiy’
1, if pi'P <7 or [pSPP > 1 and bup > piiP).

When max{l —T,ﬁ} < piP < li;sﬂp or pmp <piw <1 -7, L (2) = RL(z) = 0; when 1:% <

xl

i < T oor max{ili;ipﬁ} < PP < psTup, L (x) = RL(z) = 1. Similarly, when 1 — 7p,1,f < pitf <

min{T 1- mf} orT < pinf <1-— pmf, LY () = RO (z) = 0; when 1 — 7 < pinf < 1 — pz,f orl— pmf <
Pzo x0 x0

pinf < min {1 T,1— pmf} LY () = R% (z) = 1. Figure@ shows the point identification combination of

PSP (pinf) and piyP (pmf) for 7 =0.1,0.25,0.5,0.75,0.9. Obviously, pi™ = 0 and p"P = 1 are not necessary
for point identification of ASTE(z). Only if pi¥ = pi = 7, p™f = 0 and p*P = 1 are necessary. Note
also that p* > min {7,1 — 7} and pi™ < max{r,1 — 7} for point identification of ASTE(z) for any p*,

pitf € (0,1) as predicted by Theorem 2. O
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Figure 6: pi'P (pi*) and p}1" (p) for Point Identification of Qy,|x (T|z): Red Area for Qy, x (1|z) =1
and Blue Area for Qy,|x (7|) =0

The next example shows that [IX(x),IY(z)] in may not simplify to the bounds in Theorem 3 if
assumption @D is not imposed. This example parallels the example in Section 6 of Heckman and Vytlacil
(2001b) where they show a similar result for AATF ().

Example 2 Suppose Z is binary and there are no other covariates. Take inzf RL (z,2) as an evample;
zZEZ,

suppose y'(x) = 0, y*(z) = 1 and p(1) = p(z,1) > p(z,0) = p(0). We want to show that it is possible to
have

min{ @z (75 11) 10600) 2 )4 100) < 7). @iz ( 575[0.1) 16(0) 2 1)+ 106(0) <)}
— Qvizp (W‘ 0.1) 16(0) 2 7) +16(0) < 7) < Q120 (m\ 11) 16(1) 2 1) + 1(6(0) < 7).

We must assume min {p(0),p(1)} > 7 to make this result hold. If min {p(0),p(1)} > 7, we need only check

@ = Qy|zp (Zﬁ‘ 1,1> > Qy|z,p <ﬁ’0,1> = qp.

First, the QIA needs to be satisfied. Without loss of generality, assume Y1|Z is uniformly distributed. Then
the QIA is satisfied if

Fy,1z(y110) = Fy,)2,p(y110,0)(1 — p(0)) + Fy,|z,0(¥1(0, 1)p(0) = y1, (14)
Yy

By, 1z(y111) = Fy,1z.p(v1[1,0)(1 — p(1)) + Fy, z (1|1, )p(1) =
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for any y1 € [0,1]. As long as

go—T

Fy,12,0(q0l0,0) = 137]9(0) € (0,1) or7 < qo <71+ (1—p(0)),
-7

FYl\Z,D(qluaO) = fiip(l) S (0,1) orT<q1 <T-+ (1 *p(l)),

we can find qualified Fy, |z p(y1|2,d), 2= 0,1, d = 0,1 such that is satisfied. For example, let

Lyll(yl < q) + 1q_017(6) —% + - 1(1_0;(6) y1 | 1y > qo)
(1-p(0)) qo - 1—qo 1—qo ’

FY1|Z,D(y1 ‘Oﬂ 0) =

T _ 1— T
T © % p(0)
F, 0,1)= ——y1(y < P 1(y1 > qo),
vi12,0(y1]0,1) O (41 _QO)+< — T y1> (1 > o)
q—T 1_ q1—T
QT —pm O 1-p(D)
Fy, 1,0)= —2 4 1(y < q1) + 1y > q1),
vi12,0(y1[1,0) (1—p(1))q1y1 (y1 <) ( 1—q 1—q y1> (y1>q1)
T _ 1— T
T O p(D)
P L1) = ——uyl(y < L 1 :
vi1z,p(y1[1,1) P ! (y1 <qu) + < s + " (1 > q1)

FigureE)] shows the case with 7 = 0.5,p(0) = 0.6,p(1) =0.7,g0 = 0.65 < 0.75 = ¢;. O

F(¥i|Z=0,D =0) F(Yi|Z=0,D=1) F(vi|Z = 0)
! 1-p(0) =04 ! p(0)=0.6 !
—p = 0. = 0.
7/(0)
< By
8 8 A0.5
0.375
0 0 0
0.65 1 aQ 1 0.5 1
Y Yi Y,
F(Yi|Z=1,D=0) F(vi|Z="1,D=1) F(vi|Z=1)
1 1 1
1-p(1)=03 p(1)=0.7
0.833 /
/(1)

a A 205
@] [®)]

0 0 0

0.75 1 ['i} 1 0.5 1
v Yi Yi

Figure 7: An Illustration of in}f Rl (z,2) # RL (z) When (ﬂ} is NOT Satisfied: 7 = 0.5
Z2EZ,

It is useful to construct a test to check the hypothesis that the bounds [IZ(z),IY(x)] and those in
Theorem 3(i) coincide. Since IX(x) > L! (x) — RY (z) and IY(x) < RL (x) — LY (z) always hold, our null
hypothesis is

11 (2) — B (2) — IE(2) > 0, and IV (x) — [R} (2) — L0 (2)] >0,
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or

Ll (z) — sup L} (z,2) >0, inf R? (x,2) — R (x) >0,

T T

2€2, 2EZ,
and LY (z) — sup L2 (x,2) > 0, inf R! (z,2) — RL (x) > 0.
2€EZ, =

This test can also serve as a test of the monotonicty assumption @ although @ is only sufficient (may not
be necessary) for the null to hold. The left hand side of the inequalities in the null hypothesis is expressed
as intersection bounds, so the estimation and inference procedures in Chernozhukov et al. (2013) are useful
for our purpose. The complication here is that the bounds also involve p(z, z) which must be estimated at
the first place. This complication also appears in applying the general results in Imbens and Manski (2004)
and Stoye (2009) to construct confidence intervals for the bounds in Theorem 3(i).

4 Semiparametric Estimation of the MQTE

Before stating our semiparametric estimation of the MQTE, we first use the familiar parametric specification
to motivate our semiparametric setup. Then the MQTE is estimated by the distribution regression and the
weak limit of the corresponding estimator is derived. It follows to show that the bootstrap is valid for
inferences based on the MQTE. Finally, we put forward some goodness of fit tests to choose regressors in
the distribution regression.

4.1 Parametric Motivation

Suppose
Yi=a+e+ X8+ U,
Yo = a+ X'Bo + Uy, (15)
D=1V < ¢+ X'y + Z').

This model can be interpreted as the Generalized Roy Model (GRM) (Heckman and Vytlacil (2001a)). For
example, suppose the cost of receiving treatment is C = —Z'y5 + Ug, and the decision of participation
is determined by a benefit-cost analysis: D = 1(Y; — Yy — C > 0); then let v3 = 1 — Bo, ¢ = ¢, and
V =U¢c + Uy — Uy, we get the model.

Suppose (Up, U1, V) ~ N(0,%), where X represents the variance and covariance matrix with the variance
of V being normalized as 1. In what follows, 03 denotes the variance of Uy, and oy 4 denote the covariance
between Uy and V. Due to the RP assumption, U, can be expressed as oy 4V + \/MU for the same
U which follows N (0, 1) and is independent of V. Now,

PX,Z2)=®(p+ X' +Z'v) and ¢ + X'y, + Z/v, = 71 (P(X, 2)).
Additionally,

PY<ylX=2,72=2D=1)=PY <yX=2x,pX,Z2)=p,D=1)
=P(Uh<y—a—p—a'BilV<¢+a'y+2"7)
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p a% — 0‘2/1

— l/pq) (y—a—sﬁ—x/ﬁl —Jv1®_1(uD)> dup,
0

2 2
01 = 0y1

_ 3 <y —a—p—a'f — UVl‘I’l(uD)>

where p = p(x, z), and @p is a point between 0 and p. Similarly,

o W _ —1(~
P(Y§y|X—x,p(X,Z>—p,D—0>—<I>(y - @ho—oved (“D)>,

2 2
V9 — Tyo

where % p is a point between p and 1. Also, it is easy to see that

AMRTE (3 p) = qT\/m—i- a+o+a'B+oy1® (p) — q-,—\/m —a—2'By — ovo® t(p)
=4 (VT =081~ VT~ 0%) + @+ (B — o) + (ov1 = ave) @71 (0),

where ¢, is the 7th quantile of N(0,1). Whether AM@TE(z p) varies with 7 depends on \/0? — o2, —
Vo — ot,, whether AMGTE (3 5) varies with p depends on oy — oyo, and whether AMRTE (g p) varies
with x depends on 81 — Bo.

From the above calculation, we can specify the distribution regression as follows,
P(Y <ylX =a,p(X,Z) =p,D =d) = A(T(2,p)' Ba(y)) ,y € Va, (16)

where ) is a compact subset of supp(Yy), A is a known link function, T'(z,p) is a vector of transformations
of p and X such as polynomials or B-splines, and SB4(y) is the unknown function-valued parameters. We
divide T'(z,p) and B4(y) as (1,T(x,p)")" and (ﬁad(y),éd(y)’) for notational convenience. In the above

example, A() = @(), faoly) = 2=, fnly) = =2, Tl p) Byly) = 2222 L2), and
I(x,p)’ﬁl (y) = —%T. In this example, we can specify T'(z,p) = (z/, T(p)’)’ without interaction
terms of x and p, and é d(y‘sldoes not depend on y. So the specification of our distribution regression is
quite general and covers the existing models as special cases. Another important feature of the distribution
regression is that it does not require smoothness of the conditional density, since the approximation is
done pointwise in the threshold y, and thus handles continuous, discrete, or mixed Y; without any special
adjustment.

The link function A can be the complementary log-log function, A(v) = 1 — exp (—exp(v)), as in
Cox (1972). Other useful link functions include the Logit, Probit, linear, log-log, and Gosset functions
(see Koenker and Yoon (2009) for the latter). Note that the distribution regression model is flexible in
the sense that, for any given link function A, we can approximate the conditional distribution function
Fyx p(x,2),0(ylz,p, d) arbitrarily well by using a rich enough T'(z,p). Thus, the choice of the link function
is not important for sufficiently rich T'(z,p). To check whether enough terms are included in T'(z, p), we will
in the following Section 4.5 develop some goodness of fit tests which extend the usual x? goodness of fit test
as suggested in e.g., Carneiro and Lee (2009) (Page 194 and footnote 21), Carneiro et al. (2003) (Section 7)
and Hansen et al. (2004) (Section 5)@ However, as in Abadie et al. (2002) and Chernozhukov and Hansen
(2006) (see also Heckman et al. (2006) for the MTE case), we use the semiparametric rather than the
fully nonparametric setup, so the dimension of T'(z,p) is fixed rather than diverges to infinity slowly. This

assumption is valid from a practical point of view: each element of the function space where Fy|x ,(x z),p

10See Section 2.3.6 of Chen (2007) for more suggestions.
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stays can be approximated in a suitable norm by a finite-dimensional model, and the approximation error
can be made arbitrarily small. Such a setup eases the inference of the marginal quantile treatment process
as discussed in Section 4.3 and 4.4. In practice, T'(x, p) can include polynomials of p with the highest order 2
to catch the curvature in p since we need to differentiate P (Y < y|X = z,p(X, Z) = p, D = d) with respect
to p to get the MQTE. This is also a rule-of-thumb strategy in the literature, e.g., in the local polynomial
estimation, Fan and Gijbels (1996) suggest that the order of polynomial be equal to one plus the order of
the derivative of the function of interest.

In passing, we mention that our setup is more general than that in Carneiro and Lee (2009), where
they explore the special structure of , ie., Uy is additively separable (Yg = uq(X;B4) + Ug) and is
independent of both X and Z (so there is no heteroskedasticity and Q,(Yy|X,Up) is parallel as a function
of X for each 7 and each Up). In their setup, Fy,|x v, (y|z, up) is completely controlled by the distribution
of Uy|(Up =up). They use a two-step control function approach as in Das et al. (2003) to estimate
p(X,Z), Bq and Uy; then the density of Uy|Up is estimated using the estimate of p(X,Z) and Uy, and
the MQTE can be derived. Obviously, their estimation procedure is restricted to the continuous Yy case.
It should be emphasized that even if we assume Yy = pg(X) + Uy, and D = 1(up(X,Z) =V > 0) with
(U1,Uo, V) L (X, Z), we should add in interaction terms of z and p and let 3 (y) depend on y. To see why,
note from the above derivation that if Fy,|y,—v,, is continuous in up,

1 [P _
PY <yl X =2,p(X,Z2)=p,D=1) = ;/ Fyup (Y — pa(z)|up)dup = Fy, v, (y — 1 (2)[up)
0

= A (A (Fu,yup (y — i (2)[ap)))

where up € [0,p]. So as long as A~ (Fy, v, (y — p1(2)[Up)) does not degenerate to ay — p1(x) + f(up)],
where a is a scalar, and f(-) is a generic function of up, the interaction terms should appear and S, (y)
should depend on y. Similar arguments can be applied to P (Y < y|X =z,p(X,Z) =p,D =0).

4.2 Construction of the Quantile Treatment Estimators

As in Chernozhukov et al. (2013), we estimate B4(y), y € Va, by
Baly) = argmgxz 1(D; =d) [1(Y; <y)InA (T (X5,0:)' 8) +1(Ys > 9) In (1 — A(T(X3,0:) B))]  (17)
i=1

where p; = p(X;, Z;;7) is a parametric or semiparametric estimator of the propensity score at (X7, Z!)'.
So our estimator is a two-step estimator: the first step estimates the propensity score and the second step
estimates the counterfactual distributions. To be specific, we consider p(X, Z;7v) = A (R(X, Z)') in what

follows, where R(X, Z) is a vector of transformations of X and Z which is similarly defined as T'(z,p), and

3 = arg mf/a,xz [DiIn A (R(X;, Z:)'y) + (1 — D) In (1 — A (R(Xi, Zs)'7))] -
=1

Then the conditional CDF P (Y < y|X =x,p(X, Z) = p, D = d) is estimated as

By x 05,2029 d) = A (T (@,p) Buly) ) (18)
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so Fy,|x,up, (Yalz,p) is estimated as

~ ~ oT (x,p)//\
Fy, 1 x,u, (W1l2,p) = Fy|x p(x,2),0W1lz,p, 1) +p87

Bi(yr) - A (T (x’p)lgl(yl)) :

_ _ T (z,p) R
Fyy1x,up (Yolz, p) = Fy|x p(x,2),0(Yolz, p,0) — (1 — p) (gpp)ﬂo(yo) A (T (%p)'ﬁo(yo)) ;

and AMRTE (3 v p) is estimated as
AX,UD (7‘|£L'7’U,D) = F;ll\X,UD (T|:C,UD) — FYT[)}X’UD (T|£L‘,UD),

where ) is the derivative of A, and F~! is the usual left-inverse of F. Although ﬁX,UD (T]|z,up) is defined
for all up € (0,1), it is usually only studied on supp(p(X, Z2)|X = z,D = 1)Nsupp(p(X,2)|X = z,D =
0); see page 3 of the Documentation on Estimation Techniques of Heckman et al. (2006) for practical
implementations. For notational convenience, we denote the region of interest for p as P which is compact
and does not depend on z. Of course, when p(X,Z) is discrete or has a narrow support, extrapolation
is necessary. Note also that ﬁyd‘ x.Up (Yalz,p) need not be a monotone function of y4. Nevertheless, the
monotone rearrangement operator developed in Chernozhukov et al. (2010) can be first applied before
inverting ﬁYd|X,UD (ya|z,p). Rearrangement does not affect the weak limit of ﬁnyD (7|, up) under correct
specification of the model.
Given ﬁy{”X,UD (ya|z,p), we can estimate the QTE by

Ax(rlz) = Fy i (rle) = Fy iy (T]2),

where ﬁyd|X(yd|3:) = ﬁY‘X7p(X,Z)7D(yd|x7 d,d). This estimation may involve extrapolation of p(X, Z) out of
its support. We can further estimate the IQTE by

~

A(r) = By (1) = Fyjx (),

where Fy, (ya) = n ' 31, ﬁy‘X(yd‘X@‘) We reemphasize here that estimation of the QTE and IQTE
requires stronger versions of the RP assumption; otherwise, they only summarize the quantile differences in

the two treatment states and do not have a causal interpretation.

4.3 Asymptotics for the Quantile Treatment Estimators

We in this subsection states the weak limit of AX)UD (t]x,up) indexed by (1, z,up) € TXP, where X =supp(X)
and 7 C (0,1) is compact. Our asymptotic results extend Newey (1984) by allowing the second-step esti-
mator to be a process.

We first specify similar conditions as Condition DR of Chernozhukov et al. (2013).

Condition DR: (a) p(x,z) = A(R(z,2)'7), Fy|xpx.2),0¥l2,p,d) = A (T (x,p)/ 5d(y)) for all y € Yy,
x € X,z € Z,and p € P, where A is either Probit or Logit link function. (b) The region of interest Y, is either
a compact interval in R or a finite subset of R. In the former case, the conditional density fy|x, z p(y|z, 2, d)

exists, is uniformly bounded and uniformly continuous in (y,z,z) in the support of (Yy, X,Z). XP is

I Note that the average is taken over all X;’s. This is due to Assumption (A4) which states that supp(X|D = 0) =supp(X|D =
1).
12We can also define treatment effects on the usual inequality measures (based on the three kinds of quantile processes above)
such as the Lorenz curve and the Gini coefficient, but such inequality measures are not of main interests in this paper; see
Bhattacharya (2007) and Barrett and Donald (2009) for related discussions.
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compact. (¢) E {H(R, T)||2] < oo and the minimum eigenvalue of

LR’

J,=F |= R
P pll -7

and
Aa(ya)®

Aa (ya) [1 = Aa (ya)]

is bounded away from zero uniformly over y € )y, where R = R(X,Z), p = A(R'y), X = MR'y), T =
T (X,p(X,2)), Aa(ya) = A(T"Ba(ya)), and Aa(ya) = AM(T"Ba(ya))-

To ease the statement of our theorem, define

Iiw) = B |10 = 7|

Joplon) = | (1= 5N Holyo) ) F0l20)

IT(X,p) Br(y1)
op

TR’] ,
Iplon) = B [P () Hilon) |
with Ha(ya) = H(T"Ba(ya)) and H(-) = A()/{A() [1 = A()]}-

W, =G (ky), Wo(yo) = G(ko(yo)), and W1(y1) = G(k1(y1)),

where

ky = (p— D) H(R'Y)R,
ko(yo) = (1 = D) [A(T"Bo(yo)) — LY < yo)] H(T'Bo(yo))T,
k1(y1) = D [AMT'Br(y1)) — LY < y)] H(T'Ba(y1)T,

W, is a zero-mean random variable with variance E[x2], Wi(y1) is a zero-mean Gaussian process with
the covariance function F (G (k1 (y1))G (1 (4)] = B Isn (911 ()] — F o (1)) B s (9))(= & [ros (905 55
since E [k1(y1)] = E [k1(y1)] = 0), and Wy(yo) is similarly defined. It is easy to check that W.,, Wy(-) and
Wi1(+) are independent. Define cp'ﬁo(.)(ao)(yo,av,p) :C (yo)dﬁo — 4> (Vo XP) as

sy (00) = [ (T ) Bolw) — (1= )52 () - X (T (,0) o)) T ()
— =0T ag) A (T (a:9) o).

and @ly (. (01)(y1,3,p) : C (V1)™ — (2 (V1 XP) as

o) = AT ) 8100) + 975 ) (5 o) 5a() | Tl )
p(‘ﬁg;mal(yl) AT (z,p) Br(y1)) -

Theorem 4 Suppose Condition DR holds, and Fy, x v, (yilz,up) admits a positive continuous density

Ty x,up (Yalz, up) on an interval [a,b] containing an e-enlargement of the set {de|X,UD (t|lz,up)|r € ’T}
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for all (z,up) € XP. Then

Vn (AX,UD (T|z,up) — A%QTE(m,uD)>
e ) )W, + W)

Iyax,un (W1 lz, up)

Pl (Joo) " (Jop(yo) Ty Wy + Wo (o))

Jyolx,un (Wolz,up)

y1=Qvy|x,Up (T|z,uD)

in (= (TXP),

Yo=Qvqy|x,up (T|z,uD)

where ~» means the weak convergence over a metric space.

