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We �rst collect notation for future reference. The n � 1 vectors Y and " stack the variables yi and "i,

the n � d matrices X, X�
 and X>
 stack the vectors x0i, x
0
i1(qi � 
) and x0i1(qi > 
), and the n � dz

matrices Z, Z�
 and Z>
 are similarly de�ned. The symbol t means asymptotic equivalence in the sense

that higher order terms are neglected, =d signi�es equality in distribution, C means a positive constant that

may change at each occurrence, and  signi�es weak convergence of the respective probability measures

over an associated compact metric space.

To aid intuition in the development of Methods II and III, we let �(x; q) = x0� throughout the proofs

for these two methods.

Supplement A: Proofs

Proof of Theorem 1. We �rst show the consistency of b�. If b
 is consistent, then a standard argument
can be applied to show that �b�;b�� = �b� (b
) ;b� (b
)�
with  b� (
)b� (
)

!
=
h�
X0
�
Z

�cW (Z 0X�
)
i�1 h�

X0
�
Z

�cW (Z 0Y )
i

is consistent, where X�
 = (X;X�
). So we now concentrate on the consistency of b
. First note that the
concentrated objective function of (12) after plugging in

�b� (
) ;b� (
)� is
bQn (
) = bgn (
)0cWbgn (
) :

Here,

bgn (
) = 1
nZ

0
�
Y �X�


h�
1
nX

0
�
Z

�cW �
1
nZ

0X�

�i�1 h�

1
nX

0
�
Z

�cW �
1
nZ

0Y
�i�

=

�
Il �

�
1
nZ

0X�

� h�

1
nX

0
�
Z

�cW �
1
nZ

0X�

�i�1 �

1
nX

0
�
Z

�cW�� 1nZ 0X�
0�0 +
1
nZ

0"
�

=

�
Il �

�
1
nZ

0X�

� h�

1
nX

0
�
Z

�cW �
1
nZ

0X�

�i�1 �

1
nX

0
�
Z

�cW�� 1nZ 0X�
0�n +
1
nZ

0"
�
;

and the second equality holds because the �rst d columns of Z 0X�
0 are the same as those of Z
0X�
 .

We apply Theorem 2.1 of Newey and McFadden (1994) to prove the result. First, we can show

sup
2�




 1
k�nkbgn (
)� g0 (
)


 p�! 0;
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where

g0 (
) =
�
I �G


�
G0
WG


��1
G0
W

�
G2;
0c.

To see why, note that by a Glivenko-Cantelli argument,

Il �
�
1
nZ

0X�

� h�

1
nX

0
�
Z

�cW �
1
nZ

0X�

�i�1 �

1
nX

0
�
Z

�cW p�! Il �G

�
G0
WG


��1
G0
W

uniformly in 
. Also, 1nZ
0X�
0

�n
k�nk

p�! G2;
0c and
1

k�nk
1
nZ

0" = Op

�
1p

nk�nk

�
= op (1), the result follows.

Second, by the CMT,

bQn (
) = k�nk2 p�! c0G02;
0

�
Il �WG


�
G0
WG


��1
G0


�
W
�
Il �G


�
G0
WG


��1
G0
W

�
G2;
0c

= c0G02;
0

�
W �WG


�
G0
WG


��1
G0
W

�
G2;
0c

= c0R02;
0

�
I �R


�
R0
R


��1
R0


�
R2;
0c

=


R2;
0c

2 � 

PR


�
R2;
0c

�

2 =: Q0 (
)
uniformly in 
, where R
 = W 1=2G
 and R2;
 = W 1=2G2;
 . Obviously, Q0 (
0) = 0. Also, PR
 is a

projection on a 2d-dimensional space, while R2;
0c is a l(> 2d)-dimensional vector, so as long as R
0c does

not fall in span (R
) when 
 6= 
0, Q0 (
) > 0. This requirement is satis�ed by virtue of Assumption IV.

