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SUMMARY

This supplementary material contains the proofs of Proposition 1, Theorems 1-3, Corollary 1,
and simplifications in Case three and simulations.

APPENDIX A: PROOF OF PROPOSITION 1

LEMMA S1. If €9; and e3; are independent and symmetrically distributed about 0, then €; =
bea; + €3 for any b is symmetrically distributed about 0.

Proof. Denote the pdfs of ez; and €3; as fe,(-) and fe,(+), and the cdfs as Fi,(-) and F¢,(-).
For any ¢, the equality pr(e; < d) = pr(e; > —4) implies our conclusion. Now,
5 begl
(61 < 5 / feg 621)/ f63(€31)d€21d63l
/ fes(€2i) Feg (0 — bezi)dea; = / feo(—€2i) Fey (0 — b(—€2;))d(—e2;)
e.¢]
—/ Jes (€2i) Fey (6 + e )deg; = / fes (€2i){1 — Feg (=0 — beg;) bdeg;

2/ f52(62i)/6 Jes (€3i)dez;des; = pr(e; > —0)
—0o0 —6—bea;

This completes the proof of Lemma S1. O

Proof. For case (i), we condition on X; everywhere. Since eo; and €3; have symmetric densities
about 0, ¢; has a symmetric density by Lemma S1 with Med(e; | X;) = 0. Taking median of
Equations (1) and (4), we have

Med(Y ‘ X) = [ + cX;,
Med(Y; | X;) = (83 + bB2) + (¢ + ab) X,

Thus, ab = ¢ — . In addition, we have 31 = 83 + bf32 and €; = €1;.
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In case (i), Med(e; | X;) = Med(e;) = d. So taking median of Equations (1) and (4) , we
s have

Med(Y; | X;) = p1 + X,
Med(Y; | X;) = (B3 + bB2 + d) + (' + ab) X;.
Although 31 # 33 + bf2, we still have ¢ — ¢’ = ab. Note also that €;; = ¢; — d. O

APPENDIX B: PROOF OF THEOREM 1

Proof. First, note that Condition 1(iv) implies E(|M|*) < oo by Cauchy-Schwarz inequal-

ity. As a result, E(||x2]|*) < oo, and the conditions required for the first-order expansion are

s met, see, e.g., Pollard (1991) and Knight (1998b). Specifically, if we define xT = (1, X),
x5 = (1, X, M), and s (ex;) = {1/2 — 1 (e1; < 0)}/ fe, (0) for k = 1,2, 3, we have

) N B AR IE I R SR F R IO
_ L Hx2 —MX —1/2
= Ug( < —lix ) lez 612 )
nl/2 32_52 NE{f (O‘X)XX _1/22)( (e9; < 0)
a—-a |~ 2| X 1X1 Li 2 S

1 Hx2 —HX n—1/2
= g < —pix lez 521 s

- 1
—c %E{f63|X,M(O|X7M X2X2} 1/2ZX22{2_1(63Z§0)}
—b =1

—1/2
E(XQX / E X2;S 631 )

where for generic random variables X and Y, oxy = cov (X,Y), € = bea + €3 — d if d # 0,
and

L [ xesae = W HMRXM = HXHAR BXAXM — HALX?
E(xoxy)™ = (0x03)" | mHarpxnm — pxpiar o3 —OXM

2
UXHUXM — WMUX2 —OXM Ox

From these first-order expansions, we have

nt?(E—c) ~ 12 n~4/?2 Z X;s (1)
X .