Note that Jo(yo) ™ (Jop(yo)J, "Wy + Wo(yo)) and Ji(y1) ™! (Jip(y1)J, "Wy + Wi(y1)) are the weak limits
of /n (B\o(yo) — ﬁo(yo)) and /n (31 (y1) — A1 (yl)), respectively. They are dependent through W., which is
inherited from the generated regressor p. When Y} is discrete, we’d better state the weak limit indexed by )
rather than 7, where we assume that Y and Y; have the same support ); see the discussion after Theorem

1. From the proof of Theorem 4, the weak limit of ﬁyl‘XJ]D (y|z,up) — ﬁyO|X7UD (y|z,up) in £ (YXP) is

_90,/31(.) (Jl(yl)_l (le(y1)Jp‘1WW + Wl(yl))) + (,0//30(,) (Jo(yo)_l (Jop(yo)Jp_lVVv + WO(yO))) .

This theorem has a trivial corollary. If we fix a point in two of the three index sets, 7, X and P, then
the weak limit of the corresponding quantile treatment processes is the same as that stated in the theorem
but indexed by only one set. This is often helpful to intuitively illustrate the quantile treatment processes.
Suppose X = (X, X%’ where X¢ is the continuous component, and X¢ is the discrete component with K
possible values (say, ¢, k = 1,--- , K). Then we usually fix z at (YC, x%) to check the quantile treatment

effect for an average person in X¢, where X is the sample mean of X¢.

The following corollary states the weak limit of A x (7|x).

Corollary 1 Suppose Condition DR holds, and Fy,|x (ya|z) admits a positive continuous density fy,|x (ya|x)
on an interval [a,b] containing an e-enlargement of the set {Qy, x (t|z)|T € T} for all z € X. Then

NG (ﬁx(m) - AQTE(@)
0 (1(y) ™" (Jip(yr) T, Woy + Wi(yn)))
frax (yilz)

_ Bao(y (Jo(yo) ™ (Jop(yo) T, "Woy + Wolyo)))
fYo|X(yo|$)

Y1=Qy; | x (T]z)

in (° (TX),

Yo=Qvy| x (T|z)

where @i (. (@0)(yo, ) : C (Vo)¥0 — %2 (Vo X) is defined as

Bo(y(@0) = A (T (,0)" Bo(yo)) T(x,0) a0 (yo),

and P, (1) (y1,2) : C (V)™ — 1° (V1 X) is defined as

Py (1) = A (T (x,1) Bi(y1)) T(x, 1) ax (1)

By Theorem 4.1 and Theorem 5.2 of Chernozhukov et al. (2013), we also have the following corollary.
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Corollary 2 Suppose Condition DR holds, and Fy,(yq) admits a positive continuous density fy,(yq) on an

interval [a,b] containing an e-enlargement of the set {Qy, ()| € T}. Then

Vi (A(r) - AL9TE)
» T @5,y (i)™ (Jip(y1) " Woy + Wilyr))) dFx (2) + G (Fyy x (311X))

le (yl) Yy1=Qv, (7)
T @,y (Jo(o) ™ (Jop(yo) I, "Wy + Wol(yo))) dFx () + G(Fy,)x (90l X)) s
— o) in (7).
0 Yo=Qy, (T)

Note that now there are two sources of correlation between the two components of the weak limit of
Vn (3(7) - AiQTE): one from W, and one from X in Fy,|x (y1/X) and Fy,|x (yo|X).

4.4 Inferences for Quantile Treatment Processes

The asymptotic theory in the last subsection is not practically useful given that the limit processes are
non-pivotal and their covariance functions depend on complicated unknown, though estimable, nuisance
parameters. In other words, the Durbin problem (see Durbin (1973)) appears in this context. A popular
alternative of the asymptotic methods is the resampling methods, especially, the exchangeable bootstrap. This
procedure incorporates many popular forms of resampling as special cases, namely the empirical bootstrap,
weighted bootstrap, m out of n bootstrap, and subsampling, see Section 3.6.2 of van der Vaart and Wellner
(1996) for concrete descriptions. Each bootstrap scheme is useful to a specific application. For example, in
small samples, we might want to use the weighted bootstrap to gain good accuracy and robustness to "small
cells", whereas in large samples, where computational tractability can be an important consideration, we
might prefer subsampling.

Let (w1, ,wn) be a vector of nonnegative random variables that satisfy Condition EB in Chernozhukov
et al. (2013) or the conditions (3.6.8) of van der Vaart and Wellner (1996). For example, (w1, - ,wy) is
a multinomial vector with dimension n and probabilities (1/n,---,1/n) in the empirical bootstrap. The
exchangeable bootstrap uses the components of (w1, -+ ,wy,) as random sampling weights in the construction
of the bootstrap version of the estimators. Its validity is a trivial application of the Functional Delta method
for Bootstrap given the Hadamard-differentiability of various operators in the last subsection. So in what
follows we only describe the bootstrap procedures for our estimators and no asymptotic validity results are
stated. We will only report the procedure for AMQTE (3 1) since inferences for A?TE (1) and ALRTE are
similar.

The bootstrap estimator of AMRTE (1 up) is

A;(,UD (T|$7uD) = F;J)lf7UD (T|.’IJ,UD) - F;OT;QUD (T|xaU'D);

where

ﬁ;llx,UD (1lz,p) = ﬁ;\X,p(X,Z),D(yﬂxvpa 1) +pwgf(yl) A (T (%p)lgf(yl)) ;

B, e (0012 2) = B px px,2),0 (Wol, 2, 0) = (1= ) W/?ayo) (T @) Bs(w0)
with

By xpx,2), 00,0, d) = A (T @.p) Biw))
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Bily) = argmngwil(Di =d) [1(Y; <y)InA (T (X5,07)' B) +1(Yi > y)In (1 — A (T (X4, ;) B))] ,

pr =p(Xi, Zi;7%), 4" = argmaXZwi [D;InA (R(X;,Z:)vy)+ (1 —D;)In (1 — A(R(X;, Z:)'v))] -
B!

i=1

Given ﬁ}’UD (7|2, up), we can conduct uniform inferences for AMOT® (2 up) which cover degenerated
cases, e.g., AMRTE (g yp) for a fixed 2 and 7 or a fixed x and up, as special cases. An asymptotic
simultaneous (1 — «) confidence band for AMRTE (g up) over 7 € T, x € X and up € P is defined by the

end-point functions
Af’l:(,UD (T|‘T7 U‘D) = AX,UD (T‘x’ UD) + ?1—042 (Ta Z, UD)1/2 /\/ﬁa

such that

~ ~

nleréoP (AyQTE(x,uD) € [A)_(,UD (7'|=T7UD),A},UD (T‘.I,UD):| for all (r,z,up) € TX'P) =l—-a (19
Here, S (r,z,up) is a uniformly consistent estimator of X(7,x,up), the asymptotic variance function of
vn (ﬁX,UD (t|z,up) — AMRTE (g, uD)). In order to achieve the coverage property (|19)), we set the critical

value #1_, as a consistent estimator of the (1 — o)th quantile of the maximal ¢-statistic:

t = sup NI (7',36,1@)71/2 Axy, (T|T,up) — AyQTE(x,uD)‘ .
(ryz,up)eETXP

It remains to obtain & (t,2,up) and t;_,. For this purpose, we first get Zg‘(r,m,up), b=1,---,B, as
iid realization of Z*(7,z,up) = /1 ﬁ}}’UD (t|z,up) — ﬁx,UD (rlz,up)) for (7,z,up) € TAP. Then com-

pute a bootstrap estimate of ¥ (T,x,uD)l/ % such as the bootstrap interquartile rang rescaled with the

normal distribution: fJ(T,:zc,uD)l/2 = (qo.75(T,z,up) — qo.25(T,x,up)) /1.349 for (1,x2,up) € TXP, where

¢o(T,2,up) is the ath quantile of {Zg‘(r,m,up),b =1,--- ,B}. Finally, #1_, is set as the (1 — a)th sam-

ple quantile of {¢;,b=1,---, B}, where ¢} = sup ) (7, m,up)_1/2 )Zj(T,x,uD)‘. By modifying the
(r2,up)ETXP

procedure above, we can test whether AMQTE (3 v 1) is constant in 7 or in x or in up.

Except constructing uniform bands for AMQTE (3 up), the inference procedure above can also be used
to test unconfoundedness and stochastic dominancem Under unconfoundedness, Fy|x,,(x,z),p(y|z,p,d)
does not depend on p for any y, x and d so we can check whether the components of 84(y) associated
with all components of T' (x, p) involving p are zero to test unconfoundedness. The test statistic can be the

Kolmogorov-Smirnov (KS) statistic

K, =+/n sup
Y0€Vo

Bg(yo)H +v/n sup

Yy1EV1L

Br )|

13Here, the interquartile range rather than the standard deviation is used to avoid technical complexities, see Remark 3.2 of
Chernozhukov et al. (2013).
4 See Example 3 and 4 of Section 4.1 in Chernozhukov and Hansen (2006) for alternative tests in their framework.

P
15This is because Fy | x p(x,2),0 Ylz,p,)p = / Fy | x,up (ylz,up)dup = pFy,|x (y|lz) under unconfoundedness, which
0

implies Fy|x p(x,2),0 (yl®,p,1) = Fy;x (y|z) does not depend on p. This result can be similarly extended to the case with
D =0.
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or the Cramer-von Mises (CM) statistic

Cn:n/
Yo

where ||| is the Euclidean norm, and Bg(y) is the component of B\d(y) associated with p Since the
bootstrap is valid, we can check whether K,, > ¢;_,, to determine whether unconfoundedness holds, where
Ci—q is the (1 — a)-th sample quantile of {K},b=1,---,B} with

B
1\ Y1

8| dvon [ |

Ky = sup \/ﬁ‘
Yo €Yo

Bop*(yo) - Bg(yo)H + sup vn

y1EM

B () — B ()|

A similar procedure can also be applied to C,,.

An alternative way to test unconfoundedness is based on A x.Up(T|z,up). Under unconfoundedness,
AMGRTE (3 vp) does not depend on up (in model (15)), this is equivalent to oy = ovg), so we can test
unconfoundedness by checking whether ﬁx,UD (T|z,up) = AXJ]D (t)z,up) for a specified up € P. For this

purpose, we just change the test statistic to

\/ﬁ sup ‘AX,UD (Tl:C,’U,D) — EX,UD (T|$7ﬂp)‘
(r,x,up)ETXP

or

2
‘ drdxdup,

n/ ‘AnyD(ﬂl‘,uD)—AX,UD(TLCB,ED)
TXP

and bootstrap the critical values. Similar ideas can also be used to test whether D affects only the location
of outcome Y conditional on X and Up, i.e., AMOTE (3 4p) does not depends on 7 (in model (15)), this
is equivalent to o} — 0%, = 08 — 0%,), based on, e.g., KX’UD (t|z,up) — AX,UD (0.5|z,up). Furthermore,
we can also test the setup of Carneiro and Lee (2009): Yy = pa(X) + Uy, D = 1(pp(X,Z2) =V > 0) and
(U1,Up,V) L (X, Z). In their setup, ﬁ;dIIX,UD (T|z,up) is parallel as a function of x for each 7 and each up,
SO ngl‘XJ]D (t1|x,up1) — F;;\X,UD (T2|x, ups) does not depend on z for any 7,79 € T and upy,ups € P. As
a result, the test can be based on

\/ﬁ( sup \eTTPPX ‘ [F;czllX,UD (7'1|£C,UD1) — F;dl\X,UD (T2|£L',UD2):| — [F;d1|X,UD (T1 |f7 uDl) — F;dl\X,UD (T2|f, ’LLDQ)} ’
T1,72,UD1,UD2,T)E

or
~ - . ~ 2
n/ ’ {F;jX,UD (ri|x,up1) — F;dIIX,UD (Tg|x,uD2)] - [F;[jX,UD (11|Z,up1) — ngl‘X’UD (re|Z, upg)} ‘ dridraydupidupadx
TTPPX

for a specified T € X.

As to the test of (first-order) stochastic dominance, the null is AMQTE(z up) > 0 for all (1,z,up) €
TXP. In this case, the least favorable null is AMRTE (x yup) = 0 for all (7,z,up) € TXP, and one may use
the one-sided KS or CM statistics, i.e.,

Sp = vVn sup max (—AX’UD (T|£C,UD),0)
(ryz,up)ETXP

16The test statistic can be extended to base on

Eg(yd)‘ A = VB2 (wa) N () B (ya). where Ah(ya) is some weight

matrix with the probability limit positive definite uniformly on Vg, e.g., the inverse of an estimator of the asymptotic variance
matrix of Bs(yd). However, as mentioned in footnote 13, we need to take caution in estimating this weight matrix; see Kato
(2011) for more discussions.
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or
~ 2
M, = n/ ‘max (—AX,UD (T\x,up),O)‘ drdzdup,
TXP

to test the hypothesis. The bootstrapped critical values can be obtained from 7 (T,z,up) in an obvious
way. If we only want to test stochastic dominance for x and/or up fixed, the procedure can be adjusted
correspondingly. Note that the null here is composite, while the bootstrapped critical values are based on
the least favorable null, so the test procedure may tend to be conservative (i.e., the type-I error is lower than
the nominal level). This testing idea is used in Chernozhukov and Hansen (2006). Other approaches are
discussed, for example, by McFadden (1989), Anderson (1996), Davidson and Duclos (2000), Abadie (2002),
Barrett and Donald (2003), and Linton et al. (2005).
Similar ideas as in testing stochastic dominance can be applied to test the validity of the our setup ,
and assumptions (A1)-(A5). In our setup, P (Y < y|X =z,p(X,Z)=p,D=1)pand —P (Y <y|X =z,p(X,Z) =p,D =0)

as a function of p must have a positive slope of smaller than 1, so the null is

d[P (Y <ylp(Z) =p, D =1)p| d[P (Y <ylp(Z) =p, D =0)(1 —p)]
dp €[0,1] and — o e o, 1]

In practice, violation of the range [0, 1] can be due to sampling variation or to violations of the assumptions,
especially, the exclusion assumption, the ignorability assumption (A2), and the monotonicity assumptionm

Using the test statistic

N sup max (—FyﬂX,UD (y1]z, p), 0) +vn sup max (Fy1|X,UD (y1|z,p) — 1, ())
(y1,2,up)EV1 XP (y1,z,up)EV1 XP

oV s max(~FyoGolep)0) v sup  max (B (ko) - 1,0)
(yo,x,up)EVoXP (Y0,z,up)EVoXP

or

~ 2 ~ 2
n/ ‘max (*FYl\X,UD (y1]z, p), 0)’ dyrdxdup + n/ ‘max (Fyl‘XJJD (y1|z,p) — 1, O)’ dy1dxdup
N XP Y

1 XP

~ 2 ~ 2
+ n/ ’max (*FYo\X,UD (y0|x,p),0)‘ dyodxdup + n/ ‘max (FYD|X7UD (yo|z,p) — 1, 0)) dyodxdup,
Yo XP Yo

XP

we obtain alternative tests of those in Heckman and Vytlacil (2005).
In practice, the supremum and integration on Yy, 7, X and P can be replaced by their corresponding
discretized versions by stochastic equicontinuity of the involved processes as long as the distance between

adjacent grid points goes to zero as n — 0.

4.5 Goodness of Fit Tests

In this subsection, we suggest some goodness of fit tests to choose the terms in T'(z, p) and R(z, z). The null

hypothesis in our case is

Hy : Fy|x p(x,2),0dlz,p,d) = A(T(x,p) Ba(ya)) with p(z, z) = A (R(z,2)"y)
for some By(yq) € Ba(Va), 7 €T and all (y,z,z,p) € VaX ZP,

17See also Section 5 of Imbens and Rubin (1997) for the testable restrictions that the complier’s outcome densities when
D =0 and D =1 are nonnegative; their restrictions can only be applied for discrete Z.
181t may also be due to misspecification of the distribution regression 1) see the next subsection on this issue.
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where B;();) is the class of bounded mappings on V4, and I is a compact parameter space. The alternative
H, is the negation of Hy, i.e., Fy|x p(x,z),0(Wd|z,p,d) # A(T(x,p) Ba(ya)) with p(z,2) = A (R(z,2)"y) for
all B4(yq) € Ba(Va), v € T and some (y,x, z,p) € Vg X ZP, where Z and P are understood as the support of
Z and p(X, Z), respectively. Under H; and Condition DR (except (a)), we can still estimate v and S4(y),
but the estimators should be understood as estimating pseudo-true values. Violation of Hy may be due to
either p(z,z) # A (R(x,2)'y) or Fy|x px,z),0Wlz,p,d) # A(T(x,p)'Ba(y)) even if p(x, 2) = A (R(z,2)"7).