We can now adjust Theorem 7.2 of Newey and McFadden (1994) to derive the asymptotic distribution

of b�. We only point out the di¤erence in the proof. Replace G by Gnrn and � � �0 by r�1n (� � �0),

where Gn = �
�
E [zx0] ;E

h
zx0�
0

i
;E [zx0jq = 
0] �nfq (
0)

�
and rn =

 
I2d 0

0 1= k�nk

!
. Then H =

�rnG0nWGnrn ! �G0WG and bD = �rnG0ncWpnbgn (�0) d�! N (0; G0W
WG). What remains is to show

that for any hn ! 0,

supk(���0)k�hn
p
n kbgn (�)� bgn (�0)� g0 (�0)k p�! 0:

This stochastic equicontinuity result is obvious because bgn (�) is generated by a VC subgraph class of func-
tions. We mention that this part of proof is similar to the �convergence rate and asymptotic normality�part

in the proof of Theorem 1 of Seo and Shin (2016). Their consistency proof is marred by a typo, which has a

material e¤ect. Speci�cally, at the end of page 181, the probability limit should be I �A(
) � � � rather than
I +A(
) � � � . This is why they did not specify an identi�cation assumption such as that in Assumption IV.

Proof of Theorem 2. First assume fW =diag
nfW1;fW2

o
with fW1

p�!W1 > 0 and fW2
p�!W2 > 0. TheneQn (�) can be expressed as a sum of two quadratic forms:

eQn (�) = eQ1n (�1) + eQ2n (�2) ;
where eQ1n (�1) = em1n (�1)

0fW1 em1n (�1) and eQ1n (�1) = em2n (�2)
0fW2 em2n (�2) ;em1n (�1) =

1
n

Pn
i=1 zi (yi � x0i�1) 1(qi � 
);em2n (�2) =

1
n

Pn
i=1 zi (yi � x0i�2) 1(qi > 
);
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with �1 =
�
�01; 


�0
and �2 =

�
�02; 


�0
. It is not hard to see that

 e�1 (
)e�2 (
)
!
=

0B@
h
X 0
�
Z

fW1 (Z
0X�
)

i�1 h�
X 0
�
Z

�fW1 (Z
0Y�
)

i
h
X 0
>
ZfW2 (Z

0X>
)
i�1 h�

X 0
>
Z

�fW2 (Z
0Y>
)

i
1CA ;

so if e
 is consistent, then both e�1 and e�2 are consistent. So we concentrate on the consistency of e
.
By similar analysis to the proof of Theorem 1,

eQn (
) p�! ker1;
;�0k2 � 


P eR1;

(er1;
;�0)


2 + ker2;
;�0k2 � 


P eR2;


(er2;
;�0)


2 ;
where er1;
;�0 = W

1=2
1 E [zy�
 ], er2;
;�0 = W

1=2
2 E [zy>
 ], eR1;
 = W

1=2
1 E

�
zx0�


�
and eR2;
 = W

1=2
2 E

�
zx0>


�
.

Note that 
E [zy�
 ]
E [zy>
 ]

!
=

0@ E
h
zx0�
^
0

i
E
h
zx0
0<�


i
E
h
zx0
<�
0

i
E
h
zx0>
_
0

i 1A �10
�20

!
+

 
E [z"�
 ]
E [z">
 ]

!

=

 
E
�
zx0�


�
0

E
h
zx0
<�
0

i
E
h
zx0>
0

i ! �10
�20

!
+

 
E [z"�
 ]
E [z">
 ]

!
if 
 � 
0

=

 
E
h
zx0�
0

i
E
h
zx0
0<�


i
0 E

�
zx0>


� ! 
�10
�20

!
+

 
E [z"�
 ]
E [z">
 ]

!
if 
 > 
0:

We consider the following two cases.

(i) q is exogenous (i.e., q is included in z, and E ["jz] = 0). In this case, E [z"�
 ] = E [z">
 ] = 0. First
suppose 
 � 
0. Then er1;
;�0 = W

1=2
1 E

�
zx0�


�
�10 and er2;
;�0 = W

1=2
2

�
E
h
zx0
<�
0

i
�10 + E

h
zx0>
0

i
�20

�
.

The question is whether we can �nd a1 and a2 such that E
�
zx0�


�
a1 = E

�
zx0�


�
�10, and E

�
zx0>


�
a2 =

E
h
zx0
<�
0

i
�10+E

h
zx0>
0

i
�20 = E

�
zx0>


�
�10+E

h
zx0>
0

i
(�20 � �10) or E

�
zx0>


�
(�10 � a2) = E

h
zx0>
0

i
�0.