1 ~
W@ Y K (o).
0% -

~ 1 -
nl/Q(C’—C/) ~ o2 52 1/22 o Xi — ox M + parpxn — MXMM2) (€3i),
X2 i—1
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"1/2(3— b) ~ 02 o2 n~t/? Z UXM —oxuXi+ pxpxm — MMMX2) (€3i) ,
X073 =1
where X; = X; — wx. As aresult,
1/2{6 d— c — c
N Z X;5 (e1;) B UMXz‘ —oxm M+ pnpxar — px parz) s (€3q)
~ n1/2 o3 0303
Xis(er) (03 —aoxn) Xi — oxme + (Harpixar — pxpinrz — oxnB2)
- 1/2 Z o2 s (€31)
n 5% Jes (0 )UXUQ
is (1) 02X ac% € 1 <« & _a.
nl/2 Z{ % o s(e3) p = =i ; (€14) - €2 | s (€3:)
and

n'2(@b — ab) = n*/?b(@ — a) +n'2a(b — b)

bX;s () | a (0% M; — oxmXi + pxpxn — parpixz) s (€3)
ED ) Rt

2 -2
0x 035

= bXZS (e2) | (ao% —oxm) Xi + o%eai + (uxpxm — pmpxz + 0% f2)
B n1/2 Z ta g (e31)
X"2
1 ins (622') cw%('ev%s (631 ag%
- * 5 (€2:) + —5-s (e3i) ¢,
n1/2 ;{ o-g( o'g(a'% 1/2 Z 2 21 O'% ( 32)

where €2; = €2; — [lc,, and

LMUXM — (XM — OXMPB2 = o x M — xoar — ox 1 Ba

= (B2 + apx + ley) aa§( — X (a2U§( + O'%) — aag(,é’z
= x5 + ape, 0%,
BXIXM — Bahx2 + 0% By = HXUXM [po% + 0% B

= pxacyk — (B2 + apx + piey) 0% + 0% P2 = 3

—Hea O X -
So

n'/2(e— ¢ —ab) n1/2 2 Z (€15) — s (€3;) — bs (€2;)] -

Next, we calculate the asymptotic variances of ¢ — , @b and ¢ — ¢/ — Gb. The two terms in s
the first-order expansion are correlated in ¢ — ¢/, but are not in ab. Specifically,

Avar(c— ) = — [ox ta 2/02 _2E{s (612)8(63)}’
4f€1 (0) Ox 4f€3 (0) Ox
b? a?

o (020% | 4f, (0)202

2

Avar (Zig) =




4 W.W. WANG AND P. YU

where Avar(X,,) is the asymptotic variance of a generic sequence of random variable X,,, and
in E{s(e1)s(e3)},

pl{3-1asob{j-1@so}={-{-{+FO@=01@=)

with
E{1(bes+e5 < d) 1 (e3 < 0)}
d
ZE{1(63S—bEQ+d>1(€3SO)1 (62 < b)}—i—E{l(egiS—beQ—i—d)l(EgSO)l <€2

_ %Fﬁ? (%) + fdo/ob F€3 (_bEQ + d) dF€2 (62) ’ ifb > 0,
L= F, (9) + [ F., (=bes + d) dF,, (e3) , i1 <0.

50 Finally,

AVar(¢ —  — ab)

_ 1 [ o3 N o3 N b0k _Qa§< {E{1(e1 <0)1(e3<0)} —1/4}
o L4fo (02 4f (0)° 4, (0)° fer (0) fe, (0)
_2ba§( {E{1(e1<0)1(e2<0)} — 1/4}}
fer (0) fe, (0)
_1[ 1 N 1 N ¥ o E{1(a<0)1(3<0)}—1/4
0% L4, (0 4fy (007 4f, (0)? fer (0) fey (0)
BE{(e S0)1(e2 < 0)} - 1/41]
fer (0) fey (0) ’
where
B {Xs ) Xs e} = TR =0T SOF = V1
i i O’2 € € —
E {XS (1) bX's (62)} = b [EAL }f((()])) che( (QO)S 0 —1/4]
E [5('3 (e3) bX 5 (62)} =0
with

E{1(e1<0)1(e2<0)} =FE{1(e3< —bea+d)1(e2<0)}

0
- / Foy (—bes + d) dF, (e3) 0
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APPENDIX C: PROOF OF COROLLARY 1
Proof. When €2 and €3 both follow N (0, 1), d = 0, so the difference of the asymptotic vari-

ances of ¢ — ¢ and ab is 1 /0% times 55
1 N 1B 2T Fy (—|ble)dF, (o)
4 (0 4fes (007 4fey (0)° fa (0) fes (0)
b + 1 1 b? V2 +1