As in Heckman (1984), our test is based on the marginal distribution of (Y, D) rather than the conditional
distribution Fy|x ,(x,z),p or the joint distribution Fy, x ,(x z) p- Our test statistics are constructed by
comparing H(ys) = P(Y < ya, D = d) with F4(ys: B4, 1) = E [1(D = d)A(T(X, A (R(X, Z)'1))'B)]. Note
that under Hy, H%(yq) = F%(yq; Ba,7) for some Ba(ya) € Ba(Va), v € T and all (y4,z,2) € YaXZ. This is
because

H%ya) = P(Y <y4, D =d) = E[P(Y <y, D = d|X,p(X, 2))]
=E[P(Y <ya|X,p(X,2),D =d)P(D = d|X,p(X, Z))]
= E [Fy|xpx,2),0Wal X, p(X, Z), )1(D = d)]
= F%(yq; Ba,7) under Hy,

where the second to last equality is from the law of iterated expectation. We consider P(Y < yq4, D = d)
rather than P(Y < yq4|D = d) to avoid denominators in the CDF estimation. Our test statistics are

T = Visup |Bh(w) = Fi(yn)| + v sup |HS (o) = F2(wo)| (20)
y1EMN y0E€Vo
or 9 9
TS :n/ (Hflz(yl) _Fr}(yl)) dwy (y1) +”/ (Hg(yo) —Fg(y0)> dwo(yo), (21)
V1 Vo
where

1 N 18 R
Hyl(ya) = - D 1(Yi < ya)L(Di = d) and Fy(ya) = - > Fyix p(x,2).0(Yal Xi, i, d)1(D; = d)

=1 i=1

with F\y|X7p(X7z)7D and p; constructed as in Section 4.2, and wy(+) is a known weighting function on ),;. Our
test extends that of Heckman (1984) in at least three aspects. First, the building elements of 7.5 and T.¢, ﬁg
and ﬁ,’j, are indexed by a continuum rather than a few sets, so our tests can detect more possible deviations
from Hy. Second, the parameters under the null, 54(+), are function-valued rather than finite-dimensional.
Third, the CDFs under the null are estimated by a two-step procedure rather than a one-step procedure.
The following theorem states the consistency of TX and T¢ and their asymptotic properties under the

null and local alternative. To ease our exposition of the theorem, define

Wi (y0) = G(r% (y0)), Wi (y1) = G(rg (1)), W (y0) = G(rr(y0)) and W (y1) = G(sk (y1)),

with

Ju—y

Ky (yo) = (1= D) - 1(Y <o) — H(yo), kg (y1) = D - (Y < y1) — H' (1),
k(o) = (1= D) - AT'Bo) — FOyo), 6 (11) = D - A(T' 1) — F' (1),
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and

G (yo) = Wi (v0), Gy (y1) = Wi (y1),
G%(UO) = Ang_le - AgJO(iUO)_l (JOp(yO)Jp_lwv + WO(yO)) + W%(yo),
Gr(y1) = AT, "Wy — AL T (yn) ™ (Jip(y1) "Wy + Wi(yn)) + Wi(),

with

A’ =FE {(1 - D)BT()g’f)/ﬁo)\OXR’} ,AY = E[(1 — D)\T'],

/ ~
Al =E [D‘WAMR’} JA] = E[DMT].

Our local alternatives are

Qn(ma z) = (]- - 57/\/’5)]?* (:E,Z) + (57/\/E) (J(xv 2)7
Qi (yalz,p) = (1= 8a/v/n)F(yalz,p) + (3a/v/1) Q% (yalz, p),

where p, (z,2) = A (R(z, z)'v*) for some v* € T and all (x,2) € XZ, q(z,2) # A(R(z,2)'v) for all y € T
and some (z,2) € XZ, F¢ is the CDF such that F(y4|z,p) = A(T(x,p)'B3) for some (5 € By(V4) and
all (ya,z,p) € VaXP, Q¥ is a CDF such that Q%(yq4|z,p) # A(T(z,p)'By) for all Bg € By(Vq) and some
(Ya, =, p) € VaX'P.

(22)

Theorem 5 Under Condition DR (b) and (c), the following statements hold:

(i) Under Hy,
TE L sup |Gl (1) — Gh(y)| + sup |G (o) — G%(vo)

)

Y1 €L Yo €Yo
and
d 2 2
7 [ (Chiln) ~ Ch) din () + /y (Gl (0) — Gl (o)) dwolyo).
1 0

(ii) Under any fized alternative such that P(Y € Sq(Ba,7),D = d) > 0 for all Bq € Ba(Va), v €T,

lim P (TX >¢,) =1 and lim P (T > c,) =1,

n—oo n—oo

for any sequences of random wvariables {c,, : n > 1} with ¢,, = Op(1), where Sq(Ba,7) = {ya € Va :
Hya) # F(ya; Ba, ")}

(iii) If Qn(ya) = E [Qi(yle, (X, Z))1(D = d)] is contiguous to the distribution function Q%(yq) =

d
TE = sup |Gy (y1) — Grly1) + ' ()| + sup |G (yo) — G%(yo) + 1°(v0)] .
Y1EM Yo €Yo

and

¢ L ; (Gl (y1) — Gh(yr) + (1)) dwi (1) + /y (GY(y0) — G%(y0) + k(o))" dwo(yo),

98ince we concentrate on )4, we require only that for any sequence of measurable sets An, Q%(An NYy) — 0 implies
QI (AnNYy) — 0.
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where

14 (ya) = 6aE [(Q(yal X, ) — A(T"Ba)) 1(D = d)]
+ 0y [AL + AGJa(ya) " Jap(ya)] J, " E[(¢(X, Z) — D) H(R')R]
+0aA3 a(ya) T E [[AT'Ba) — Q" (val X, p)] H(T'Ba)T - 1(D = d)] ,

and all terms in p®(ya) are evaluated at v* and S35.

We have a few remarks on Theorem 5. First, in (i), G%(-) and G%(-) are the weak limits of \/n (ﬁ;f() — Hd()>

and /n (ﬁ‘f() - Fd(~)> under the null where H%(-) = F%(-). Second, (ii) implies that our tests are consis-
tent against some types of fixed alternatives. Third, from (iii), the local powers are from two sources, the
deviation of p(, z) from the form of A (R(z, 2)"y) (the d, term) and the deviation of Fy|x »(x,z),p(y|z,p, d)
from the form of A(T(x,p)'B4) (the two §; terms). The first source has a direct effect on the estimation of
Fy|x p(x,2),0(y|z,p, d) through p (the term associated with Ai) and an indirect effect through 8y (the term
associated with A4). The second source may affect the estimation of H(-) (the first d; term) and also the esti-
mation of F¢(-) through the estimation of Fy\x p(x,2),0(ylz,p, d) (the second 64 term). Fourth, when +* and
/3; take the pseudo-true value under q(z, 2) and Q4 (ya|z, p), p¢(ya) = 64E [(Q%(ya| X, P) — A(T"Ba)) 1(D = d)]
and the other two terms are equal to zero. In this case, u?(y,) is proportional to the difference between the
marginal distributions implied by Q%(yg4|z,p) and F2(y4|z,p). Fifth, from Section 6 of Andrews (1997) and
Section 3.2 of Rothe and Wied (2013), when ¢ does not have a larger support than p,, a sufficient condition
for contiguity is
sup q" (yalz,p)/ £ (yale,p) < o0,
(Ya,2,p) EVaXP: £ (yalz,p)>0

where ¢¢ and f¢ are the density functions corresponding to @¢ and F¢. Intuitively, this would be case
when Q?(-|-) has lighter tails than F2(:|-). Sixth, when 0, = 64 = v/, qn(z,2) = q(z,2) and Q% (ya4|z,p) =
Q%(yg|z,p), which implies that the powers of our tests against ¢(z, z) and Q%(y4|x,p) when the sample size
is n can be approximated by P (TX > ¢®(a)) and P (T{ > ¢“(a)) with 6, = 64 = /n, where T¥ and T¢
represent the asymptotic distributions of our test statistics under the local alternative, and cX () and ¢ ()
represent the corresponding critical values at level « implied by the asymptotic null distributions in (i).

Note that the critical values ¢¥ () and ¢© () depend on the true value of (7', 85, 5;) under Hy and also
the distribution of (X', Z’, D)’, so are nuisance parameter dependent. This motivates us to use the bootstrap

to obtain these critical values. Our semiparametric bootstrap procedure is as follows.

Step 1. Draw a bootstrap sample {(X},Z},D;),1 <i<n} with replacement from the realized values
{(Xi,Z;,D;),1 <i<n}. Compute the estimate 3* of v and get p} = p(X}, Z7;7*).
Step 2. For every ¢ with D} = d, put

Y =

K3

n—1 * * e p—1 * *
Fy|x,p(xyz)7D(Ui |X;,p;,d), if Fy|X7p(X,Z)7D(Ui | X}, p;,d) € Va,
Yis, otherwise,

where Y. is the Y; corresponding to X} in the original sample, {U,1 <i < n} is a simulated iid sequence
of standard uniformly distributed random variables, and ﬁy|X7p(Xyz)7D(-|m,p, d) takes the form as in .
Step 3. Use the bootstrap data {(Y;*, X}, pf, D;),1 <14 < n} to compute estimates HZ* and F* exactly as

7

in and , and compute the corresponding bootstrap realization of the test statistics:

T = Vi sup [HY (1) = B2 ()| + v sup |8 (90) = 2 (o)

Yy1EV1L Yo€Vo
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or

Tnc* = n/y (ﬁ}l*(yl) - ﬁﬁ*(yl))Zdwl(yl) + n/ (ﬁg*(yo) - ﬁr(z)*(yO)>2 dwo(Yo).-

Yo
B =y B
Step 4. Repeat Step 1-3 B times to get {Tﬁ }b:1 and {ng }b:1 which approximate the bootstrap dis-
«B «1B
tribution of the test statistics, and use the (1 — a)th empirical quantiles of {Tﬁ }bZl and {Tnc;) }bZl to
approximate the asymptotic critical values. The bootstrap critical values are denoted as ¢ () and ¢ (a),

respectively.

Since the bootstrap distribution in Step 2 mimics the distribution of the data over }; under the null, our
bootstrap procedure is valid even though the data might be generated from an alternative distribution. The
following theorem rigorously states this result by extending Corollary 1 of Andrews (1997) and Theorem 3
of Rothe and Wied (2013).

Theorem 6 Under Condition DR (b) and (c), the following statements hold for any o € (0,1):

(i) Under Hy,
lim P (TF > 2% (a)) = a and lim P (TS >¢5(a)) = o

n
n—oo n—o0

(ii) Under any fized alternative such that P(Y € Sq(Ba,v),D =d) > 0 for all Bq € Ba(Va), v €T,

lim P (TX >2¢¥(a)) =1 and lim P (T$ >{(a)) = 1.

n— o0 n—00
(iii) Under any contiguous local alternative as in Theorem 5(iii),

lim P (TF > 2% (a)) > a and lim P (T >¢5(a)) > o

n
n—00 n—00

(i) implies that under Hp, ¢ (a) 2= ¢ (a) and €5 (a) = ¢©(a), where the randomness in the probability
convergence includes both the randomness of the original sample and the independent randomness of the
bootstrap simulations (this also applies to other statements in Theorem 6). (ii) is a corollary of Theorem
5(ii) since ¢X () and ¢¢ () are bounded in probability under the fixed alternative. (iii) states that 7% and
T are asymptotically locally unbiased.

We have a few further remarks on Theorem 5 and 6. First, although hard to imagine, it is indeed possi-
ble that two marginal distributions match each other although the corresponding conditional distributions
are different. As an alternative of our tests which are based on marginal distributions, Andrews (1997) and
Rothe and Wied (2013) suggest to test whether the joint empirical distribution matches the joint distribution
implied by the conditional distribution under the null. In our case, we need to test whether the empirical dis-
tribution of (Y, X;, p;, D;) matches the distribution implied by Fy |x,,(x,z),p(dlz, D, d) = A(T(x,p) Ba(ya))
with p(x, 2) = A (R(z, 2)'¥). Such tests are technically difficult because the weak limit of the empirical dis-
tribution {p;};_, is hard to derive given that p; = A (R(X;, Z;)'9) is a random transformation of (X, Z{)'.
Our tests avoid this problem. Also, since the distribution of covariates is usually complicated, our tests
are easier to implement than the tests based on the joint distribution given that the distribution of Y|D
is usually continuous. Second, as suggested at the end of the last subsection, we can discretize ), in the

construction of our test statistics. For example, our test statistics can be

TE =i sup  |HL(Y;) - FEX(Y)|+vn  sup  |[HYY) - E2(Y))|,
D;=1,Y;e) D;=0,Y;€Yo
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or

7 = 3 UD; = 1Y: € 3y) (B2 - L))+ SoUD: = 0,¥: € vy () - B

=1 =1

where wg(yq) in TS corresponds to the empirical distribution of ¥; € Y4 such that D; = d. Tt can be shown
that the asymptotic results in Theorem 5 still hold with wgy(yq) = P(Y < y4,D = d) and the bootstrap
procedure with corresponding adjustments is still valid. Third, our tests concentrate on testing whether
Fyx p(x,2),0Wdlz,p,d) = A(T(2,p)'Ba(ya)), so misspecification in p(X, Z) has only indirect effects on the
power of our tests. Nevertheless, before carrying out our tests, we can first use the conditional Kolmogorov
(CK) test of Andrews (1997) to check whether p(z,z) = A (R(x, z)'7y) is misspecified; see also McFadden
(1974), Horowitz (1985) and Andrews (1988a,b) for related discussions.

5 Counterfactual Analysis

The tools developed in the last section can be used for counterfactual analysis. We first derive the transition
matrix of deciles of (marginal) Y, to deciles of (marginal) Y7 as Table 8 of Carneiro et al. (2003), and then
estimate a policy relevant treatment parameter under policy invariance. Many other counterfactual analyses
can be conducted since the conditional joint distribution of (Yp,Y7) given (X,Up) is known under the RP
assumption (AG). So this section provides an alternative way to remove the veil of ignorance in assessing

the distributional impacts of social policies as described in Carneiro et al. (2001).

5.1 Derivation of the Transition Matrix

It should be emphasized that we do not impose the unconditional RP assumption in this subsection as
in Corollary 2; otherwise, the transition matrix will degenerate to the identity matrix. Actually, only the
conditional RP assumption (A6) is imposed.

For each y; such that D; = 0, we need to derive the corresponding outcome when D; = 1; similarly, for
each y; such that D; = 1, we need to derive the corresponding outcome when D; = 0. Denote the data
points with D; = 0 as {yo;}.~, and with D; =1 as {y1;};2,, where ng = > i | 1(D; = d). Assume further

that {yo;};2, and {y1;}.~, are ordered ascendingly. Now, the counterfactual outcome for yq, is estimated as

D =Foixu, (FY0|X,UD (yoi| Xi, Pi) Xi,ﬁi)
and the counterfactural outcome for y; is estimated as

Yoi = F}%}XyUD (FY1|X,UD (y1:l X, Di) Xz',ﬁz') .
As a result, the counterfactural samples for Yy are Yo = {yo1, -, Yong, Y01, " * » Yon, | and the corresponding
counterfactual samples for Y7 are Y1 = {y11, -+ , Y1ny» Y11, - - s Ying ;- Suppose the jth decile of Yy is y]) and
denote YE)J) = {yi € Y0|y((]371) <y < yéj)}, where j = 1,---,10, y(()o) = min Yy and y(()lo) = maXYO The

set of the corresponding indices in Yéj) is denoted as ]I((,j ) = {zIyz € Yéj)} and the set of the corresponding

20To avoid the identification problem in finite samples, we can assume the counterfactual value of the small-

est (say) 0.1% of {yo1, - ,Yongt({y11, - ,y1n,}) will fall in the first decile of Y1(Yo) and that of the largest
(say) 0.1% of {yo1, - ,¥Yone}({y11, -+ ,¥y1n,}) will fall in the last decile of Yi(Yp). Also, the smallest (say)
0.1% of {yo1, - ,Yono t({¥11, " ,¥in,}) will stay in the first decile of Yo(Yi) and the largest (say) 0.1% of

{yo1, - ,Yono t({y11, - ,¥1n, }) will stay in the last decile of Yo(Y1).
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data points in Y; is denoted as ?gj) = {yz eYilie ]I(()j)}. ng) and ng) are similarly defined. Then the
transition matrix is estimated as

#{i0V #{1if®} # {150 i }
e T

#{1P} # i} # {157 '}
AT A A |

#{Héw;ﬂ]l(ll)} #{ng;ﬁﬂ(lz)} ’ #{]I((Jlo).ﬂﬂglo)

AT AT A

where # {A} for a set A is the number of the elements in A, and # {]Iéi)}, i=1,---,10, is roughly n/10.

5.2 Relative Marginal Policy Relevant Quantile Treatment Effect

As in Heckman and Vytlacil (2001c) or Section 3 of Heckman and Vytlacil (2005), we postulate a policy
question or decision problem of interest and derive the treatment parameter that answer it. We consider
a class of policies that affect p(X, Z), but do not affect Fy, x v, (y4lz,up) or AMGRTE (3 4p). Usually, we
condition on X and study the effect of changing Z. Let a and a’ denote two potential policies (without loss
of generality, let a be the original observed policy and a’ be the hypothetical unrealized policy); then we
use subscripts a and a’ to distinguish variables under these two policies and assume that the assumptions in
Section 2.1 are satisfied under these two policies.

Policy invariance is a key assumption for any study of policy evaluation. It allows analysts to characterize
outcomes without specifying how those outcomes are obtained. Policy invariance was first defined and
formalized by Marschak (1953) and Hurwicz (1962); see Section 4.6 of Heckman and Vytlacil (2007a) for

precise definitions of invariance. For our purpose, we need only the following assumption:

(A7) The distribution of (Yp4,Y1,4,Up,q) conditional on X, = x is the same as the distribution of
(}/0,(1/5 Yi,a, UD@/) conditional on X, = x.

This assumption is exactly the assumption (A-7) of Heckman and Vytlacil (2005)@ To simplify notations,
we keep implicit the conditioning on X, = x and X, = x.

Although in principle, we can estimate the policy relevant quantile treatment effect (PRQTE) as

PRQTE®® = Qy., (1) — Qy, (1)

the support of p, and p,» may be far from [0, 1], where Qy,, (-) is the inverse function of

Fy ,(y) = /0 (1= F,,, (up)) Fy, ,jup.wlup) + Fp,, (up)Fy, ,jup.. (ylup)] duD (23)

and Qy, (-) is the inverse function of

Py, (y) = /0 (1 = Fp, (up)) Fy, ,up.. Wlup) + Fp, (up) Py, ,jup .. (ylup)] dup,

21Policy invariance assumption may not hold in practice. For example, in the education expansion example, increases in
college enrollment may affect the spending on each student; as a result, the distribution of Y1|(X,Up) will shift left.

22Note that we implicitly assume the RP condition holds between the policy regime and the original regime.

23GQee the supplementary materials for its derivation.
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Pa = Pa(Zs) and pyr = por(Zar). Extrapolation out of P, , and P, . may generate unreliable predictions
especially when F\ya|pa’ p, is estimated based on a nonparametric procedure. To avoid this problem, Carneiro
et al. (2010) consider a marginal version of the policy relevant treatment effect (MPRTE) in the framework
of average treatment evaluation@ We extend the MPRTE to the marginal policy relevant quantile treatment
effect (MPRQTE) below.