We can let a1 = �10, but if l > (d + 1), such an a2 is impossible by Assumption IV0(i). Next sup-

pose 
 > 
0. Then we try to select a1 and a2 such that E
�
zx0�


�
a1 = E

h
zx0�
0

i
�10 + E

h
zx0
0<�


i
�20 =

E
�
zx0�


�
�20+E

h
zx0�
0

i
(�10 � �20) or E

�
zx0�


�
(a1 � �20) = E

h
zx0�
0

i
�0 and E

�
zx0>


�
a2 = E

�
zx0>


�
�20.

We can let a2 = �20, but such an a2 is impossible by Assumption IV
0(i).

(ii) q is endogenous and satis�es only E [z"1(q � 
0)] = 0 and E [z"1(q > 
0)] = 0. Again, �rst

suppose 
 � 
0. Then we try to select a1 and a2 such that E
�
zx0�


�
a1 = E

�
zx0�


�
�10 + E [z"�
 ]

and E
�
zx0>


�
a2 = E

h
zx0
<�
0

i
�10 + E

h
zx0>
0

i
�20 + E [z">
 ] or E

�
zx0�


�
(a1 � �10) = E [z"�
 ] and

E
�
zx0>


�
(�10 � a2)+E [z">
 ] = E

h
zx0>
0

i
�0. Such an a1 and a2 are impossible by Assumption IV0(ii). Next

suppose 
 > 
0. Then we try to select a1 and a2 such that E
�
zx0�


�
a1 = E

h
zx0�
0

i
�10+E

h
zx0
0<�


i
�20+

E [z"�
 ] = E
�
zx0�


�
�20 + E

h
zx0�
0

i
(�10 � �20) + E [z"�
 ] and E

�
zx0>


�
a2 = E

�
zx0>


�
�20 + E [z">
 ] or

E
�
zx0�


�
(a1 � �20) = E

h
zx0�
0

i
�0 + E [z"�
 ] and E

�
zx0>


�
(a2 � �20) = E [z">
 ]. Such an a1 and a2 are

impossible by Assumption IV0(ii).

Now consider the case where q is exogenous and is independent of (z0;x0)0. Suppose 
 � 
0. We can

set a2 =
(1�Fq(
0))(�20��10)

1�Fq(
) + �10 =
(1�Fq(
0))�20+(Fq(
0)�Fq(
))�10

1�Fq(
) , which is �(2)� (�) in Proposition 1(ii) of

HHB where q � U [0; 1]. Now suppose 
 > 
0. We can set a1 =
Fq(
)�10+(Fq(
)�Fq(
0))�20

Fq(
)
, which is �(1)� (�)

in Proposition 1(ii) of HHB where q � U [0; 1].
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If fW is a general positive de�nite matrix, then

eQn (
) p�! ker
;�0k2 � 


P eR

(er
;�0)


2 ;

where eR
 = W 1=2eG
 with eG
 =
 
E
�
zx0�


�
0

0 E
�
zx0>


� !, and er
;�0 = W 1=2

 
E [zy�
 ]
E [zy>
 ]

!
. In case (i), if

there does not exist a1 and a2 such that

 
E
�
zx0�


�
0

!
a1+

 
0

E
�
zx0>


� ! a2 =  E
�
zx0�


�
0

E
h
zx0
<�
0

i
E
h
zx0>
0

i ! �10
�20

!
or E

�
zx0�


�
a1 = E

�
zx0�


�
�10 and E

�
zx0>


�
a2 = E

h
zx0
<�
0

i
�10 + E

h
zx0>
0

i
�20 for any 
 < 
0, and 

E
�
zx0�


�
0

!
a1+

 
0

E
�
zx0>


� ! a2 =  E
h
zx0�
0

i
E
h
zx0
0<�


i
0 E

�
zx0>


� ! 
�10
�20

!
or E

�
zx0�


�
a1 = E

h
zx0�
0

i
�10+

E
h
zx0
0<�


i
�20 and E

�
zx0>


�
a2 = E

�
zx0>


�
�20 for any 
 > 
0, then 
0 is identi�ed. These conditions are

exactly the same as in the diagonal fW case. Similarly, in case (ii), the same conditions as in the diagonalfW case are required to identify 
0.

Proof of Corollary 2. By a Glivenko-Cantelli theorem, we have the probability limit of Jn (�) to be

J (�) := E [gi (�)]
0
WE [gi (�)] :

We want to show that for any 
 2 �, we can �nd �22; � such that E [gi (�)] = 0, i.e., J (
) := min
�22;�

J (�) = 0,

so 
 is not identi�able.