“yen T e yen yenesblele>=0

=7 —27Vb+ 1P (e3 < —|blea | €2 > 0)
1 1
= —27Vb +1 (2 — — arctan |b|>
T
~ Vb* 417 — 2arctan [b|
0] VAU
and by L’Hopital’s rule,

) Vb2 + 171 — 2arctan |b| ) —2/(1+ b?)
lim 7 — = lim 7n— —————F =7 —2,
|b| =00 |b] 1/ |b| |b| =00 —1/b?
where
d Jo~ Fes (= [ble2) dFe, (e2)  d [~ @ (= [b e2) AP (e2) >
e == [ oty (= blew) s (e2) e
1 1 /00 ( v +1 2>d
= — €9 €X — € €
NN A A I A
1 1 1
- - () =5
V2r (02 + 1) V2 + 1 21 (b2 + 1)

with ¢ () an @ (-) being the pdf and cdf of the standard normal distribution, respectively, so

00 |b] 1 00
/0 F., (—|ble2) dF, (e2) = —/0 mdb + /0 D (0) ¢, (€2) deg
1

=1 o arctan |b] . O

APPENDIX D: PROOF OF THEOREM 2
Proof. The asymptotic distributions of ¢ — ¢/ and @b when b =0 but a # 0 are implied by
Theorem 1. Specifically, the asymptotic variance of ¢ — ¢/ is
1 1/o% +a?/o3 1 B a?
e, 070%  4fe (07 2, (0)%0%  4fe, (0) 03

which is the same as that of ab. As the asymptotic variance of ¢ — ¢/ — ab degenerates to zero,
we next refine its asymptotic distribution.

First of all, for a general LAD regression, y; = xg B + €;, where x; € RF, ¢; is independent of
x; with Med (¢;) = 0, E(|x;|*) < oo and . are differentiable at 0, Theorem 3 of Knight (1997)
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(see also Knight (1998a)) shows that

/4 {nl/z (B—B) _ B(xX) 1/2 sz e }

— e (0) B A in {16 < Z'%i/n'/?) = 1(e; <0) = £ (0) Z'xi/n*/} + 0,(1)
i=1
= —f.(0)"' E(xx')"'D(2),
where D(u) is a zero-mean Gaussian process (independent of Z) with D(0) = 0 and
E {(D(u) — D(v)) (D(u) — } fe(0O)E {Xx ’ — v)/x‘}
for u,v € R¥, and Z ~ N(0, (4£.(0)2)"'E(xx')~!). We apply this general result to our case.

Note that Assumption I(iv) implies E(|M|*) < oo by Holder’s inequality, so E(||xa]|®) < co
holds. Also, €; = €3 when b = 0, we require only the differentiability of €.

First,
~ 1 < aco;
14 |, 1/2 [~ 20
n'/ [n/ {c—c’— (c—c’)}—nl/QZ;O_%S(GSi)]
J(t'ux’ _1/4 th { €3; < Zixli/nl/Q) - 1(€3i < O) - fES (O) Ziltxli/nl/z}
61

— 2 n
+ (MMMXM /‘X,U'M227ZM7 UXM) n71/4 ZX% {1(63i < Zéin/nl/z) _ 1(63i < 0) i fe3 (0) ZéXQi/nl/Z}
fes (0) 0% 05 ;

(HMMXM — UX A2, 0'12\/[, —O’XM)
fes (0) Ug(gg

(—px,1)
fes (0) 0%

which cannot be simplified if @ #0. The covariance kernel of Di(-) is
Jer (0)E{x1;x}; |x};(u = v)|} = fe;(0) E{x1;x]; |x};(u —V)|}, the covariance kernel of
Dy(+) is fes(0)E{x2;x}; |x5;,(u—v)|}, Di(-) and Dy(-) are correlated with the covariance
kernel equal to