To define the MPRQTE, assume F}, , stays in a parametrized space {Fo: € M,0€ M,Fy =F,,}. Then
the MPRQTE is a path derivative along the path {F, : o € M} of

PRQTE, (F,) = Qo (1) = Qo (7)7

Eu[p] = Eo[p]

ie.,

MPRQTE, ({F.}) = lim PRQTE, (F,)
where E,[p] = EF, [p], Qu (+) is the inverse function of

Galy) = /0 [(1 = Fa(up)) Fy,jup, (ylup) + Fu(up) Fyyu, (ylup)] dup

and Qo(-) is the inverse function of

1
Goly) = / [(1 = Fo(up)) Fyijup (ylup) + Fo(up) Fyyju, (ylup)] dup
0
with Fy, v, (ylup) = Fy, ,jup.. (ylup). Tt is straightforward to show that

MPRQTE, ({F,}) = (£1—>H10Qa (1) = Qo (1) _ Jo w(up) [Fyy v (Qo (7) |up) — Fyyjs (Qo () |up)] duD7

Ealp] — Eo[p] 90(Qo (7))

where go(-) is the density function corresponding to Go(:), %FO(UD) is the shorthand expression for
a%Fa(u[;)}a:o, and ;
%FO(UD)

2 Ry (t)dt

w(up) =

is the weight function in Carneiro et al. (2010). Three popular policy changes are p, = p+ a, po = p(1+ )

upfp(up) o1q fo(up)fv(Fy ' (up))
Eo[p] E[fv (1 (2))]
up(Z) = Z'v, and Z* is the kth component of Z and is continuous; see Table 1 of Carneiro et al. (2011)

and Z¥ = Z* + o, and the corresponding weight functions are fp(up), , where
for a summary. Since f,(up) appears in w(up), the numerator of MPRQTE;, ({F,}) can be recovered even
if the support of p is a strict subset of [0,1]. However, to recover the denominator, we still need the full
support condition.

To avoid the full support condition, we can define the relative MPRQTE (RMPRQTE) as

_ MPRQTE, ({F.}) _ fol wa(up) [Fy, v, (Qo (1) [up) — Fyyju, (Qo (1) [up)] dup
MPRQTE, ({Fs}) [ ws(up) [Fyyjup(Qo (1) [un) — Fyyjup (Qo (1) [up)] dup’

RMPRQTE, ({F.},{F5})

where {F3} is the distribution function sequence associated with another policy, and w, (up) and wg(up) are

weight functions associated with {F,, } and {F;}. In practice, there may be more than one policies under con-

24Tchimura and Taber (2000) present a discussion of local policy analysis in a model without the MTE structure using a
framework developed by Hurwicz (1962).
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sideration, and the policy maker needs to choose one among them. In such cases, RMPRQTE, ({F,},{Fs})
is a useful parameter. Note that identification of Qo(7) still need identification of G(y) which requires the
full support condition, so we redefine the RMPRQTE as

Joy wa(up) [Py jvp (Wlup) — Fyyjop, (ylup)] dup
RMPRQTE, ({F.} . {F3}) = =% yEV.
({Fa}, {5} Jo ws(up) [Fyyjup Wlup) — Fyy o, (ylup)] dup ve

Now, this parameter can be identified even if the full support condition does not hold. It is the ratio of the
effects induced by two policies on the population with outcome level y and can be estimated by its sample
analog, say, RM?R\QTEy ({Fa},{Fs}). Asin the test of stochastic dominance in Section 4.4, we can test
whether |RMPRQTEy ({Fa.}, {FB})’ > 1 (or < 1) for y € Y. The corresponding test statistics are

Visupmax (1~ [RMPRQTE, ({Fa} , {Fs})

2
yey ’0)’ .

,0) and n/y ‘max (1 - ‘RM@TEy ({Fa} {F5))

6 Comments on the Literature

In this section, we review three papers on the quantile treatment effect evaluation, pointing out their under-

lying assumptions, weaknesses, and interactions with our framework.

6.1 Comments on Chernozhukov and Hansen (2005)

Chernozhukov and Hansen (2005) express
Yy = q(d, X, Uy) with Ug|X ~ U(0, 1)

by the Skorohod representation, where ¢(d, z,7) is the quantile function of Y conditional on X = z. This
representation is essential in developing their identification results. Chernozhukov and Hansen impose the

following assumptions on the model:

Al. Potential Outcomes: Conditional on X = z, for each d, Y; = ¢(d, z,Uy), where ¢(d, x,7) is strictly
increasing in 7 and Uy ~ U(0, 1).

A2. Independence: Conditional on X = z, {Uy} are independent of Z.

A3. Selection: D =§(Z,X,V) for some unknown function ¢ and random vector V.

A4. Rank Invariance (RI) or Rank Similarity (RS): Conditional on X =z, Z = z, (a) {Us} are equal to
each other; or, more generally, (b) {Uy} are identically distributed, conditional on V.

A5. Observed Variables: Observed variables consist of Y = ¢(D, X,Up), D, X, and ZE

Some obvious differences between their setup and ours are as follows. A1l restricts Yy to be continuously
distributed, while we do not need this requirement. Their d can be continuous, while we consider only the
binary treatment case. To further contrast our model with theirs, we put these two setups side by side for

comparison:

25Note that Uy may be dependent of X even under unconfoundedness, which generates the usual (parametric) endogeneity. As
argued in Section 2, in the usual quantile regression model, Y = ¢(X,U), U should be expressed as U(X), and U(X) ~ U(0,1)
for any value of X. In other words, although the parametric quantile regression is not valid, the nonparametric quantile
regression still works. Only if Y = X’/B(U) with U L X and U ~ U(0, 1), the parametric quantile regression is valid.

26Note that their Up = DUy + (1 — D)Uy is different from our Up.
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Chernozhukov and Hansen (2005): Our Model:
Yy = q(d, X, Uy) with Uy|X ~ U(0,1) Yy =q(d, X, V,Uy) with Uy| (X,V) ~ U(0,1)
D =4(Z,X,V) with V being a random vector | D = 1(up(X,Z) -V >0) with Z L V|X
Uo|(X,Z2)=U1|(X,Z) and Z L (Up,U1)|X Uo| (X, V) =U1|(X,V) and Z L (Uy, U1)|X

Obviously, Chernozhukov and Hansen put more restrictions on the outcome equation, while we put more
restrictions on the choice equation. For example, they assume that the quantile of Y depends on V only
through D, while we assume that even given D = d, the quantile of Y; depends on V. On the other hand,
they do not impose the index structure on the choice equation. However, under the general setup of outcome
equations, the monotonicity assumption, which is implied by the indexed choice model, is hard to relax; see
Section 6 of Heckman and Vytlacil (2005) for discussions. Given the indexed structure of D, it is without
loss of generality to assume Z L V|X; see the discussion in Section 2@ Also, our RP assumption is different
from their RI assumption since the conditional variables are different ]

Our target is to identify ¢(d, x,v,7), while Chernozhukov and Hansen’s target is to identify ¢(d, x, 7)@
It should be emphasized that Chernozhukov and Hansen do not really impose the RP assumption for their
purpose, i.e., they do not use Up| (X = z) = Up| (X = z). Otherwise, they do not need to assume A4 since
it is implied by U] (X = z) = Up| (X = ). This means that their ¢(1,z,7) — ¢(0, 2, 7) is only a difference
of two quantiles and may not have a causal interpretation (i.e., may not be the difference between two
potential outcomes for the same group, say the 7th quantile, of individuals). As mentioned in Section 3, this
RP assumption is not really used in our partial identification results either, so their identification results
are comparable with those in Section 3. As argued in Section 3, ¢(d,z,7) may not be point identified in
the general model or even under the nonparametric selection model unless assumptions such as pi"f = 0
and pi'"P = 1 are satisfied. Of course, as argued in Section 3 of Chernozhukov and Hansen (2005), we can
still identify ¢(d,z, ) by expressing q(d,x,V,Uy) in the form of ¢(d,z,Uy). However, this object is not of
practical interest since it is not related to any interpretable parameter of treatment effects unless the RP
assumption on X = z is satisfied. To see why, note that

q(d,x,7) = Fy | (t|z) with Fy,x (y|z) = /qgl(ylx,v)dex(vlw),

where chl(y|x, v) is the inverse function of ¢(d, z,v, T) with respect to 7.

Their assumption on the outcome equation, combined with A4, imposes strong restrictions on the form
of the essential heterogeneity. Consider our outcome equation with additively separable U;. Under the

RS assumption,

Q-MIX, 2, V) - Q:(Yo|X,Z,V)

Qr (11 (X, U1)|X, Z,V) = Q7 (o(X, Uo)| X, Z,V)
1(X)+Q-(Uh|X,Z,V) — up(X) — Q- (Up| X, Z,V)

1(X) = po(X)

I3
I

does not depend on Z and V' so does not depend on D, where the last equality follows from the RS assumption.

27 As mentioned in Chernozhukov and Hansen (2005), Imbens and Angrist (1994) provide important examples in which Z is
assigned depending on D, so it is critical to allow Z and V to be dependent (conditional on X)) in their setup.

28A4 is also used in Vytlacil and Yildiz (2007) in estimating marginal means of potential outcomes in weakly separable
models.

29They also mention the "local" identification condition, but the "local" there is different from the "local" in our "local"
QTE. Their "local" is local to the vector {q(d,z,7),d = 0,1}, while our "local" is local to Up = up for a specific up.
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This is why Theorem 1 of Chernozhukov and Hansen (2005) is stated as Q,(Y1]X,2) — Q- (Yo|X,Z) =
q(1,X,7) — q(0,X,7) and V is not involvedm Even in the non-additively separable setup of Yy, Y7 — Yy =
q(1,X,U) —q(0,X,U), where U|(X, Z) = U1|(X, Z) = Up|(X, Z) under the RI assumption. ¥; — Y, may be
correlated with D, but only through the same "one" source as Yj is correlated with D. In summary, it is
fair to claim that the main problem that Chernozhukov and Hansen target is the selection effect instead of
the essential heterogeneity; see Torgovitsky (2011) for related discussions.

If we express our model as Y = ¢(D,V,U) and D = 1(up(Z) — V > 0), where X is depressed, and
U = DU, + (1 — D)Uy, then we can compare our model with those in Chesher (2003), Koenker and Ma
(2006), Lee (2007) and Imbens and Newey (2009) where triangular structures are imposed. Their model

takes the following form:

Y = u(D,V,U),
D =p(Z,V),

where V' and U are scalars jointly independent of Z @ Similar as our model, their Y is also influenced by
two random errors. However, they assume D and Z are both continuous and (D, V, U) is strictly increasing
in U and ¢(Z,V) is strictly increasing in V. So their model does not cover the treatment effect model in
this paper. Chesher (2005) provides some partial identification results when D is discrete. However, as
mentioned in his Section 5.3, his arguments cannot be extended to the binary endogenous variables case (see
Jun et al. (2011) for further discussions). By strengthening D to take a latent index form, we can recover
w(D,V,U) for V’s implied by the D equation.

The general choice equation D = §(Z, X, V') of Chernozhukov and Hansen may seem surprising. However,
there is a parallel result in the average treatment context without the essential heterogeneity. We state this

result formally in the following theorem.

Theorem 7 Suppose Yy = pa(X) + Uy with E[Ug|X] = OE D =40(X,Z,V), ElUp|X,Z] =0, E[U; —
UslX, 7] = 0 and (Us — Up) L V| (X, 2)F] Then EY — pio(X) — D (1(X) — po(X)) [ X, Z] = 0. puy(X) —
1o(X) can be identified as long as E[D|X, Z] # E[D|X] almost surely, which is equivalent to that conditional
on X, D is complete for Z. Furthermore, the IV estimator of u1(X) — po(X) is consistent.

As in Theorem 4 of Chernozhukov and Hansen (2005), the above theorem shows that the average treatment
effect 1 (X) — po(X) can be identified under some completeness assumption. The completeness condition is
a global (about Z, not X) condition, while our identification condition in Theorem 1 is a local (abount Z)
condition. Due to such kind of completeness conditions, Chernozhukov and Hansen’s identification scheme
is more convenient to put in the nonparametric IV framework rather than the structural treatment effect
model, or their identification scheme is more of "reduced-form" than "structural".

As shown in the proof of Theorem 5, as long as there exist two values of Z, say 0 and 1, such that
ED|X =2,Z=0]# E[D|X =z,Z = 1], u1(z) — pto(z) can be identified. Such an assumption parallels the

full rank condition in Theorem 2 of Chernozhukov and Hansen (2005). This full rank condition is equivalent

30B[UL — Uo|X, Z,V] = 0 under the RS assumption, so the usual essential heterogeneity in the average treatment effect
evaluation is excluded. The RI assumption U1|X,Z = Up|X, Z is somewhat like the common treatment effect assumption.

31 Chesher (2003) actually uses a local independence condition for local identification. Imbens and Newey (2009) also analyze
identification of average derivatives and other functionals of p(D,V,U) without the condition that U is a scalar.

32Tn average treatment effect evaluation, the additively separable formulation of Yy is without loss of generality because we
can define the new Uy as puq(X,Ug) — E [pa(X, Uqg)| X].

33This implies (U1 — Up) L D|(X, Z), i.e., the choice is made without knowledge of the idiosyncratic gain after controlling
for the observables.
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to a monotone likelihood ratio condition,

fy.p1z(y1,11) _ fy,p|z(y1,1]0)
fv,p1z(¥0,0[1) ~ fy,p|z(0,0]0)

for y; (and gg) in a neighborhood of the 7th quantile of Y7 (and Yy). This condition requires the impact of
Z on the joint distribution of (Y, D) to be sufficiently rich, which is in spirit similar to our assumption that
inf

pit = 0 and pi'P = 1 for identifying the QTE in Section 3, but we need only the impact of Z on D to be

x

sufficiently rich@ In our framework,

froiz(yi, 1Y) frip.zn|1, DP(D =12 =1)
fyv.01z(¥0,011)  fy|p,z(10]0,1)P(D = 0|Z =

p(1)

_ lUp <pp() _ Jy  Triwelnluoldus
el > PO =400~
(1) olUp

(yolup)dup

and similarly
p(0)
d
fy.pz(y1,1]0) 0 Frayoo (alup)dup

fy.p1z(¥0,0[0) 1 '
| / fyolun (Wolup)dup
p(0)

So the monotone likelihood ratio condition requires

p(1) p(0)
/ viop (yilup)dup / yijup (yilup)dup
0 > 0

T T . (24)
/ Jvolup (Wolup)dup / Jvolup Wolup)dup
p(1) p(0)
p(1) p(1)
When " Ivijup (W1lup)dup > 0 and " fyoiup (Wolup)dup > 0,i.e., fy,ju, (y1lup) and fy, v, (Yolup)dup
p(0 p(0

are not completely zero for up € (p(0),p(1)), this condition is equivalent to p(1) > p(0), i.e., Z has a non-
trivial impact on D, which is less stringent than the identification condition of the QTE in Section 3, namely,
p(1) =1 and p(0) = 0. This is understandable since our model also covers the essential heterogeneity while
Chernozhukov and Hansen consider only the selection effect. In the unconfouned case where fy, v, (y1|up)
and fy, v, (Yolup) does not depend on up, reduces to p(1)/(1 — p(1)) > p(0)/(1 — p(0)), which is
equivalent to p(1) > p(0). It is easy to see that p(1) > p(0) is also the above identification condition
E[D|X =x,Z =0]# E[D|X = z,Z = 1] in our framework.

Note also that the IV-QRE of Chernozhukov and Hansen (2006) identifies ¢(1, X, 7) —¢q(0, X, 7) regardless
of what Z is used. However, when the essential heterogeneity exists, interpretation of the IV-QRE depends
on the specification of Z even if the same set of instruments (among Z) are used in the estimation. This point
is emphasized by Angrist et al. (2000) and Heckman and Vytlacil (2005); see also footnote 6 of Carneiro et
al. (2011) for an intuitive explanation. Heckman and Vytlacil (2005) also express the usual IV estimator as
a weighted average of the MTE in the average treatment context, while the task is quite complicated, even

if not impossible, in the quantile treatment environment. Finally, we summarize important literature on the

34Their identification conditions do not imply or are implied by our identification assumption that piI“f =0 and p
Their conditions are not easy to check, while checking of our conditions is quite straightforward, e.g., by drawing histogram of

p(X,Z) as in e.g., HIT (1997) and HIST (1998).

sup
z = L.
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average treatment effect and the quantile treatment effect in the following table.

Average Treatment Effect Quantile Treatment Effect
Unconfoundedness Imbens (2004) Firgo (2007)
Selection Effect Only Theorem 7 of This Paper” Chernozhukov and Hansen (2005)
) ) LATE : TImbens and Angrist (1994) LQTE : Abadie et al. (2002)
Essential Heterogeneity ) .
MTE : Heckman and Vytlacil (2005) MQTE : This Paper

Table: Literature of the Average and Quantile Treatment Effect under Various Assumptions
Note: I only provide the most important or summary paper based on my personal judgement.
Note*: Part of this result is scattered in the literature such as Heckman and Robb (1985),

but I did not notice the whole result stated explicitly anywhere else.