Note that

E [gi (�)] = E

2664
zit0�yit0

...

ziT�yiT

3775� E
2664
zit0�x

0
it0

...

ziT�x
0
iT

3775�22 � E
2664
zit01it0(
)

0Xit0

...

ziT 1iT (
)
0XiT

3775 �;
where

E

2664
zit0�yit0

...

ziT�yiT

3775 = E

2664
zit0

�
�0220�xit0 + �

0
0Xit01it0(
0) + �vit0

�
...

ziT
�
�0220�xiT + �

0
0XiT 1iT (
0) + �viT

�
3775

= E

2664
zit0�x

0
it0

...

ziT�x
0
iT

3775�220 + E
2664
zit01it0(
0)

0Xit0

...

ziT 1iT (
0)
0XiT

3775 �0;
and

E

2664
zit01it0(
)

0Xit0

...

ziT 1iT (
)
0XiT

3775 = E

2664
zit0

��
1; x0it0

�
Fq (
)�

�
1; x0i;t0�1

�
Fq (
)

�
...

ziT [(1; x
0
iT )Fq (
)� (1; x0iT )Fq (
)]

3775

= E

2664
zit0�xit0

...

ziT�x
0
iT

3775Fq (
) :
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As a result,

E [gi (�)] = E

2664
zit0�x

0
it0

...

ziT�x
0
iT

3775 (�220 + Fq (
0) �20 � �22 � Fq (
) �2) ;
where � =

�
�1; �

0
2

�0
. There are in�nite many possible �22 and ��s such that �220+Fq (
0) �20��22�Fq (
) �2 =

0, e.g., �22 = �220, and � =
�
0;

Fq(
0)
Fq(
)

�20

�
.

Proof of Theorem 3. Proposition 1 proves the consistency of b
, and Proposition 2 proves b
 � 
0 =

Op
�
(n=h)�1=2

�
, so we can apply the argmax continuous mapping theorem (see, e.g., Theorem 3.2.2 of

Van der Vaart and Wellner (1996)) to establish the asymptotic distribution of
p
n=h (b
 � 
0). From

Proposition 3, the �nite-dimensional limit distributions of nh
� bQn(
v0)� bQn(
0)� are the same as those of

�v2E[�f (xi)�if(xi)jqi = 
0]fq(
0)k
0
+(0)+2vU , where U � N

�
0;E

h
�2f (xi)f

2(xi)(�
2
+(xi) + �

2
�(xi))jqi = 
0

i
fq(
0)�(1)

�
.

Combining this with the stochastic equicontinuity result in Lemma 6, we have

nh
� bQn(
v0)� bQn(
0)� �v2E[�f (xi)�if(xi)jqi = 
0]fq(
0)k

0
+(0) + 2Uv:

Thus, p
n=h (b
 � 
0) d�! v� = argmax

v

�
�v2E[�f (xi)�if(xi)jqi = 
0]fq(
0)k

0
+(0) + 2Uv

	
= U

E[�f (xi)�if(xi)jqi=
0]fq(
0)k0+(0)
� N (0;�):

Proof of Theorem 4. We prove the theorem in two steps. First, we show that b� (
0) d�! �, where b� (
0)
is replacing b
 in b� by 
0. Second, we show that b�� b� (
0) p�! 0. The �rst result is shown in Proposition 4

and the second is shown in Proposition 5.

Proof of Corollary 3. From the proof of Theorem 3 and the CMT,

nh
E[�f (xi)�if(xi)jqi=
0]k0+(0)

E[�2
f (xi)f

2(xi)(�2+(xi)+�
2
�(xi))jqi=
0]�(1)

sup
v

n bQn(
v0)� bQn(
0)o
d�! E[�f (xi)�if(xi)jqi=
0]k0+(0)

E[�2
f (xi)f

2(xi)(�2+(xi)+�
2
�(xi))jqi=
0]�(1)

sup
v

�
�v2E[�f (xi)�if(xi)jqi = 
0]fq(
0)k

0
+(0) + 2Uv

	
=

E[�f (xi)�if(xi)jqi=
0]k0+(0)
E[�2

f (xi)f
2(xi)(�2+(xi)+�

2
�(xi))jqi=
0]�(1)

U2

fq(
0)E[�f (xi)�if(xi)jqi=
0]jk0+(0)

= U2

E[�2
f (xi)f

2(xi)(�2+(xi)+�
2
�(xi))jqi=
0]fq(
0)�(1)

� �21:

By the proof of Theorem 4 and Slutsky�s theorem,dLRn (
0) d�! �21.