_

Dy (Z1) + D3 (Z7),

lim n'/2E [xhxm {1(% < u'xyi/n?) = 1(es; < 0) — foy (0) u'xy; /n1/2}

n—oo
{1(631' S V/XQi/n1/2> — 1(63i S O) — f63 (0) V/XQZ‘/nl/2}i|
=F {XlixéifQ (0) (‘u'xu‘ A ’V,XQZ") 1(u'x1ixl2iv > 0)} ,
both are independent of Z; and Zo,
Zy ~ {2f, (0} ' N (O,E (xliX/M)_1> = N(0,%),

~ (2f 0)7 N (0.8 [xaxy] ') = N (0.3),

E (leé) = E (Xlixlli)i E {XliXIQiS (611‘) S (631')} E (Xgix/gi)il
1

- W‘E (Xlixlli)_l E (X17,X/21) FE (XQinzi)_l = 212‘
€3
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Second, because
n'/2(@b — ab) = n*/?b(@ — a) +n'2a(b — b)
= n'20,(n {0, (n712) + Op(n ")} + n'2a{0p(n™12) + Opy(n*/*)}
= a0p(1) + aOp(n~"*) + 0y (n™'/4),

we have
1 < ae
1/4) J1/2 (5f — _ o2 .
n {n (ab ab) i Zl = s (631)}
i=
— 2 n
= QUXpx i~ 0, Ox) nY [XZi{l(EZ’:i < Zhxai/n*'?)
f63 ( )UXJQ i=1
~1(eai < 0) — fuy (0) Zixau/n'?}]
2
(Hxpxy — pypix2, —0x A, 0 )
Fer (0) %03 %)
In summary,

2 _
3/ (E—c’ —ab) N _( mx, )D1 (Z1) + (MMMXM KX g2, UQM, UXM)D2 (Zs)
f63( ) fES( )O-XUQ
(MXMXM avs'er UX,M,UX)
Jes (0 )UXUQ

D (Z2),

where 80

(MMMXM - MXMM%U%m —UXM) —a (,UX,UXM —HUMMEX2, —OX M, Ug()
= [uxar (par — apx) = (pxparz — aparpx2) , o4y + aox ar, — (oxu + aok )]
= [2a0% (pa — apx) — pxo3,2a*0% + 03, —2a0%] . O

APPENDIX E: PROOF OF THEOREM 3

Proof. From Theorem 1, we have

nab = n'/? (@—a)n'/? (B—b)

1 1 1
- (O’ 17, <o>20§> " (0’ 17, <o>2a§> = 1o 0 fea 0 o

From Theorem 2,

n3/4 (5— g’) — p3/4 {E—CA’— (c—c’)}

(—px,1) Dy (1) + (arix v — X B2, 05, —OX M)
Jes (0)03( fes (O )UXUZ

. D, (Z,)
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(71U’X7 1) (_U%MX70-%70)
= T M T ez D22
(_MX) 1)

=70 0% {D2(Z2) — D1 (Z1)},

ss where Ds(-) is the first two element of Dg(-), so the covariance kernel of Ds(-) is
Jes (0)E{x1;x}; |x5;(u — v)|} and it covariance kernel with D1 (-) is fe, (0) E{x1;x];(Ju'x1;| A
|v'x2;|)1(u'x1;x5;v > 0)}. Finally,
o

n3A@E =& —ab) = n/@E = ) —n Y 4nab = 0¥t e — &) + 0p(1),

so n3/4(¢ — ¢ — Gb) has the same asymptotic distribution as n3/4(¢ — ¢). O

APPENDIX F: SIMPLIFICATIONS IN CASE THREE AND SIMULATIONS

90 In Case three, a = b = 0, and X1, 312 and X5 in Theorem 2 can be simplified as

21:71 1<MX2 _’uX> 212:71 1<'uX2 _'uXO)
Af., (0% 0% \—px 1 )7 Af., (0% 0% \—px 1 0)7

g ) | Hxe0d ok —pxos —uz\040§<
2 = 2 9 9 —HUx05 03
LA\ oA § R

As a result, we can write Zy = (Z] 4 (23,0),22) with (z2,23) independent of Z;, Z; ~