Selection Effect Only Essential Heterogeneity
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Figure 8: Asymptotic Biases of the QRE and IV-QRE When There is Only Selection Effect and When There
is ALSO the Essential Heterogeneity

We close this subsection by a simple example to illustrate the bias of the QRE when the selection effect
exists and the bias of the IV-QRE when the essential heterogeneity exists. Assume first only the selection
effect exists, Y1 =2U, Yo = U and D = 1(Z —V > 0), where

U 1 05 0
V | ~N@©03) withs=| 05 1
z 0 0 1

When the essential heterogeneity also exists, suppose Y1 = V 42U, Yy = 2V + U, and all other specifications
are the same as in the first specification. This specification is the same as that in Section 2.2. The QRE
and IV-QRE are solutions to two groups of moment conditions which are developed in the supplementary
materials. Figure |8 shows the (asymptotic) biases of the QRE and IV-QRE in the estimation of the QTE
under the two specifications. As expected, the QRE is inconsistent as long as D is endogenous, and the

IV-QRE is consistent only when the endogeneity comes solely from the selection effect.
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6.2 Comments on Abadie et al. (2002)

Identification of AST#(z) requires p"P = 1 and p'* = 0 as shown in Section 3. This hardly holds in practice
especially when Z is discrete. A popular alternative is the LQTE of Abadie et al. (2002), which measures
the quantile treatment effect only on the compliers Specifically, pick z, 2" € Z,; then the LQTE measures
the quantile treatment effect for those who change their participation status in response to the change in
policy Z from z to 2’

ALOTE (3,2,2") = F;jX,Dz,Dz/(ﬂxv 0,1) - F;[)TX,Dz,Dz/ (7lz,0,1), (25)

where
Fy,x,p..p, (Yalr,0,1) = E[1(Yg < ya)|X =2,D, =0,D. = 1]

= E[1(Ya <ya)|X =z,p(z,2) <Up < p(z,2)]
p(x,z")

= SET D / Fy,1x.up (yalz, up)dup,
p

(w,2)
and D, = 1(p(X,z) — Up > 0). When p(z,2z) = 0 and p(z,2') = 1, ALCTE (3 2 /) = AQTE(x). Note
that F;ll\x D..D., (y1]z,0,1) may not be parallel to FY_OI‘X D..D., (yolz,0,1) as a function of x. However, when

Z, ={0,1}, Abadie et al. (2002) assume@
Assumption 3.1: For 7 € (0, 1), there exist o, € R, 8, € R% such that

QT(Y|X5D5D1 > DO) = aTDJ'_X/BT'

Assumption 3.1 implicitly assumes rank preservation on the compliers. Their other assumptions as stated in
their Assumption 2.1 are parallel to our assumption (A1)-(A5). Different from Chernozhukov and Hansen
(2005), Assumption 3.1 is conditioned on D. However, it is easy to see that this assumption implies
P(Y <a,D+ X'5.|X,Dy > Dy) = TE So this assumption is comparable to Theorem 1 of Chernozhukov
and Hansen (2005), but as emphasized in the last subsection, Chernozhukov and Hansen (2005) does not

consider the essential heterogeneity (and meanwhile consider all persons in the program).

We use to illustrate the key point of Assumption 3.1. Under the normality assumption,

FyylX=2,D=1,D1>Dg)=PY1 <ylX =2, V<o+ X'+ 27,0+ X<V <d+ Xy +v)
=P <ylX=2,Z2=1¢+X'n<V <o+ Xn+2)
=PM<ylX=2,0+ X7 <V <o+ X1 +7)

1 p(z,1) P (y—a—cp—r’ﬁ1—ov1<1>1(un)> dup

= p(a:71)—p(a:,0) p(m,O) \/o'f—o'%/l
(26)
and similarly,

1 p(z,1) PN _ (b_l
Fy(y|X =2, D =0,Dy > Dy) = —/ oY== —avo (up) dup.
p(iL’, 1) - p(x, 0) p(z,0) 0’8 - 0\2/(]

35Tt is commonly believed that the LATE is only useful for evaluating the effects of policies in place, but not for forecasting
those of new policies. Nevertheless, see Section 6 of Imbens (2010) and Angrist and Ferndndez-Val (2013) for arguments
favorable to the external validity of the LATE estimator.

36See also Abadie (2003) for a similar assumption in local average response function estimation.

3TP(Y <a;D+X'B:|X,D1>Dg) = P <a;D+X'3:|X,D=1,D1>Do)P(D = 1|X,D1 > Do) +
P(Y <a;D+ X'B7|X,D=0,D1 > Do) P(D = 0|X,D1 > Do) = 7(P(D=1|X,D1 > Do)+ P(D=0|X,D1 > Dp)) = 7.
However, P(Y < a;D + X'B:|X,D1 > Do) = 7 does not imply Q-(Y|X,D,D1 > Do) = a-D + X’'S; without further
assumptions. This is also why Theorem 2 of Chernozhukov and Hansen (2005) is required to identify the QTE when the
conditioning set is (X, Z) instead of (X, D1 > Dy).
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Figure 9: Q 5(Y|X, D, Dy > Dy) As a Function of D and X: 01 =2,00=1, 72 =1
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To further simplify our discussion, assume ¥ = | o100 02 oo |; in other words, Uy = o1, Uy = ope
o1 o) 1

and V = ¢ with ¢ ~ N(0,1). In this simple setup, the RP assumption trivially holds. Also, Fy (y|X =

x,D =d, Dy > Dy) is simplified as

max{O, [<I> (min{ %@-&-X“h-‘-’m}) —‘P((ZH‘X/’Yl)} }
max{[)7 [‘IZ' (min{w;’f;f1(f:§/)wi)¢(¢+X/V1)]} 7
By (ylX, D =0,D1 > Do) = (PFX71+72)— B[+ X 1) :

Fy(y|X,.D = 1,D1 > D()) =

Assuming the min and max operators do not apply in Fy(y|X,D,D; > Dy), we solve Fy(q|X,D,D; >
Dy) = 7 to have

Q-Y|X,D=1,D1 > Dg) =@ {7 [®(0+ X' V1 +72) —P(0+ X' N)]+P(p+ X' 71)} +a+p+ X'f,
Q-(Y[X,D =0,D1 > Dg) = 09@ {7 [® (¢ + X'm1 +72) — (¢ + X'1)] + (¢ + X'm1)} + a+ X'By.

They are not the same as a function of X. The left graph of Figure |§| shows Q. (Y|X,D =1,D; > Dy) and
Q-(Y|X,D =0,D; > Dy) as a function of X for the case with 7 = 0.5, 01 =2, 00 =1, X ~ N(0,1), 51 =2,
Bo=m=7v=1and a = p =¢ =0. We take X € [—3, 3] which covers most people under consideration.
These two functions for other 7’s are qualitatively similar, so omitted here. From Figure[J] it is quite clear
that Q,(Y|X,D =1,D; > Dy) and Q-(Y|X,D = 1,D; > Dy) are not parallel as a function of X. Anyway,
there are special cases where Assumption 3.1 holds: (i) 81 = fp and 1 = 0; (ii) 72 = 0, o171+ 51 = 0011+ 5o
(or B1 — Bo = (09 — 01) 71). But these setups are too trivial to happen in practice since either Y; — Yy does
not depend on X or Z does not affect D. For comparison, the corresponding Q. (Y| X, D =1, D; > Dy) and
Q-Y|X,D =1,D; > Dy) for 7 = 0.5, 81 = Bp = 1 are shown in the right graph of Figure@

The example above does not invalidate the analysis in Abadie et al. (2002) completely. As long as we

refine their Assumption 3.1 as

QT(Y|X7D7D1>D0):X/6T+D'X/67' (27)
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for 7 € (0,1), their estimation scheme can still go through with proper adjustment in notations. Note here
that X includes a constant. Also, since X can include functions of the original covariates (e.g., polyno-
mials or B-splines), the linear setup of the conditional quantile does not lose generality. Under this setup,
ALQTE (3.0,1) = 2'4,, which depends on x By adjusting notations in their Theorem 3.1, we can derive
the asymptotic distribution of z’ gT for each x € X' ’| Of course, given ST we can test whether .’s are equal
to zero for a bunch of 7’s, where 9. is d; excluding the intercept. However, it is still hard to test §, = 0 for
7 € T since the weak limit of 3\7, T € T, is unavailable until now.

This misspecification problem also happens in Chernozhukov and Hansen (2006) who assume
P(Y < Da, +X'B.|1X,2)=1.

In a typical application of their technique, Chernozhukov and Hansen (2004) study the effect of 401(k)
participation on savings. Their Table 3 shows that this effect varies with the income level, so the interaction
term D - income should be included as a regressor. One main reason for Chernozhukov and Hansen to use
this form of conditional quantile is to circumvent the computation problem as noted in Abadie (1997). If we
assume

P(Y<XB.+D-X'6)|X,2) =,

then the inverse quantile regression algorithm of Chernozhukov and Hansen (2006) is not efficient especially
when dx is large. As an alternative, the algorithm of Chen and Pouzo (2012) is still applicable. When D is
multi-valued, e.g., D = S is the schooling level as in the application of Chernozhukov and Hansen (2006), it
is better to assume Q,(Y|X,Z) = a,(S) + X'B,(S) which takes the form of the varying coefficient model
(VCM). Section 6 of Hansen et al. (2004) considers the VCM in estimating the return to schooling in a
different context.

On the other hand, the distribution regression can be applied to estimate AL@TE (,0,1) straightfor-
wardly. From Theorem 1,

P(Y <y1|X=z,p(X,Z)=p(z,1),D=1)p(x,1)— P(Y <y1 | X =2,p(X,Z)=p(z,0),D=1)p(z,0
FYl\X,DU,Dl(y1|9C70a1): (Y<wil p(X,Z)=p(z,1) )igz,lgfp((z,o)yl‘ p(X,Z)=p(x,0) )p(z,0) ,

and similarly,

FYolX,Do,Dl (y0|1'7 07 ]-) = P(ngo‘X:$7P(X7Z):p(w’0)7D:0)(l_pz()(wiéoigizf((;jog)yo‘X:pr(xvz):p(IJ))DZO)(l_p(wil)) ,

)

so the estimates in can be used to estimate ALQTE (1. 0,1). Specifically,

ﬁYﬂX,DU,Dl (y1|x7 0, 1) _ Fy|x,p(x,2),pWy1|z,p(z,1), 1)ZE§ 3 iz\g)p(x,z)p(yl|f717(96»0)71)5($70)7
ﬁYUIX,Do,Dl (y1|z,0,1) = B x.50x.2).0 (ol P20, 01 p(?zoi; F(icpé)p(x’z)’D(yo‘w’ﬁ(x’l)’o)(liﬁ(r’l)),
and
LQTE 1 1
AT (7]2,0,1) = FY1|X D07D1(7'|x,0,1 FY0|X Do, D1(7|x,0,1),

where P, 2) = P, 2:7) = A (R(z, 2)'3) and Fy|x px 2, p(wl,p,d) = A (T (2,p)' Baly) ) This procedure

38The usual justification of Assumption 3.1 is that o, is close to E[X’8;]; see, e.g., Angrlst and Krueger (1999).

39To summarize the results, we can integrate the LQTE estimator by n’lz X! 67— = X(S-,—7 which is estimating E[X'd-].
This estimator is similar to the average derivative estimator in quantile rcgrcssmn see Chaudhuri et al. (1997). But this
estimator is not estimating the ILQTE. In general, E[X'd,] # Q-(Y1|D1 > Do) —Q+(Yo|D1 > Do) = ALLQTE (0,1). Actually,
A.IrLQTE (0,1) is hard to estimate. Also note that when these parameters are used, the results in the application of Abadie et
al. (2002) may change.
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has two advantages over that of Abadie et al. (2002). First, we do not need to estimate the weights x or &,
as in Abadie et al. (2002), where x(D, Z, X) = 1 =p=stey — miziray and 5, (Y, D, Z) = E [x[Y, D, X| =
1-— D'(II_P;(ZZZJH)’(D)’Z)) — (17133)('5;21}?)17’2); rather, only the propensity score is estimated in the first step.
Second, our procedure can be applied to continuous, discrete or mixed Y without any special adjustment,
while the procedure of Abadie et al. (2002) is only suitable to the continuous Y case (see Abadie (2003) for

possible extensions to other data types).

The following theorem states the weak limit of ﬁf(Qsz (1]z,0,1). To ease the statement of the theorem,

define %', (n,a0) (yo, %) : R x C (Vo)™ — £ (DpX) as

#380() (1:)
[1 = p(x,0)] [Fio(yo, %) — Foo (30, %)) — [p(, 1) = p(, 0)] [1 = p(x, 0)] Ao (yo, ) ZELL) Holwo)

N (@)R(z, 1)'n

ey
|
=
&
a
=
=
o
NS
2
8
S—
|
e
[=)
NS
2
8
=
\
=
&

_ % A5 (z)R(z,0)'n

10(Yo, )
p(l', 1) *}7(1’,0)

[1 = p(x,0)] Moo (yo, =)

p(z,1) — p(z,0) T(x,p(x,1)))" | @o(yo)

+ T(x,p(x,O))' -

and o' ) (n,01) (g1, 2) : R4 x C (V1) *1 — £ (V1.X) as

#3810 (1,0)

X —px X 1 171“%— xz, 11\Y1,T) — Lo1{Y1,T
:DO( ;1) = p(z,0)] p(z, )A11(y1, 2) b : p(x,0) [F11(y1,2) — Fou(y )]A,l,(x)R(%l),77
[p(l’, 1) —p(m,())}
x —plx X 1 1,$w* z, 11\Y1,%) — Fo1(Y1,T
(1) = p(z, 0)] p(z, 0)Ao1 (y1, ) B : p(z, 1) [Fii(y1, ) — Foa(y )]/\%],(QC)R(%O),?7
[p(z,1) — p(z,0)]
p(z, 1)A11(y1, @) p(z,0)Xo1(y1, ) ,
P 1) - p(a,0) b 1) —plz,0) TP O] o),

where Fza(y, 2) = Fy|x p(x,2).0 (4|2, p(2, 2), d), No(2) = MR(2, 2)"7) and Aa(y, ©) = M(T(z, p(z, 2)))" Ba(y))-

+ T(z,p(z,1)) -

Theorem 8 Suppose Assumption DR holds, and Fy, x p, p, (y|z,0,1) admits a positive continuous density
Jya1x.Do.D1 (11,0, 1) on an interval [a, b] containing an e-enlargement of the set {de|X7DO7D1 (r|z,0,1)|7 € T}
for allx € X. Then

NG (3;?5;? (r|z,0,1) — ALQTE (4 g, 1))
- _‘P,%:/;l(.) (W% Jl(yl)il (le(yl)JZTIWW + W1(y1)))

Jyi1x,00,0, (¥1]2,0,1)

Pr ooy (Was Jo(yo) ™t (Jop(yo) T, Way + Wo(yo)) )

fyvo1x,D0,D, (Y0]7,0,1)

y1=Qv;|x,Dy.D; (T]2,0,1)

in (= (TX).

Y0=Qv,|x,Dy,D; (T]2,0,1)

The randomness in this weak limit is from three sources, p, 30 and 31, separately, while for the MQTE, p
affects 3X7UD (T|z,up) only through By and B;. From the proof of Theorem 8, it is easy to see that the
exchangeable bootstrap is valid. As a result, similar inference procedures as in Section 4.4 can be applied so

omitted here.

45



6.3 Comments on Aakvik et al. (2005)

We first consider a simple model to illustrate the limitation of the one-factor model in Aakvik et al. (2005).
Suppose

Y =Xp — Uy, Y1 =1(Y7 >0),
Yvo»< = Xﬂ() - UUaYEJ = 1(Y1* Z O)a
D* = Zy—V,D = 1(D* > 0),

with Uy = 01(X) [—a16 + €1], Up = 00(X) [~ab + €o] and V = —0 + ep, where 01(X) > 0 and oo(X) > 0
control the heteroskedasticity, (X, Z) L (0,e1,€0,ep), 0,e1,0 and ep and independent, and except 6, all
others follow N(0,1). Theoretically,

K (ﬁx)ﬁl + a10) (1 ~ 9 (ﬁ(m)ﬁo + aoa)) (v + 0) dF ()

EVi—-Yy=1X=2V=0= q/)(v/ﬁ) )

where F' () is the CDF of §. Under the RP assumption,

EVi-Yo=1X=z,V=v]=EY1=1X=2,V=vu-EY=1X=2zV =1

o [cp (#x)ﬁl + a10) ~ 3 (#(x)ﬁo + aoa)] ¢ (v +0) dF (9)
a ¢ (v/V2) ’

which is smaller than the true value, i.e., the RP assumption does not hold in this example. If we use the
model in Aakvik et al. (2005),

J @ (@B] + i) (1 — @ (x5 + agb)) ¢ (v +0) dF (0)

E[Y17Y0:1|X:$,V:U]: Q’)(’U/\/i) ’

where (v*, 85, 87) and (of, @) are the pseudo-true value of (v, 5o, 81) and (oo, @1 ), defined as the maximizer
of
E {ln/P(D,Y|X, Z,0)dF (0)| .

Here,
P(D,Y|X,Z,0) = P(D|Z,0)P(Y|D, X,0),

and

P(D=1|Z,0)=®(Zy+0),
P(Y =1D=1,X,0) = (XS + a,0),
P(Y =1|D=0,X,0) = (XS + agh).

Note that D and Y in the expectation of the likelihood function follow the distribution in the true model.
To simplify the numerical integrations in the likelihood function, we assume a; = 81 = 2, ag = Bp = 7 = 1,
01(X) =14+ X, 0o(X) =1+ 05X, X and Z are independent and both follow the uniform distribution
on two points 0 and 1, and 6 can take only three values —1, 0 and 1 with P(f = —1) = P(# =1) =1/4
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and P(0 =0) = 1/2@ It turns out («f, a3, 85, 57,7*) = (334.15,10.03,176.57,0.72,0.85), far from the true
value (1,2,1,2,1).
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Figure 10: Comparison of E[Y; — Yy = 1|X = 1,Up = up] Under Different Specifications

Figure shows the true E[Y; —Yy=1X =2,V =v], E[Y1 -Yy =1|X =2,V =] under the RP
assumption, and E[Y; — Yy = 1|X = 2,V = v] with pseudo-true parameter values as a function of up =
®(v/\/2) when z = 1. As expected, as long as there is misspecification, E[Y; — Yy = 1|X = z,Up = up]
cannot be estimated consistently. F[Y7 — Yy = 1|X = 1,Up = up| with pseudo-true parameter values may
or may not have a smaller bias than E [Y; — Yy = 1|X = 1,Up = up] under the RP assumption, depending
on the value of up. A striking feature of the one-factor model of Aakvik et al. (2005) in this example is that
there is no treatment effect for any Up = up, which contrasts the truth.

To compare our model with that of Aakvik et al. (2005), we put them side by side for comparison:

Aakvik et al. (2005): Our Model:
Yy = p(pa (X) + aqb —eq) Y = pa(X,V,Uqg)
D=1(up(X,Z)+ 60 —ep > 0) D=1(up(X,Z)—V >0) with Z L V|X
(X,2) L (0,e0,20,ep) and (0, 9,€0,ep) are independent | Up| (X, V) =U1|(X,V) and Z L (Up, U1)|X

where we use a prototype of Aakvik et al. (2005) and its extension. Similar to our setup, their outcome
equation also includes two random errors. However, their (Yp,Y7) include totally three random errors,
(0,e0,21), while our potential outcomes essentially include only two random errors (V,U) with U|(X,V) =
Ug| (X,V). Also, their choice equation includes also two random errors, (6,cp), while ours includes only one,
V. On the other hand, our specification of outcome equations is more general in the sense that it allows for

heteroskedasticity and nonseparable errors. Also, we do not restrict the dependence between X and (V,U)

40The technique used in the assumption of the distribution of 6, i.e., approximating a continuous distribution by a discrete
distribution, has been applied to econometric models for duration data by Heckman and Singer (1984).
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and among (V,U), while they assume independence between the covariates and the random errors and also
among the random errors. To further understand their independence assumption, we represent their model
with 0,e1,e¢ and ep being independent and following N(0,1) as

Ya = plpa (X) — aqV — Ua),
D=1(up(X,2)—V >0),

where Uy ~ N (0,1 + 3), and |Corr(Uy, Up)| = % <1, (Uy,Uy, V) L (X,Z),and (U,Uy) L V.
g aj

Different from our model, their ranks are only partially maintained since |Corr(Uy,Up)| < 1. Meanwhile,
their ranks do not depend on X and V given that (Up,U;) L (X,V), which implies that conditional ranks
and unconditional ranks are the same. Our unconditional ranks are different from conditional ranks; the
former are also only partially maintained, while the latter are fully preserved. In summary, these two kinds
of models are more complements than substitutes.