Proof of Theorem 5. Assume the densities of (x0; q)0 and e are known. Since the minimax risk for a

larger class of probability models is no smaller than that for a smaller class of probability models, the lower

bound for a particular distributional assumption also holds for a wider class of distributions. To simplify the

calculation, assume ei is iid N(0; 1) and (x0i; qi)
0 is iid uniform on X � [0; 1]. Such a speci�cation also appears

in Fan (1993) where it is called the assumption of richness of joint densities. We will use the technique in

Sun (2005) to develop our results. This technique is also implicitly used in Stone (1980) and the essential

part of the technique can be cast in the language of Neyman-Pearson testing.

Let P;Q be probability measures de�ned on the same measurable space (
;A) with the a¢ nity between
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the two measures de�ned as usual to be

�(P;Q) = inf (EP [�] + EQ [1� �]) ;

where the in�mum is taken over the measurable function � such that 0 � � � 1. In other words, �(P;Q) is
the smallest sum of type I and type II errors of any test between P and Q. It is a natural measure of the

di¢ culty of distinguishing P and Q. Suppose � is a measure dominating both P and Q with corresponding

densities p and q. It follows from the Neyman-Pearson lemma that the in�mum is achieved by setting

� = 1(p � q) and then

�(P;Q) =
R
1(p � q)pd�+

R
1(p > q)qd� = 1� 1

2

R
jp� qj d� � 1� 1

2 kP �Qk1 ;

where k�k1 is the L1 distance between two probability measures. Now consider a pair of probability models
P;Q 2 P(s;B) such that j
(P )� 
(Q)j � �.

For any estimator b
, we have
1 (kb
 � 
(P )k > �=2) + 1 (kb
 � 
(Q)k > �=2) � 1:

Let

� = 1(jb
�
(P )j>�=2)
1(jb
�
(P )j>�=2)+1(jb
�
(Q)j>�=2) :

Then 0 � � � 1 and

sup
P2P(s;B)

P (jb
 � 
(P )j > �=2) � 1
2 fP (jb
 � 
(P )j > �=2) +Q (jb
 � 
(Q)j > �=2)g � 1

2EP [�] +
1
2EQ [1� �] :

Therefore
infb
 sup

P2P(s;B)
P (jb
 � 
(P )j > �=2) � 1

2�(P;Q)

for any P and Q such that j
(P )� 
(Q)j � �. So we need only search for the pair (P;Q) which minimize

�(P;Q) subject to the constraint j
(P )� 
(Q)j � �. To obtain a lower bound with a sequence of independent

observations, let (
;A) be the product space and P(s;B) be the family of product probabilities on such
a space. Then for any pair of �nite-product measures P =

Qn
i=1 Pi and Q =

Qn
i=1Qi, the minimax risk

satis�es
infb
 sup

P2P(s;B)
P (jb
 � 
(P )j > �=2) � 1

2

�
1� 1

2 k
Qn
i=1 Pi �

Qn
i=1Qik1

�
provided that j
(P )� 
(Q)j � �. From Pollard (1993), if dQi=dPi = 1 +�i(�), then

k
Qn
i=1 Pi �

Qn
i=1Qik1 � exp

�
nP
i=1

�2i

�
� 1;

where �2i = EPi [�2i (�)] is �nite. So

infb
 sup
P2P(s;B)

P (jb
 � 
(P )j > �=2) � 1
2

�
3
2 � exp

�
nP
i=1

�2i

��
(29)

provided that j
(P )� 
(Q)j � �.

It remains to �nd probabilities P and Q that are di¢ cult to distinguish by the data set f(x0i; qi; yi)g
n
i=1.
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Under P , the data is generated according to

yi = gP (xi; qi) + �mP (xi; qi) 1(qi � 
P ) + ei;

where �mP (xi; qi) = ��P + x0i�xP + qi�qP , and under Q, gP , �mP and 
P are changed to gQ, �mQ and


Q, respectively. The point here is that only �mP instead of �P matters for our purpose. We now specify g,