N (0,%;), and
1 1 -
29, 25)" ~ N o,( “M) .
(22,23) ( Af., (0)202 \—HM My

In consequence,

2,77 7,77 0
2
S=FE| 22" 2,27 + (%” 8) <ZQOZ3>
0 (2223,0) 23

with |X] = 0. Also, when px = 0, the variance of (—pux, 1){D2(Z2) — D1(Z1)}/{c% fes(0)}
s reduces to

{o% fes (0)}7 /[E()N(2 xTz1|) + E(X? [x322]) — 2E{X%(|xTz1| A |x322))1 (2T x1x3 25 > 0)}]
f(z1,22 | 0, )dz1dzo,

where X = X /ox has mean zero and variance 1, and ¥ can be further simplified. Note that
assuming px = 0 does not lose generality, e.g., in Equation (1), 81 + ¢X = (51 + cux) + ¢X.

100 In our simulations, O'g( =1, a% =1, ux =0and pups =0, so
I I 1 100
=, Sh= E12:2(010)‘
4fe; (0) 4fe; (0) 4fe; (0)
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e3 ~ N(0,1) €3 ~0.9N(0,1) + 0.1N(0,10%) €3~ 1y
PR PR A
3 €—¢C 3 c—=C 3 é— ¢
Il [l
= =
T4 -4 T4
| |
N 5 S5
= =
n n
s S
T 6 y=041-076s -6 y = 0.52 — 0.76 % ° y = 0.57 = 0.76z
< S P
-7 -7 7
10g(200)  log(1000) 10g(10000) 10g(200)  log(1000) 10g(10000)  log(200)  log(1000) 10g(10000)
log(n) log(n) log(n)
ab ab ab
4 -4 -4
<s -5 -5
=
S -6 -6 -6
8
27 -7 -7
ik
0
S -8 y=0.50 — 1.01z -8 y = 0.56 — 1.00x -8 y =0.66 — 1.01z
D
-9 -9 -9
log(200) log(1000) log(10000) log(200) log(1000) log(10000) log(200) log(1000) log(10000)
log(n) log(n) log(n)

Fig. S1. log{ MSE(¢— ¢)}/2 and log{ M SE(ab)} /2 a-
gainst logn for a = b = 0 and three €3 distributions
As a result, the variance of (—ux, 1){D2(Z2) — D1(Z1)}/{0% fe,(0)} in Case three is
E (X%|X|Z1|) + E (X2 |x522]) — 2B { X2 (|x} Z1| A [x5Z5]) 1(Z{x1x4Z2 > 0) }
2f; (0)°

where x; = (1, X) and x3 = (1, X, M) with (X, M) ~ N (0, I3), Z = (Z}, 22) with 2 inde-
pendent of 71, Z; ~ N (0, I3), and zo ~ N (0, 1), and Z5 is independent of x5. By simulation,

E(X?|X\Z1]) + E (X? |x425|) — 2B { X? (|x1 Z1| A |x425|) 1(Z{x1x5Z2 > 0) } = 0.63.

Y

We finally analyze the convergence rates of the two LAD estimates in Case three. Figure S1
shows log{ M SE(¢c— ¢)}/2 and log{MSE(ab)}/2 against logn when a = b = 0. Different

from the common convergence rate n'/2
3/4

of ¢ — ¢’ and Gb in Cases one and two, the convergence
rate of ¢ — ¢ is n and that 0f abis n, which are clearly shown in Table 3. Also, the asymptotic
variances of both ¢ — ¢/ and Gb i increase with the heavmess of e3’s tail. Comparing Fig. Sl and
Fig. 4, we can see that MSE(c — J— ab) and MSE(c —c ) are close, which is because ab has a

faster convergence rate so its MSE in MSE(¢ — ¢/ — ab) is neglectable.
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