An advantage of the factor model over the model with the RP assumption is that it allows for nondegen-
erate P(Y7 > Yy|Yo = yo, X = 2,Up = up). In the simple example above,

P(Y: > Yo|Yo=0,X = 2,Up = up) = P (Y1 = 1|Yo = 0,X = z,Up = up)
e (#(z)ﬂl + a19) (1 — 9 <ﬁ(z)50 +a00)) & (v+0) dF ()
- f(1—(1)(ﬁ(mﬁo+a00>)¢(v+9)dF(0)

€(0,1).

Nevertheless, merits of the factor model should be determined by how far it is from the true model and
how convenient it is to be implemented in practice. A similarity of the factor model with our model is that

identification-at-infinity is required to identify various treatment parameters.

7 Application

We use the data of Angrist and Krueger (1991) to illustrate some main points of this paper. Angrist and
Krueger (1991) estimate schooling coefficients using quarter of birth as instrument in a sample of 329509
men born 1930-39 from the 1980 census. Quarter of birth is correlated with educational attainment because
of a mechanical interaction between compulsory school attendance laws and age at school entry. See the
appendix to Angrist and Krueger (1991) for a detailed description of the data. This data set is widely used for
various purposes. For example, Bound et al. (1995) use it to illusrate the bias of the IV estimates when the
instruments are weak; Chesher (2005) uses it to show the difficulty in estimating identifying nonparametric
intervals when the instruments are weak; van der Klaauw (2002) uses it to show that the quarter of birth is
not a valid instrument in the conventional sense (independence of the error term in the outcome equation)
while can still be used to estimate some treatment effects in the regression discontinuity design framework;
Chernozhukov and Hansen (2006) use it to estimate the quantile treatment effects defined and identified in
Chernozhukov and Hansen (2005).

Our conditional distribution of the returns to schooling is specified as

P(Y <y|X,p(X,Z) =p,D =d) = A((p,p?) caly) + X'Ba(y))

41We also tried cubic polynomials of p, and the results are qualitatively similar. Note here that although we use saturated
specification for X given that X is discrete, the specificaiton is not fully saturated to both X and p. The fully saturated
model should include the interaction terms of p and X. We neglect such interaction terms because Pz includes only four points
and does not include much variation given that the instruments are relatively weak. Our specification implicitly assumes that
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and the treatment status is determined by
D=1V < X'y + Z'7),

where Y is the log weekly wage, D = 1(S > 12) is the indicator of a high school graduate, and following
Angrist and Krueger (1991), X is a vector of covariates consisting of a constant, state and year of birth fixed
effects, and Z includes three dummies for the first through third quarter of birth@ We specify A(+) as the
CDF of the standard normal and V following a standard normal distribution. Different from Chernozhukov
and Hansen (2006), D is binary rather than the years of schooling S to fit in the framework of this paper.
Also, we use dummies for the three quarters of birth rather than both the linear projection of S onto X and

the three dummies as instruments.
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Figure 11: Manski and HV Bounds for AQTF(z): 2 = (36,1930) and (19,37), 7 € [0.1,0.9]

We first show the bounds in Section 3 for this data set. Since X and Z are discrete, p(X, Z) can be
obtained by its sample analog. Totally, the support of X, X, includes 510 possible values. The minimum
number of observations among all x € X is 3 and the maximum number is 3203. Averagely, there are 646
data points for each z. For some values of x € X, not every value of Z is possible. It is rare among all
values of x € X that p'™ = 0 and pS"P = 1, so point identification of AYT(z) is almost impossible. There
are actually only four z’s satisfying p;’.“f = 0 and pi"? = 1, but at most eight data points are available at
these 2’s. y!(z) and y*(z) are taken as the minimum and maximum of Y given X = z, and the population
quantiles in the bounds are estimated by the sample quantiles. Given that X is large, we only present the
bounds at two x’s for a taste. Figure|l1|shows the bounds with and without Assumption @D for individuals
from state 36 and born in 1930 and individuals from state 19 and born in 1937. These two x’s correspond

to cases with most observations (3203 data points) and moderate number of observations (666 data points),

(X,2) L (U1,Up, V), so the MQTE can be identified over the marginal support of p(X, Z) instead of the conditional support

of p(X, Z) given X. Such a strategy is also used in Carneiro et al. (2011).
42The dummy for quarter four is omitted to avoid multicollinearity since X includes a constant.
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respectively. The bounds in are labeled as "Manski Bounds" and those in are labeled as "HV
Bounds". The vertical lines in the upper two figures indicate four possible values of p(z, z) (and 1 — p(z, 2)),
and the vertical lines in the lower two figures indicate pi™, p$'?, 1 — pinf and 1 — p$"P. From Figure m we
can draw a few interesting conclusions. First, both Manski bounds and HV bounds are narrower than the
trivial bounds [y!(x) — y*(x),y"(z) — y'(z)] especially when 7 > 0.5, which indicates that these bounds are
indeed informative. Second, AYTF(z) = 0 cannot be rejected for all 7 € [0.1,0.9]. In other words, these
bounds cannot determine whether there are quantile treatment effects or not at these two x values. Third,
the Manski bounds and the HV bounds are very similar, which indicates that assumption @D is most likely
to hold. Fourth, when z = (19,1937) and 7 between 0.4 and 0.45, the Manski upper bound is indeed lower
than the HV upper bound. Fifth, for both x values, the range of p(z, z) is quite limited, e.g, between 0.4
and 0.5, which is a sign that Z is weak as already emphasized in the literature.

We now estimate the MQTE for x = (19,1937). The results for x = (36, 1930) are qualitatively similar so
are not reported here. The bootstrap confidence bands are not calculated since they are too time-consuming.
The range of p; is [0.2149,0.6054]. Out of this range, the estimation shows some abnormality and is not
reliable. ﬁyd‘X’UD (y|z,up) for up = 0.3 and 0.5 and the MQTEs for 7 = 0.1,0.25,0.5,0.75 and 0.9 when
up € [0.2,0.6] are shown in Figure From Figure a few results of interest are as follows. First, as
expected, ﬁyl‘XJ]D (y|z,up) stochastically dominates ﬁYD‘X7UD (y|z,up) for the two up values. Second, as
expected, ﬁx,UD (T|z,up) is a decreasing function of up for all 7’s, which implies that for individuals with
any level of income, those who are reluctant to attend college have lower returns to college. Third, the
return to college is decreasing in 7 and becomes stable when 7 gets large for all values of up. Chernozhukov
and Hansen (2006) interpret 7 as an ability index, so interpret this result as that people with high ability
will generate high earnings regardless of their education level, while those with lower ability gain more from
the training provided by formal education. Fourth, the variation of the return to college gets larger when
up gets larger. Fifth, for individuals with any level of income, the counterfactual income when D = 0
is increasing in up. This means that when D = 0, individuals with relatively high income tend not to
attend the college. The counterfactual income when D = 1 is different. For high-income individuals, the
counterfactual income of attending college is decreasing in up, while the low-income individuals have an
increasing counterfactual income in up. This means that for high-income individuals, they attend college
because they can potentially have a higher income (check F\};OIIX,UD (7|z,up) and AnyD (t|z,up)), while for
low-income individuals, they attend college not because their potential income of attending college would
be higher but because their potential income of not attending college would be even lower. Dependence
of ﬁ‘;d 1| X.Up (r]z,up) on up indicates the invalidity of unconfoundedness. Sixth, the variation of potential
income when D = 0 is increasing in up, while the variation when D = 1 is decreasing. This means that
those who are eager to attend college have much more chances if attending college than not, while the
converse result is more suitable to those who are reluctant to attend college. All these results are intuitively
understandable in reality.

We next analyze the RMPRQTE between the constant shifts p, = p+ « (Policy I) and the proportional
shifts p, = p(1 + «) (Policy II) when = = (19,1937). We will not check the policy effect of the marginal
change in Z since it is discrete. RMFR\QTE as a function of y is shown in the upper right panel of Figure
where )V = Yy N Yy with Vg = [@yd (0.01), @yd(O.QQ)] and @yd (1) being the 7th sample quantile of Yj.
As mentioned above, p(X, Z)|X can take only four values, which makes the estimation of fy, x(up|z) in
the weight function w(up|z) impossible. To avoid this problem, we assume the distribution of p(X, Z)|X
does not depend on X, so the marginal density f,(up) is used in the weight function. This assumption is
roughly valid since the quarter of birth seems uncorrelated with the state or year of birth. In our estimation,

fp(up) is approximated by 20 discrete point masses. From Figure we can see that Policy I has a larger
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effect than Policy II for most income levels. Note that both the numerator and denominator of RM@TE
are negative. This is because as education expands, more people are enrolled in college. These marginally
enrolled people are less eager to attend college since the return is relatively low. This is somewhat like the
scenario that increases in college enrollment will deteriorate the quality of college graduate and make the
average wage level decrease.

We finally estimate the transition matrix defined in Section 5.1. It can be shown that the transition

matrix equals

0930 0.074 0 0 0 0 0 0 0 0
0.088 0707 0.142 0.052 0.009 0.002 0 0 0 0

0 0.191 0324 0.166 0.084 0.092 0.086 0.041 0.014 0.003
0.048 0311 0.226 0.077 0.053 0.062 0.076 0.078 0.073
0.012 0.088 (03101 0.193 0.119 0.072 0.052 0.063 0.107
0.036 0.076 0230 0.191 0.171 0.086 0.034 0.162
0.033 0.039 0.195 0208 0.162 0.131 0.046 0.187
0.019 0.117 0.187 0225 0.203 0.149 0.079 0.097
0.001 0.015 0.028 0.100 0.230 03768 0.156 0.023

0 0 0 0.012 0.016 0.093 0532 0.350

S O O O o o o

o O O o o

So unconditionally, the RP assumption does not hold since this transition matrix is far from the identify
matrix although there is a strong positive dependence between the two potential outcomes. The transition
matrix also shows that the independence assumption across counterfactual outcomes, which is the Veil of
Ignorance assumption used in applied welfare theory (see, e.g., Sen (1997)) or in aggregate income inequality
decomposition (see, e.g., DiNardo et al. (1996)), does not hold either. Another interesting phenomenon
is that the diagonal element is not the largest in seven out of ten rows and many individuals from the
low-income stratum may jump to the high-income stratum if attending college. This means that education

indeed changes people’s income strata.

8 Conclusion

This paper studies identification, estimation and inference of quantile treatment effects which are useful
in economic policy analysis. We use the MQTE to unify the literature and organize the whole paper. The
contributions of this paper can be summarized in four aspects. First, we clarify some key concepts in quantile
treatment effect evaluation. For example, what is the meaning of the rank preservation assumption and why
is it important? what is the difference between quantile of difference and difference of quantiles? what is the
relationship between the MQTE and other parameters of quantile treatment effects? Second, we estimate
various quantile treatment effects based on the distribution regression, derive their weak limits and show
the validity of the bootstrap inferences. These quantile treatment parameters include the MQTE, the QTE,
the IQTE and the LQTE. Third, we conduct two counterfactual analyses, namely, deriving the transition
matrix and developing the RMPRQTE parameter. These two tools are useful to remove the veil of ignorance
in assessing the distributional impacts of social policies. Fourth, we develop sharp bounds for the QTE
and provide sufficient and necessary conditions for point identification with and without the monotonicity
assumption. These results are useful to clarify the difference between this paper (which considers both the
selection effect and the essential heterogeneity) and the literature such as Chernozhukov and Hansen (2005)

(who consider only the selection effect). For example, under the monotonicity assumption, point identification
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of the QTE in the framework of Chernozhukov and Hansen (2005) only requires the instrument to have a
nontrivial effect on the propensity score, while in our framework, point identification requires the effect of
the instrument on the propensity score to be not only nontrivial but extremal.

There are many interesting problems which are unsolved in this paper and will be considered in our
future research. First, our propensity score estimator is parametric or semiparametric, while a nonparametric
estimator is also popular, see, e.g., Abadie (2003), Hirano et al. (2003), Carneiro and Lee (2009) and Cattaneo
(2010) among others. When the second-step estimator is only finite-dimensional, Newey (1994), Chen et
al. (2003) and Ichimura and Lee (2010) derive its asymptotic distribution and prove the bootstrap validity.
However, when the second-step estimator is infinite-dimensional as in our case, its week limit and bootstrap
validity involve nontrivial technical complications and will be pursued in a separate paper. Nevertheless, our
semiparametric estimator (combined with the goodness-of-fit test in Section 4.5) is enough for any practical
purpose. Second, our estimation scheme can be easily extended to multi-valued treatment case. We refer to
Cattaneo (2010) for the relevant literature on this topic (especially under unconfoundedness), and Heckman
and Vytlacil (2007b) and Heckman et al. (2006, 2008) for the MTE estimation. However, extension to
the case with continuous treatment is not trivial; see Florens et al. (2008) for some identification results
in the average treatment scenario. Third, a formal solution to the testing and inference problems at the
end of Section 3.3 is desirable. Finally, a key assumption in this paper is the RP condition (A6). When
this assumption does not hold, even the MQTE cannot be point identified. There are two responses to
the relaxation of the RP assumption. First, we can test whether the RP assumption holds. Second, we
can construct bounds for the MQTE (and related parameters such as the QTE and IQTE) and conduct
inferences on the identified sets; see Kitagawa (2009), Fan and Zhu (2009), Fan and Park (2009, 2010, 2012),

Fan and Wu (2010) and Kim (2013) for some related recent developments in different contexts.
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Appendix: Proofs

Proof of Theorem 2. We concentrate on the point identification of @, (Y1|X = x). Note that

1 _
sup L1 .2) < 5up @iz (1= oo | 2,51) 102 > 1 1)+ /(@)1 G52 <17

2E€EZ, 2€EZ, x
<y @I > 1-7)+ (@)l (PP <1-7),

T, 7z, 1) (P3P > 1)+ y“(x)1 (P3P < 1)

-
inf R x,z) > inf
L2, ( ’ ) - ZGZmleX’Z’D (piup

>y @)1 (P3P > 7) + Y (@)1 (pIP < 7).

When 0 < p3% < min{r,1 -7}, sup L} (z,2) < ¢'(z) < y*(z) < ian R (z,2), s0 Qy,|x (r|z) cannot be
ZEZ, ZEZy
point identified. So it is necessary for pi™® > min {7,1 — 7} to point identify Qy, x (7]z).
Assume p3'P is achieved at some value that Z can take, say, 2%'P. If pi* = 1, Qy|x,z,p(7|x, 2°'?, 1) <
sup LL (z,2) < 1nf RL(z,2) < Qy|x.zp(T|z, 2", 1), so sup L. (z,z) = inf RL(x,2).
2€Z, 2€Z, 2€Zq
If (V1,Yp) L D\X, 7, then under the assumption ,

sup 24 0.2) = sup {Qvix (1 25 Le) 100, > 1= 1) 44 @)1 e 2) < 17}

ZEZ, zZEZ, xZ, Z)

1—71
<QY|X<1—psup

X

) LG > 1—7) 4y (@)1 (2% < 1—7),

nf 1 (0,9) = 8 {@vix (TS0 10(02) 2 1)+ @1 (o) > )}

2EZ,

x

T Ssu u Su
ZQY|X<psup 1’>1(pxp27)+y ()1 (P < 7).

When p§'? = 1, sup L} (2, 2) = Qyx(7|z) = mf RL (z,2), so pS"P = 1 is sufficient for point identification of
Z€EZ,

Qy,|x (7|w). Suppose Y1|X = z is contmuously dlstrlbuted with a positive density on (y'(z),y*(z)). When
x) < QY‘X( g a?) = inf Rl (x,2). When

2EZ,
min {r,1 -7} < p"* < max{r,1— 7}, either sup Ll (z,2) < y'(z) < Qy|x (psTup
2EZ, ¥

1> pi™ > max{7,1 -7}, sup L} (z,2) < Qy|x (1 - ;;—u;
2EZ, z

<
x) < Z}Enme (z,2) or

sup LL (z,2) < Qy|x (I—Tlp

ac) < y"“(x) < inf R (x,2) or sup L! (z,2) < ¢l(z) < y*(x) inf RL(z,2)
ZEZ, ZEZ,

ZEZ, 2€Z,
1 1—
or sup Ly (z,2) < Qy|x (1 — oo

x) < Qy|X ( g
ZEZ,

point identification of Qy,|x (7[z). =

) < inf RL(z,2). So pi"? =1 is also necessary for
ZE x

Proof of Theorem 3. Depress the conditioning on X = z to simplify notations. From Theorem 1,

sup

/pw
0

P
contains no information on / Fy, v, (ylup)dup and / Fy,ju, (ylup)dup. Nevertheless, note that
P 0

1
Fy,\u, (ylup)dup and / Fy,ju, (ylup)dup can be identified, but the distribution of (D,Y, X, 7)
pi:nf

sup

Pa 1
P(Y <yp(Z)=p3"",D=1)p* < P(Y1 <y) = Fy, v, (ylup)dup +/ Fy,jup (ylup)dup  (28)
0 P

<P(Y <y|p(Z) =pi*,D =1)p"™ + (1 - pi),

ZD
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and

inf

Pa

1
P(Y <ylp(2)=pg",D=0) (1-p}") S P(Yo<y) = / nyllUD (ylup)dup + Fy, v, (ylup)dup
pin 0
<P (Y <ylp(Z) = p", D =0) (1 —pi") + pi".

We concentrate on bounding Qy, (7) since the results for Qy, (7) can be similarly derived. We derive the
proof into six steps. The first four steps are similar to the proof of Proposition 2 in Manski (1994).
Step 1: Rl (z) is an upper bound for Qvy, (7).

By (28),
PY <yp(Z2)=p;*,D=1)p"* >7= P(Y1 <y) > (29)

The premise of (29) is empty if that p3"® < 7. Suppose that p3*® > 7. Then the definition of R} (x) states
that
Ri(z) =min{t: P(Y < t|p(Z) = p"P, D = 1) > 7/p5"P} .