�m and 
 for each model. First suppose n
s

2s+1 �n !1. For P , let gP = 0, �mP = 0, and 
P = 0 without

loss of generality; for Q, let

gQ(x; q) = 0, �mQ (x; q) = ��n, 
Q =
�
�n�2n

��1
;

where � is a positive constant. Obviously, gQ(x; q) 2 Cs (B;X � [0; 1]) for some B > 0, so it remains to

compute the L1 distance between the two measures. Let the density of Qi with respect to Pi be 1 + �i(�),
then

�i(xi; qi; yi) =

(
�(yi ��mQ (xi; qi))=�(yi)� 1;

0;

if qi 2 [0; 
Q];
otherwise

where �(�) is the standard normal pdf. Therefore,

EPi
�
�2i
�

=
R 
Q
0

R 1
0
� � �
R 1
0

R1
�1 [�(y ��mQ (x; q))=�(y)� 1]2 �(y)f(x; q)dydxdq

=
R 
Q
0

R 1
0
� � �
R 1
0

R1
�1 �(y ��mQ (x; q))

2=�(y)dydxdq � 2
R 
Q
0

R 1
0
� � �
R 1
0

R1
�1 �(y ��mQ (x; q))dydxdq + 
Q

=
R 
Q
0

R 1
0
� � �
R 1
0

R1
�1 �(y ��mQ (x; q))

2=�(y)dydxdq � 
Q:

Plugging in the standard normal pdf yields

EPi [�2i ] =
R 
Q
0

R 1
0
� � �
R 1
0

R1
�1

1p
2�
exp

n
� 2(y��mQ(x;q))

2

2 + y2

2

o
dydxdq � 
Q

=
R 
Q
0

R 1
0
� � �
R 1
0
exp

n
�mQ (x; q)

2
o
dxdq � 
Q

=
R 
Q
0
exp

�
�2�2n

�
dq � 
Q

= 
Q
�
exp

�
�2�2n

�
� 1
�
= 
Q�

2�2n(1 + o(1)) � �
n ;

when n is large enough.

When � is small enough, say � � log(5=4), we have

exp

�
nP
i=1

�2i

�
� exp (�) < 5

4 :

It follows from (29) that

infb
 sup
P2P(s;B)

P
�
jb
 � 
(P )j > �

2

�
n�2n

��1� � 1
2

�
3
2 �

5
4

�
= 1

8 � C;

on choosing C � 1=8, where �
2

�
n�2n

��1
appears because j
(P )� 
(Q)j =

�
�n�2n

��1 � �
�
n�2n

��1
for a small

�.

We next suppose n
s

2s+1 �n = O (1). Let P and Q be the same as above except that in Q,

gQ(x; q) = ���s'q
�
q�
Q
�

�
, �mQ (x; q) = ��s, 
Q = �;

where � = n�1=(2s+1), 'q is an in�nitely di¤erentiable function in q satisfying (i) 'q(v) = 0 for v � 0, (ii)
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'q (v) = 1, for v � �1, and (iii) 'q (v) 2 (0; 1) for v 2 (�1; 0). It is not hard to check that gQ(x; q) 2
Cs (B;X � [0; 1]) for some B > 0. By similar steps above, we can show

EPi [�2i ] �
�2

2n

when n is large enough. By choosing � appropriately, we have

infb
 sup
P2P(s;B)

P
�
jb
 � 
(P )j > �

2

�
� C;

where we choose � � �.

Proof of Theorem 6. We apply Theorem 2.7 of Kim and Polland (1990) to derive the asymptotic

distribution of n�2n(b
 � 
0). Note that n�
2
n(b
 � 
0) = argmax

v
nh
� bQn(
v0)� bQn(
0)� =: argmax

v
fCn(v)g,

where 
v0 = 
0 +
v
n�2n

.

(i) Cn(v) C (v) 2 Cmax (R), where

C (v) = �1=2W (v)� 2k+(0)fq(
0)D jvj ;

W (v) := W1(�v)1(v � 0) +W2(v)1(v > 0) is a two-sided Brownian motion, D = limn!1Dn, and

�(v) = limn!1�n with �n de�ned in Proposition 8. Cmax (R) is de�ned as the subset of continuous
functions x(�) 2 Bloc (R) for which (i) x(t)! �1 as jtj ! 1 and (ii) x(t) achieves its maximum at a

unique point in R, and Bloc(R) is the space of all locally bounded real functions on R, endowed with
the uniform metric on compacta. The weak convergence can be proved by combining Proposition 8

and Lemma 12. We now check C (v) 2 Cmax (R). It is not hard to check C(v) is continuous, has a
unique minimum (see Lemma 2.6 of Kim and Pollard (1990)), and lim

jvj!1
C(v) = �1 almost surely

(which is true since lim
jvj!1

W` (v) = jvj = 0 almost surely).

(ii) n�2n(b
 � 
0) = Op(1). This is proved in Proposition 7.

So

n�2n(b
 � 
0) d�! argmaxv fC(v)g :

Making the change-of-variables v = V1
fq(
0)D

2 r, and noting the distributional equality W`(a
2r) =d aW`(r),

we can rewrite the asymptotic distribution as

argmaxv fC(v)g
= V1

fq(
0)D
2 argmaxr

n
C
�

V1
fq(
0)D

2 r
�o

= V1
fq(
0)D

2 argmaxr

8<: 4k+(0)
p
fq(
0)V1W1

�
� V1
fq(
0)D

2 r
�
� 2k+(0)fq(
0)D

��� V1
fq(
0)D

2 r
��� ;

4k+(0)
p
fq(
0)V2W2

�
V1

fq(
0)D
2 r
�
� 2k+(0)fq(
0)D

��� V1
fq(
0)D

2 r
��� ; if r � 0;

if r > 0;

= V1
fq(
0)D

2 argmaxr

(
V1
DW1 (�r)� 1

2
V1
D jrj ;p

V1V2
D W2 (r)� 1

2
V1
D jrj ;

if r � 0;
if r > 0;

= V1
fq(
0)D

2 argmaxr

(
W1 (�r)� 1

2 jrj ;q
V2
V1
W2 (r)� 1

2 jrj ;
if r � 0;
if r > 0;

=: V1
fq(
0)D

2� (�) :

Proof of Corollary 4. We mimic the proof of Theorem 6. Note that nhd�1�2o(e
 � 
0) = argmax
v
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nhd
� eQn(
v0)� eQn(
0)� =: argmax

v
fCon(v)g, where 
v0 = 
0 +

v
nhd�1�2

o
.

(i) Con(v) Co (v) 2 Cmax (R), where

Co (v) = �o (v)
1=2

W (v)� 2k+(0)f(xo; 
0)2jvj:

The weak convergence can be proved by combining Proposition 11 and Lemma 17.

(ii) nhd�1�2o(e
 � 
0) = Op(1). This is proved in Proposition 10.

So
nhd�1�2o(e
 � 
0) d�! argmax

v
fCo (v)g :

Making the change-of-variables v =
�2�(xo)

f(xo;
0)
r, and noting the distributional equality W`(a

2r) = aW`(r), we

can rewrite the asymptotic distribution as

argmaxv fCo (v)g
=

�2�(xo)

f(xo;
0)
argmaxr

n
Co

�
�2�(xo)

f(xo;
0)
r
�o

=
�2�(xo)

f(xo;
0)
argmaxr

8<: 4k+(0)�
q
f(xo; 
0)

3�2�(xo)W1

�
�2�(xo)

f(xo;
0)
r
�
� 2k+(0)f(xo; 
0)2

��� �2�(xo)f(xo;
0)
r
��� ;

4k+(0)�
q
f(xo; 
0)

3�2+(xo)W2

�
�2�(xo)

f(xo;
0)
r
�
� 2k+(0)f(xo; 
0)2

��� �2�(xo)f(xo;
0)
r
��� ; if r � 0;

if r > 0;

=
�2�(xo)

f(xo;
0)
argmaxr

(
f(xo; 
0)�

2
�(xo)W1 (�r)� 1

2�f(xo; 
0)�
2
�(xo) jrj ;

f(xo; 
0)�+(xo)��(xo)W2 (r)� 1
2�f(xo; 
0)�

2
�(xo) jrj ;

if r � 0;
if r > 0;

=
�2�(xo)

f(xo;
0)
argmaxr

(
W1 (�r)� 1

2� jrj ;
�+(xo)
��(xo)

W2 (r)� 1
2� jrj ;

if r � 0;
if r > 0;

=:
�2�(xo)

f(xo;
0)
� (�o; �) :

Proof of Corollary 5. From the proof of Theorem 6 and the CMT, we have

nh
� bQn(
v0)� bQn(
0)� d�! sup

v
fC(v)g ;

where

supv fC(v)g = sup
r

8<: 4k+(0)
p
fq(
0)V1W1

�
� V1
fq(
0)D

2 r
�
� 2k+(0)fq(
0)D

��� V1
fq(
0)D

2 r
��� ;