It follows that P(Y; < RL(x)) > 7. Hence Qy, (1) < RL(z).
Step 2: Ll(z) is a lower bound for Qy, (7).
By (28),

PY <y|p(Z) =p3", D=1)p;" +(1-p;*)<7= P(Y1 <y)<T,
which can be rewritten as

1—-7
P(Yﬁylp(Z)=p§“p7D=1)<1—Z);Tp=>P(1/1Sy)<T- (30)
The premise of is empty if pS"P < 1 — 7. Suppose that p"? > 1 — 7. Then the definition of L1 (z) states
that .
Li(z) = min{t P(Y <tlp(Z)=pP*,D=1)>1- :upT} .
Pz
It follows that, for all n > 0, P (Y; < LL(z) —n) < 7. Hence Qy, (1) > L1 (z).
Step 3: R1(z) is the least upper bound for Qy, (7).
First let p3"P > 7. For any A > 0,

X

1

P(Yy <RL(z)—A) =P (Y <RL(z) — Alp(Z) = p™, D = 1) p3® +/ Fy,up (R-(z) — Aup)dup.
P 1p

SU
x

Suppose Fy, |y, (RL(z) — Mup) = 0 for up € (p5'P,1], as is possible in the absence of other information.
Then the definition of RL(z) implies that

P (Y1 <Riz)—A) =P (Y <Riz) - Alp(Z) =pi"®, D =1)p5™ < 7.

Hence Qy, (1) > RL(z) — A\. Now let pS"P < 7. For any t < y*(z),

x

1
Py <t) =P <ip(2) =pi™, D =1)pi™ + /SUPFYAUD (tlup)dup. (31)
p

x

Suppose that Fy, |y, (tlup) = 0 for up € (p3*®, 1]. Then

P <t) = P(Y <tp(2) = p3"™, D = 1) i < 7.

62



Hence Qy, (1) > t.
Step 4: Ll(z) is the greatest lower bound for Qy, (7).
First let p"® > 1 — 7. For any A > 0,

1
P(Yy<Li(z)4+A) =P (Y < Li(z) + Ap(Z) =p3™,D = 1) pi*P + / Fy,jup (LE(z) + Alup)dup.

Suppose that Fy, |y, (LL(z) + Alup) = 1 for up € (p5*, 1], as is possible in the absence of other information.
Then the definition of L1(z) implies that

P (Y1 < Liz)+A) =P (Y < Li(z)+ Ap(Z) = p3™,D = 1) pi'® + (1 — p3®) > 7.

Hence Qy, (1) < L(z) + A. Now, let pi"P < 1 — 7. Let ¢t > y'(x) and suppose that Fy, |y, (t{up) = 1. Then

by (31)),

PY1<t)=P(Y <tlp(Z)=pP,D=1)pi"" + (1 — pi*P) > 7.

Hence Qy, (1) < t.

Step 5: Rl(z) = Li(z) if p*® = 1; p3% = 1 if Rl(z) = LL(z) when Y|X = z,p(X,Z) = pS'*, D = 1 is

continuously distributed with a positive density on (y'(z),y"(z)).
Suppose p3'P = 1, then L} (z) = Qy|x,p(x,2),0(T|z, p'P, 1) = R1(z).
Fix 7 € (0,1/2]. When 0 < p3% < 7, L (z) = y'(2) < y*(z) = RL(z). When 1 > p3% > 1 — T,

Ll (x) = Qv |x,p(X,2),D (1 — Zlfup‘x pEP, 1) < Qv |xp(x,2),D ( sup}x pEIP, 1) = Rl (x). When 1 — 7 >

PP > 7 L (2) = yl(2) < QY‘XP(XZ)D( sup)x PSP 1). So when 7 < 1/2, Q, (Y1|X = z) cannot be
point identified unless p3"P = 1. Similarly, when 1 > 7 > 1/ 2, Qy,|x (7|7) cannot be point identified unless
psup —1.

Step 6: sup L (z,2) = L (z) and inzf R (z,2) = Rl (z) under assumption (H)
zEZ, ZEZ,
Note that

inf R (z,2) = zlenzfz {QY|X7Z,D <

Z2EZ,

p(;z)‘ z, 2, 1) L(p(z,z) > 7) 4+ y*(2)1(p(z, 2) < T)}

’
= inf {ny,p(x,z),D (p

Pz EP.

T, Das 1> 1(pz > 7) +y“(z)1(ps < T)}

and

r
R7 (z) = Qv |xp(x.2).0 <p

z, p3t 71) L(py™® > 1) + y*(2)1(p3™ < 7).

If p3"P < 7, the result is trivial, so assume pS"P > 7. First, ian Rl (z,2) < Rl (x), so we need only show
Z2EZ,

inzf RL (x,2) > RL(x). Since ian R (z,z) must be achieved at some p, € P, such that p, > 7, we need

Z2EZ, z2€EZ,

only show

-
T, Pas 1) > Qy|xp(X,2),D (p
xr

-
i (z,p.) = Qv|x,p(X,2),D ( x, piP, 1) =rl(z)

x

for any p, € P, and p, > 7. From the definition of 7! (z,p,), vl (z,p,) is the infimum of r such that
Pa

PY <rlX=2,p(Z)=p,;,D=1) > 7/p, or / Fy,\x,up(r|z,up)dup > 7. Since Fy,|x v, (r|z,up) > 0,
0

sup

Py
/ Fy,x, vp(r (z,ps) |z, up)dup > 7 or P (Y <rl(z,p.)|X =2,p(2) =p3*®, D = 1) > 7/pS"P. Since
0
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rl(z) is the infimum of r satisfying P (Y <7|X =z,p(Z) =p2**,D =1) > 7/p%P, rl(z,p,) > rl(z).

T

Similarly, we can show sup L! (z,z) = L. (z). m
2E€EZ,
Proof of Theorem 4. The following theorem applies to the case where ), is a compact interval of R.

The case where Yy is discrete is simpler. Lemma E.1 and E.2 in the following proof are referred to the
corresponding lemmas in Appendix E of Chernozhukov et al. (2013).
Step 1: We apply the proof idea of Theorem 5.2 of Chernozhukov et al. (2013) to derive the weak limit of
Ba(ya)-

If we use the notation of Chernozhukov et al. (2013), u = y = (yo,v1),0(u) = (v, Bo(v), fi(y)") =
(v,81)") €R¥% and U =Y = Vo1 = {(y0,11)|50 € Vo, y1 € V1 }. Note that the first element of 0(u) does
not depend on y. Let

(p—D)H
Qﬁy,g(D,Y,X,Z): ( )

DINT

(R'Y)R,
[A(T"Bo) — 1Y < yo)] H(T"Bo)T,
B1) = LY <) H(T'B1)T,

where H(-) = A(-)/{A(-) [1 — A(-)]}. Let ¥(0,y) = P (¢y,0) and (0, y) = P, (¢y,0), where P, is the empir-
ical measure and P is the corresponding probability measure. From the first order conditions, distribution
regression in the sample obeys é\(y) = $(W(0,y), 0) for each y € ), where ¢ is the Z-map defined in Appendix
E.1. Then, by Step 3 below

Vn (‘T’ - ‘I’) e W= (W, Woyo), Wi(y1)) in £ (R x V), W(y,0) =G (py)

where W has continuous paths a.s. with three components being independent of each other. Step 4 verifies
the Conditions of Lemma E.1 for

J, 0 0
Yowyu = | Jop(vo) Jo(yo) O = J(v),
Jip(y1 0 Ji(y1)

where Jp,, J4(yq) and Jgp(ya) are defined in the main text, which also implies y — (B(y) is continuously
differentiable on ). Then, by Lemma E.2, the map ¢ is Hadamard-differentiable with the derivative map
wr+— —J tw at (¥,0). Therefore, we can conclude by the Functional Delta Method that

~

Vi (00) = 00)) ~ = OWO(), ) in €2 (2)".
This further implies that

Jo(wo) ™" (Jop(yo) T, "Wy 4+ Wo(wo))

vn (ﬁ(y) - ﬁ(y)) T ( Ji(1) ™ (Jip(ya) Ty Wy + W)

) in € ().
Note that the weak convergence in this step does not reply on compactness of ).
Step 2: We derive the results for conditional CDFs and the MQTE. [Here we shall rely on compactness of
YXP. Then )y and Yy are closed interval of R.]
Consider the mapping ¢ : D, C £*° (y)d” — (> (yX’P)Z, defined as b — ¢(b),

A(T(z,p)) bo(o)) — (1= ) 5 bo(wo) - A (T <,p>’bo<yo>),>

A
w(b)(y,p,w)—< AT (2, 9))br (1)) + P22 by (1) - A (T (,p) bi(yn)) -
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It is straightforward to deduce that this map is Hadamard differentiable at b(-) = 3(-) tangentially to C ()%
with the derivative map given by: a +—— @%(_)(a),

Py (@) (Y, ,p) = ( Py (@)Y, 2, p) ) |

@i, () (@)Y, 2, p)

where ¢ (- and gplﬁl(.) are defined in the main text. Since

Py (lesp) = AT, ) Bo(uo)) — (1 = 9) TP o) (T (@) Boon)).
) or (:E)p)/ a

Py, x.0, le,p) = A(T(@,p)) Brn) + p Buw) A (T (@.p) Bul))

dp

by the delta method it follows that

lfyo\x,UD (wlz,p) = Fyyxop nlz,p) \ [ @b (Jo(yo) ™" (Jop(wo)Jy "Wy + Wo(yo)))
Fy, 1 x,up (W1]2,p) — Fy, 1 x,up (Y112, D)

and

v ﬁ;O\X,UD (1], p) — Fyyx.up 1]z, p) = B (Jo(yo) ™" (Jop(wo) T, Wy + Wo(yo)))
S xup Wl@,p) = By, x,up, (112, p) ¢,y (i)™ (Jip(yr) T, Wo + Wi(yn)))

Also, AMRTE (g yp) is estimated as
Ax,up (Tlz,up) = Fil\X,UD (7|2, up) — FYTO}XJJD (Tlz,up).

By the proof of Theorem 4.1(2) of Chernozhukov et al. (2013), the results in the theorem follow.
Step 3: We verify that {g@yg(Y, X, 2)|(y,0) € ydee} is P-Donsker with a square integrable envelope.

> in (= (YXP).

We only analyze D [A(T"S31) — 1(Y < y1)] H(T'B1)T for illustration. The function classes Fy = {16181 € R},

Fo = {1(Y <wy1)|ly1 € 1}, and {DTylg=1,--- ,dr} are VC classes of functions. The final class § =
{(A(F1) — F2) H(F1)DTylg=1,--- ,dr} is a Lipschitz transformation of VC classes with Lipschitz coeffi-
cient bounded by const- ||T'|| and envelope function const- ||T||, which is square-integrable. Hence G is Donsker
by Example 9.19 in van der Vaart (1998). Finally, the map (81,y1) — D [A(T"01) — 1Y < 1) HT'51)T
is continuous at each (81,v;1) € R%1 x Y, with probability one by the absolute continuity of the conditional
distribution of Y (when Y is not finite).
Step 4: We verify conditions (a)-(c) of Lemma E.1.

Condition (a) and (b) are immediate by the assumption. To verify (c), a straightforward computation
gives that for (0, y) in the neighborhood of (6(y),v),

%‘I’(Ga y) = (32)
E [{h[p—D])+H\} RR'] 0 0
Aoy E[(1—D){ho[Ao—1(Y < yo)| +HoXo} TT'] 0
Aq, 0 E[D{h [AM—1(Y <y +H M} TT'|
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and

0 0
0
87/\1](9’3/) = | —E[(1-D)fyx,zpylX,Z D)HT] 0

0 —F [DfY|X,Z,D(y|X7 Z,D)HlT]

0 0

=| —E[(1-D)fyvoix.zW|X,Z)HT] 0 ,
0 —F [pfvy1x,2(y| X, Z)H1T]
where
Aay = (0= DV TLELI iy 4y — 1y < 30)) 4 2] T + o[ =107 < o)) o2 ).

Ay =B {DA {aT();’pp)/ﬂl s (Ar = LY < 92)) + MHL T + Hy [Ay — LY < g)] ZLEP) } R/}

and T = T(X,p), R = R(X,Z), H = H(R"), p = AR"), h = h(R'v), A = MR'y), Hq = H(T"Ba),
ha = h(T'B4), Aa = AT Ba), Aa = AM(T"B4). Both terms are continuous in (0, y) at (8(y),y) for each y € V.
The computation above as well as verification of continuity follows from using the dominated convergence
theorem, and the following ingredients: (1) a.s. continuity of the map (0,y) — %cpyﬂ(Y, X,7), (2)
domination of ||%g0y’9(Y, X, Z)H by a square-integrable function const- ||(R,T)]||, (3) a.s. continuity and
uniform boundedness of the conditional density function y — fy|x 7z p(y|X, Z,d), and (4) H(-) is bounded
uniformly on R, a.s. By assumption and the lower-triangular form of %W(G,y), %\P(H(y),y) is positive-
definite uniformly iny € ). =

Proof of Theorem 5. Since TX and T are continuous functionals of ffff(y) — ﬁg(y), y € Y4, we can
apply the continuous mapping theorem to get their asymptotic distributions as long as the weak limits of

Hi(y) — Fi(y), y € V4, are derived. For this purpose, let

(p— D)H(R'7)R,

(1 =D)[AT"Bo) — LY < yo)] H(T"Bo)T,
DIAT'By) — (Y <y1)] H(T'B1)T,
@yo(D,Y, X, Z) = | (1-D)-1(Y <o) — H°(y0),

D-1(Y <wy1) — H' (),

(1= D) - A(T'Bo) — F°(yo),

D - MT'B1) = F' (1),

and W (0,y) = P (py.0), where 6(y) = (v,B0(30)’, B1(11)'s HO(y0), H' (y1), F*(0), F' (1)) and other nota-
tions are the same as in the proof of Theorem 4. It can be shown that

JIp 0 0 o 0 0 O

Jop(yo) Jo(yo) O 0 0 0 0

) le(yl) 0 Jl(yl) 0 0 0 0
Vo) = 0 0 o -1 .0 0 o [,

0 0 0 0 -1 0 O

A9 A 0 0 0 -1 0

Al 0 A0 0 0 -1
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where Ag and Ag are defined in the main text. By the Functional Delta Method, it follows that

H})(yo) — H'(yo) Gl (o)
) - 1) | | Gl | e g
V| Be) - Fo) By | MO (38)
(1) = F(y1) Gr(y1)

where G (y4) and G%(y,) are defined in the main text. By the continuous mapping theorem, the asymptotic

null distributions in (i) follow.
Under Hy, if P(Y € Sq(B4,7),D=d) >0

Ty = \/ﬁ;gl Hy(y) = H'(y) - (ﬁi(y) -F (y)) + (Hl(y) ~F (y))‘
Y, Ay - 2w — (Fw) - F') + (H°0) - F'w))|

=0y (\/ﬁ)’

and similarly, ¢ = O,(n), which implies that for any sequences of random variables {c, : n > 1} with
cn = 0,(1),

lim P (TFX >¢,) =1and lim P(TY >¢,) =1,
where Fd(y) =E[1(D = d)AT(X,A(R(X, Z2)7)) Bq)] with 8, € Bd(yd) and 7 € T being pseudo-true val-
ues of B4 and v. Note here that although we can show a similar result as in s Jp, Ja(+) and Jyp(+) cannot be

simplified under H; and must take the form as in (32)). Nevertheless, \/ﬁsup Hd( ) — Hi(y) — (ﬁff(y) - Fd(y))‘ =
ISNZ

d

O,(1) and is dominated by /n sup (y)) ’
yEVa

From Lemma 2.8.7 in Van der Vaart and Wellner (1996, p. 174), /n (f[g(yd) - Hff(yd)) and \/n (F\g(yd) — Fff(yd))

under the local alternative have the same weak limit as /n (I?I,(f(yd) - Hd(yd)) and \/n (ﬁ{f(yd) - Fd(yd))
under the null (associated with p. and F%), where HY(ys) and F%(y4) are the counterparts of H%(yg)
and F%(yq) under the local alternative. So it remains to find the limits of /n (HZ(yqs) — H%(yq)) and

Vi (Fi(ya) — F(ya)).

Vi (H(ya) — H(ya)) = 04F [(Q4(yal X, 4u (X, 2)) — F(ya| X, 4u(X, 2))) L(D = d)]
+ 60 [(FH(yal X, qn(X, 2)) — F(yal X, p«(X, Z))) 1(D = d)]
— 04 [(Q*(yal X, p.(X, 2)) — F(ya| X, p.(X, 2))) L(D = d)]

(Hiw) - F

by the bounded convergence theorem. Since
Vi (F2(ya) = Fya) = Vi (EINTLBan) - 1(D = d)] — E[A(T'Ba) - 1(D = d)])
where 7, in T,, and (B4, are the true values of v and 35 under local alternative, we have

v (Fi(ya) = F(ya)) — =0, [Az + ASJa(ya) " Tap(ya)] Jp_lE [(¢ — D) H(R')R]
— 5dAng(yd)71E [[A(T/Bd) - Qd(yd|X,ﬁ)] H(T/ﬂd)T . 1(D = d)] ,

by a similar argument as in Step 1 of Theorem 4. m
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Proof of Theorem 6. We take T as an example since the proof for 7. is similar.
Because (ﬁg(yo),ﬁ;(yl),ﬁg(yo),ﬁé(yl)) = ¢(U(0,y)) and ¢(-) is Hadamard differentiable at ¥(6,y),

where U(6,y) = P, (py0) and U(0,y) = P (py,9) with ¢, ¢ defined in Theorem 5, by the functional delta
method for the bootstrap (Van der Vaart and Wellner (1996), Theorem 3.9.11, p. 378), it holds under either
the null or a fixed alternative that v/ (A" (yo) = P2 (yo), HE (1) = B (y1), F* (90) = FO(yo), B (1) — Fl () )
weakly converges to a tight mean zero Gaussian process whose distribution coincides with that of the limit
process in under Hy.

Under Hy, it follows from the above result that ¢,(a) = c(a) + op(1) under Hy. This implies that T;,
and T}, — (¢y(a) — ¢(a)) converges to the same limiting distribution as n — oo, and hence we have that
P(T,, > ¢,(a)) = a+ o(1) under the null.

Under a fixed alternative, ¢,(«) is bounded in probability from the above result. Thus, for any € > 0,
there exists a constant M such that P(¢,(a) > M) < e+ o(1). Using elementary inequalities, we also have
that

3
=
A
)
£
I
3
5
A

(@), En() < M) + P(T) < E0(q), (@) > M) < P(T), < M) + P(@,(a) > M).

From Theorem 5(ii), we know that P(7T,, < M) = o(1), and thus P(T,, < ¢,(a)) < €+ o(1), which implies
the statement of the theorem since e can be chosen arbitrarily small.

As to part (iii), we can use Anderson’s Lemma (e.g., see Ibragimov and Has'minski (1981), Lemma 10.1, p.
155) and similar arguments of Andrews (1997, p. 1114) to show that lim P (T, > ¢(a)) > a. Furthermore,
we have already shown in part (i) that P(T,, > ¢,(a)) = P(T,, > c?a)cso—l— o(1) under the null. By using
contiguity arguments, this can also shown to be true under the local alternative; see, for example, the proof
of Corollary 2.1 in Bickel and Ren (2001, p. 97). =
Proof of Theorem 7. Note that

ElY — po(X) = D (1 (X) — po(X)) | X, Z]
= E[Uy+ D (U, — Up) | X, Z]
=FE[0(X,Z,V) (U — U)X, Z]
= E[0(X,Z,V)|X, Z|E[(U, — Uy)|X, Z]
=0,

where the second equality uses E[Up|X, Z] = 0, and the third equality uses (U — Uy) L V| (X, Z), and the
fourth equality uses E[U; — Up| X, Z] = 0. This is the parallel result of Theorem 1 of Chernozhukov and
Hansen (2005) in the average treatment effect evaluation.

To identify p1(X) — po(X), we need for all A\g(X) and A\ (X) with finite expectation,

E[Mo(X) + DA\ (X)X, Z] = Ao(X) + E[D|X, Z]A1(X) = 0 = A (X) = 0. (34)

If E[D|X, Z] > 0, then A;(X) = 0 is equivalent to Ao(X) = A1 (X) = 0. If Z can take only one value, obvi-
ously, (34) cannot be satisfied. Suppose Z can take two values, z; and z3, then E[A\o(X)+ DA (X)|X,Z] =0

implies

Xo + E[D|Z = 1]\ =0,
)\0 +E[D‘Z = ZQ])\l = 0,
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ie.,

1 E[D|Z = z] o\ [0
1 E[D|Z = 2] n ) Lo)?

where we depress the conditioning on X to simplify the notations. As long as E[D|Z = z] # E[D|Z = 2],
we must have \g = A; = 0. Interestingly, we do not require E[D|Z] € (0,1) as long as Z has a nontrivial
impact on D. Also, this condition is equivalent to that D is complete for the "parameter" Z in the family
of Fp|z. To see why, note that for any A\(D) with finite expectation (which is equivalent to [A(0)| < oo and
IAM(1)| < 00), E[A(D)|Z] = 0 implies

M0)Ppz(01Z) + A(1)Ppz(11Z) = A(0)(1 — E[D|Z]) + A(1)E[D|Z]
= \0) + (\(1) — A(0)) E[D|Z] = 0.

If Ao+ M E[D|Z] =0 for any Ag and \y = \g = A; = 0; then A(0) + (A(1) — A(0)) E[D|Z] = 0 for any A(0)
and A(1) = A(0) = A\(1) =0.
The usual IV estimator of 3 in the regression Y = a+ DB + ¢ with e = Uy + D (Uy — Up) is

—

~ Cov(Z,Y)
Brv=——-",
Cov(Z,D)

where Cov is the covariance estimate (conditional on X). It is easy to see that

Cov(Z,e)

) p
Brv — B+ CoulZ, D)’

where Cov(,-) is understood as the conditional covariance given X.

Cov(Z,e) = Cov(Z,Uy+ D (U — Uy))
= C’O’U(Z7 UO) + COU(Z,D (U1 - Uo))
= CO’U(Z,D (U1 — UQ)),

where the last equality is implied by the assumption E[Uy|X, Z] = 0 and E[Uy|X] = 0.

Cov(Z, D (Us — Up)) = E[ZD (Us — Uy)] — E[Z] E[D (Us — Uy)]
— E[ZED|Z) E[U, - Us|Z)) - E|2) E|ED|Z) E U, - Up|Z)]
=0,

where E[-|] is understood as conditional on X, the second equality is from (U7 — Up) L V| (X, Z) and the
law of iterated expectation, and the last equality is from E[U; — Up|X, Z] = 0. This derivation is similar as
that in footnote 5 of Heckman et al. (2006).

All the elegancy in the identification of p1(X) — uo(X) and the consistency of B v hinges on the linear
structure of pg(X) + D (u1(X) — po(X)) in D. m
Proof of Theorem 8. Consider the mapping ¢ : D, C R x (> (V)% — R2 x £° (YX)*, defined as
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(a,b) — p(a,b),

AR(z,1) a)

A(R(z,0)'a)
| AT(=z,p(z,15a)) b1(y1))
ABDEI =1\ (1 (e, ple, 0;0)or (31)
A(T(z, p(x, 1;a)) bo(yo))
AT (z, p(,0;5a)) bo(yo))

It is straightforward to deduce that this map is Hadamard differentiable at (a,b(-)) = (v, 8(:)) tangentially
to R% x C (¥)* with the derivative map given by: (1, a) — @ 50 (M, @),

A(R(x, 1)7)R(x,1)'n
A(R(x,0)'7)R(x,0)'n
: AT (2, pla, 159)) 81 (y1)) | HEREGEBLN (R, 1)) R, 1)'5+ T, (2, 157))) e (1)
P01 2N = 5D, pa, 057)) B (y1)) | ZLE2@00 508) ) (R, 0)'y) R, 0)' + T, pl(, 05))Y e (1)
MT (. pl, 137)) Bo(yo)) | Lol Bolwod \( Rz, 1)'y) R(x, 1)’y + T, p(, 1;7))) a0(yo)
AT (,p(, 0;7)) Bo(yo)) | LE2CefB00) ) (R(z, 0)') R(w,0)'n + T (w, p(x, 0;7))) 0 (y0)
Since
& 0.1 — AT AT D)) By ) AR, 1)F) = MT (@, ARG, 015)) B (1)) AR(, 0)'F)
TP DA MA@ 1)73) - AR, 0)7) ’
& (ol 0.1) — AT AR, 015)) Bo(yo)) (1 = AL, 0/7)) = MT(w, AR, 1)'T)) Bolgo)) (1 = ARz, 1)'7)
HoR Do DR A(R(z,1)7) — A(R(z,0)7)

by the delta method it follows that

FY1|X,D0,D1 (y1|xa 07 1) - FYﬂX,Dg,Dl (y1|$a Oa 1
i £
Fy,x,p0,0, (Y0l7,0,1) — Fy;|x,D,,0, (Y0]2,0,1

)
)

- < ey (Woy =J1(y1) =t (Jip(yn) I, ' W + Wi(yr)))
(

) . ,
X)),
2500y (W =Jo(y0) ™ (Jop (o) W5 + Wal(wo))) ) e

where

?30) (m )

FY\Xp(XZ)D(ZU1|9C p(z, 1), DA(R(z,1)'v)R(z, 1) — Fy\x p(x,2), p(1lz,p(z,0), )A(R(z, 0)'v)R(x, 0)’
+p(:v71)A(T(m,p(:v71)))’61(1/1))M1WA( (2,1)7) R(z, 1)’
—p(, AT (2, p(, 0)))' B (yr)) LLELEON LW \(R(z,0)') Rz, 0)

- p(z,1) — p(x,0) 7

) (x’ 1) FYlXp(X Z), D(y1|$,p(:v,0),1)p(w,0)
[p(z, 1) = p(x,0))*

Do, pla, 1)) -

_ Bixpeez.olneplz, 1),1 A(R(z 1Y7)R(z.1) — MR(z,0/7)R(z,0)]

p(z, VAT (2, p(x, 1)) B1(yy
p(z,1) — p(z,0)

p(z; AT (, p(x,0))'B1(y1))

* (@, 1) — p(,0)

T(x,p(a?, O)))/ 041(:1/1),
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and

4)05,,50(‘) (1, @)
Fyx.p(x,2).0 (ol 2, (@, 1), OA(R(2, 1)) R(z, 1) — Fy|x p(x.2).0 Wolz, p(x,0), 0)A(R(z,0)y) R(, 0)’
+[1 = p(@, )] M(T(z, p(, 0))' Bo(y >>%‘;WA( (,0)'y) R(=, 0)’
- —[1 = pla, DIA(T (z, p(a, 1)) Bo(yo)) =L P \ (R, 1)) R(a, 1)
- p(e, 1) — p(z,0) 7
FY|Xp(XZ (yo\x p(z,0),0) [1—17(33’0)] FY\X,p(X,Z),D(Z/0|33ap($a1)70) [1—]9(3771)]
[p(z.1) - p(, 0))
AR(z, 1)7)R(x, 1) — A(R(x,0)'7)R(z,0)]n
1 — p(z, 0)] M(T(z, p(z,0)) Bo(yo 1 —p(z, DI XNT(z, p(z, 1)) Bo(yo ,
[1—p( p)(}@(l)(_ pé 70)» (%)) [1— p( p)(]%(l)(_ p((x ,0))) ®0) 1 pi 1)) ] (o).

which can be simplified to the form in the main text. By the proof of Theorem 4.1(2) of Chernozhukov et
al. (2013), the results in the theorem follow. m

)

(x
(x

+ (z,p(x,0))" -
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Supplementary Materials

1. Derivation of Weights for the QTT and QTUT

The following derivation is similar as that in Section 4 of Heckman and Vytlacil (2001a). We start from

Fy, x,up, (yalz,up) since it can be identified from our data directly. First,

1 P
FYd\X,UD,D(ydlxvpa 1) = 5/ FYd\X,UD (yd|$,UD)duD-
0

Second,
1
Fy, x,p(dlz, 1) = / Fy, x,up,0Wdlw, p, 1)dFyx,z)x,p(plT, 1).
0
Using Bayes’ rule, it follows that

PD=1X =x,p(X,Z) =p)
P(D=1|X =1x)

dF,x, 7y x,p(plz,1) = dFyx,z)x (plT)-

Since P(D = 1|X = z,p(X, Z) = p) = p, it follows that

1
PD=1X =z

1 P
Py (yal, 1) = 7 [ [ Fraxe, <ydx,uD>duD} AF 201 (k).
0 0

1
Note further that since P(D =1|X =z) = E[p(X,2)|X = 2] = / (1= Fpx,2)x (t|2)) dt,
0

1
PO=1X =z
1

=
A(lpr(X,Z)\X(ﬂfF))

1
= / Fy, 1 x,up (yalz,up)
0

1 1
Fy,x,p(yalz,1) = )/ [/ H(up < p)Fy,1x,up (yd|$7uD)duD] dFyx,7yx (p|r)
o LJo

1 1
/ [/ L(up < P)de(X,Z)X(pW} Fy, x,up (yalz,up)dup
dt 0 0

1 — Fy(x,z)x (up|z)

1
/ (]. — Fp(X7z)‘X(t|ZL')) dt
0

duD

1
=/ Fy,x,up (Yalz,up)hrr (2, up)dup,
0

where hrr(z,up) = (1= Fpx,z)x(uplz)) /E[p(X,Z)|X = ] is the same weight as in Heckman and
Vytlacil (2001a). Similarly,

1
FYd|X,D(yd|an):/ Fy, x,up yalz,up)hrur(z, up)dup,
0

where hryr (2, up) = Fpx, 2y x (up|z)/E[1-p(X, Z)|X = z]. Third, from Fy,|x p(ya|z,1) and Fy, x p(ya4|z,0),
we can identify

A':QTT(‘%) = F):ll\x,p(ﬂxv 1) - F;OTX,D(Tka 1)

and

ARTUT (1) = F£1‘X7D(T|$, 0) — F%TX7D(T|3:, 0).
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2. Another Counterexample for Section 3.3

Example 3 Suppose Yy € [0,y“(z)] conditional on X = z. p,¥ = P(Y = 0|X = z,p(X,Z) = pi"P, D =
1) € (0,1) and p%f = P(Y = 0|X = z,p(X,Z) = p,D = 0) € (0,1). Y|X = a,p(X,Z) = p>*®,D = 1
and Y|X = z,p(X, Z) = p™, D = 0 are continuously distributed with a positive density on (0,y"(x)). First
check the bound for Qy, x (7|x):

Ll (z) = { Qv|X.p(X,2),D (1 ~ | T 1) Iy >1—7and 1 - = > poy’s

0, zfpbup<1—7or[pb‘lp>1—7'and1— Sup<pm1/
0, if p*P > 1 and sup <pr,
R}_ (x) = QY|X,p(X,Z),D (psup ,pSUp 1) praup > 7 and wp > pzlip7
U(x), if PP < T

When max{lfT,ﬁ} < pir < % or v < Py < 1-7, Li(x) = Rl (x) = 0. Otherwise,
1 xl xl

Ll () < R!(z) unless p"P = 1. Similarly, when 1 — 11% < pi*f < min {’T 1-— W} or 7 < pinf <
x0 r 0
1— mf, LY (z) = RY (z) = 0. Otherwise, L (x) < R? (x) unless p'*f = 0. In Fzgure@ only the blue area

augmented by {pi =1} ({p = 0}) is the combination of p5™ (pi™*) and pl1" (p2) for point identification
of Qvyx (T]%) (Qyyx (T|2)) when 7 = 0.1,0.25,0.5,0.75,0.9. Obviously, p'™ = 0 and pi"® = 1 are not
necessary for point identification of ASTF(z). Only if piy° < 7 and pif < 7, p™ = 0 and pS*® = 1 are

necessary. [J

3. Derivation of Equation (23]
The following derivation is similar as that in Appendix B of Heckman and Vytlacil (2005).
1
Py 0al) = [ By Gl )AE 3, 010
0
11 pl
= / / Lo,p(uD)Fy, 1x, Up . Wal®, up) + 1 (up) Fy, . (x,0.0p o (ydx,UD)dUD] dF, ,x,, (plv)
o LJo

1r 1
— [ 1] )Py, 0000 0 (00k0,100) + Lo (9P 15,0 vl 0D)AE 15, (p|x>} dup
0 LJO '

1 .
— [ B ple)) Fre i, vl ) + By, (0nle) Py, 15,00 sk up) | dus
Al |
1
= / [(1=F,_,ix,. (wpl|2)) Fy, ,1X0.Up . (Yalz,up) + F,, x,, (up|2) Fy, ,1x, 0., (Yalz,up)] dup
0

where po = par (Xar, Zar), the third equality is from Fubini’s theorem, and the last equality is from assump-
tion (A7).
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4. Moment Conditions for the QRE and IV-QRE

If we use the QRE to estimate the QTE, AQTF(z) is the 8 such that for some a, Q, (Y —a — DB|X = ) = 0.

The moment condition to identify (a, ) is

£[(3 ) zasomfx=d o

ie.,

T [ P(Y<a+DBIX=n2)
rEp(X,2)X =2 )~ \ EDIY <a+DAIX =4] |

We calculate these moment conditions in our framework. First,

P(Y <a+DAX —2) = / P(Y < a+ DBIX = 2,p(X, Z) = p) dF,x.2x (pl2).

where
PY <a+DB|IX =x,p(X,Z) =p)
=PY <a+DB|X=z,p(X,Z)=p,D=1)P(D=1|X =2,p(X,Z) =p)
+PY <a+DBX =z,pX,Z)=p,D=0)P(D=0X =z,p(X,Z) =p)
P 1
:/ Fyl‘X7UD(a+B|x,uD)duD+/ Fy, 1 x,up (a|z,up)dup.
0 P
Second,
E[DI(Y <a+ DB)|X = x| = /E[Dl(Y <a+ DP)X =x,p(X, Z) = pldF,(x,z)x (plz),
where

EDIY <a+ DB)|X =z,p(X,Z) =]
=EDIY <a+DB)|X =z,p(X,Z)=p,D=1P(D=1X =2,p(X,Z) =p)
+EDIY <a+DB)|X =z,p(X,Z)=p,D=0]P(D=0|X =2,p(X,Z) =p)
=PY1<a+8|X=z,Up<p)p

P
= / FY1|X7UD (Oé + 6|x7uD)duD
0

In summary,

1
T/(l—p)de(X,Z)lx(p\x) /U FYolx,UD(amauD)duD} dFp(x,2)x (plz)
= p
4

T/dep(XZ)\X(pm / [/0 Fy, 1 x,u,(a+ 5|I7UD)dUD} dFyx, 7y x (p|®)
which is a very nonlinear system of functions. If Fy, x v, (yo|z,up) and Fy,|x v, (y1|z,up) do not depend
on up, or Up is independent of (Yy,Y7) given X, or the unconfoundedness assumption holds, then 8 will
identify AYTE(x); otherwise, won't.

The IV-QRE of Chernozhukov and Hansen (2006) is estimating ¢(1,z,7) — q(0, z, 7), where ¢(d, x,7) is
defined by E[1 (Y < ¢(D, X, 7)) —7|X =2, Z] = 0. If use p(X, Z) as the instrument, then the corresponding
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moment equations are

P 1
- /[/ FY1|X,UD(04+/B|-T7UD)dUD+/ FYOX,UD(O‘|x7uD)duD:| dFyx, 7y x (p|x)
= 0 P
( TE[p(X, Z)|X = ] )

P 1
/p {/ Fy, 1 x,up (@ + Blz,up)dup +/ Fy,1x,up (Oé|1',UD)dUD] dFyx,zy x (plr)
0 P
where the first moment condition is from above, and the second moment condition is from
Ep(X,Z)1(Y <a+ DB)|X =a] = /E[P(XU Z2)IY < a+ DB)|X = z,p(X, Z) = pldFyx,2)x (pl2),

and

Ep(X,2)1(Y <a+ D)X =2,p(X,Z) = p
=pE[1(Y <a+DB)|X =z,p(X,Z)=p,D=1P(D=1|X =2,p(X,Z) =p)
+pE[I(Y <a+DB)X =z,p(X,Z)=p,D=0]P(D =0|X =z,p(X,Z) =p)
=pE[I(Y1 < a+ )X ==,p(X,Z) =p,Up < plp+pE[L(Yo < &)|X = 2,p(X, Z) =p,Up > p|(1 - p)

P 1
=p {/ Fy, x,up (@ + Blz,up)dup +/ Fy,1x,up (alz,up)dup | .
0 P
In the unconfoundedness case, the system reduces to

( . ) [ Fixta+ i) + (1= ) Fyeix(ala)] dFyx.zx ole)
TE[p(X, Z)|X = g /p [PFy, x (4 Blz) + (1 = p) Fy, x (e|z)] dFyx, 2)x (pl2)
which can be satisfies by a = ¢(0,z,7) and a + 8 = q(1, z, 7).

In the example of the main context, we assume that « is known and numerically solve the moment

conditions. Specifically, for the first specification where only the selection effect exists, the moment condition

for the QRE is
“Yr —
T_ / /:D(I) i (2 +B8 0.5® 1(UD) .
2 0 V0.75
and for the IV-QRE is

2" H(r)+8 -1 1 -1 -1
- P (2O 501 (uy) B1(7) — 0.5 (up)
= P 2 du —|—/ <I>( dup | dp;
2 / i /0 ( NONE > v, NONG P

for the second specification where only the essential heterogeneity also exists, the moment condition for the

QRE is
» VI® N (1)+B—® '(up) 0.55-1
AT ( 2 | wD)) d"“’] v

V0.75
and for the IV-QRE is

P Ve N (1)+B—® (up) 0.5 1 -1 _ -1 _ -1
%:/p / @( 2 : (“D))duD+/ o (‘ﬁq) (r) ~29~ (up) — 0.5 (UD)>duD] dp.
0 p

dp,

V0.75
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