4k+(0)
p
fq(
0)V2W2

�
V1

fq(
0)D
2 r
�
� 2k+(0)fq(
0)D

��� V1
fq(
0)D

2 r
��� ; if r � 0;

if r > 0;

= 4k+(0)sup
r

(
V1
DW1 (�r)� 1

2
V1
D jrj ;p

V1V2
D W2 (r)� 1

2
V1
D jrj ;

if r � 0;
if r > 0;

= 4k+(0)
V1
D sup

r

(
W1 (�r)� 1

2 jrj ;p
�W2 (r)� 1

2 jrj ;
if r � 0;
if r > 0:

So supv fC(v)g = 4k+(0)
V1
D max fM1;M2g =: 4k+(0)V1DM , where M1 = supr�0

�
W1 (�r)� 1

2 jrj
	
, M2 =

supr�0

np
�W2 (r)� 1

2 jrj
o
, and M1 and M2 are independent. From Bhattacharya and Brockwell (1976),

M1 follows the standard exponential function, and M2 follows an exponential distribution with mean �. It

follows that

P (M � x) = P (M1 � x;M2 � x) = P (M1 � x)P (M2 � x) = (1� e�x)(1� e�x=�):

By Slutsky�s theorem, the required result follows.
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Proof of Theorem 7. Because

bei = yi � x0ib� � x0ib�1 (qi � b
)
= ui +

h
mi � x0ib� � x0ib�1 (qi � b
)i

� ui +Di;

we decompose I(1)n as
I
(1)
n = nhd=2

n(n�1)
P
i

P
j 6=i
[DiDj + uiuj + 2uiDj ]Kh;ij

� I
(1)
1n + I

(1)
2n + I

(1)
3n :

We complete the proof by examining I(1)1n ; I
(1)
2n ; I

(1)
3n , and showing that v

(1)2
n = �(1)+op (1) under H

(1)
0 and the

local alternative and v(1)2n = Op(1) underH
(1)
1 . Throughout this proof, zi = (x0i; qi; ui)

0 and Ei [�] = E [�jxi; qi].
It is shown in Proposition 12 that I(1)1n = Op(h

d=2) under H(1)
0 and converges to � under the local

alternative. It can also be shown that I(1)3n = Op(h
d=2) under H(1)

0 and is dominated by I1n under the

alternative, see, e.g., Zheng (1996). Proposition 14 shows that I(1)2n
d�! N

�
0;�(1)

�
, and Proposition 15

shows the results related to v(1)2n : The proof is then complete.

Proof of Theorem 8. First, decompose I(2)n by using (10):

I
(2)
n

= nhd=2

n(n�1)
P
i

P
j 6=i
1�i 1

�
j f(mi � bmi) (mj � bmj) + uiuj + buibuj + 2ui (mj � bmj)� 2bui (mj � bmj)� 2uibujgKh;ij

� I
(2)
1n + I

(2)
2n + I

(2)
3n + 2I

(2)
4n � 2I

(2)
5n � 2I

(2)
6n .

We complete the proof by examining I(2)1n ; � � � ; I
(2)
6n , and showing that v

(2)2
n = �(2) + op (1) under both H

(2)
0

and H(2)
1 . Throughout this proof, zi = (x0i; qi; ui)

0 and Ei [�] = E [�jxi; qi]. We show that I(2)2n contributes to

the asymptotic distribution under the null, and I(2)1n contributes to the power under the local alternative. All

other terms will not contribute to the asymptotic distribution under either the null or the alternative; that

proof just extends Propositions 3, 4, 5 and 6 in Appendix B of Porter and Yu (2011), so it is omitted here.

The remaining part of the proof concentrates on I(2)1n and I(2)2n , and we only brie�y mention the results for

the other terms since these are obtained in a similar fashion.

First, I(2)2n , I
(2)
3n and I(2)6n are invariant under H(2)

0 and H(2)
1 . It can be shown that I(2)3n and I(2)6n are both

op(1). Proposition 14 shows that I
(2)
2n

d�! N
�
0;�(2)

�
.

Under H(2)
0 , Proposition 13 shows that I(2)1n = oPm (1), and it can also be shown that I4n and I5n are

both oPm (1) uniformly in m(�) 2 H0.

Under H(2)
1 , it can be shown that I(2)4n and I(2)5n are dominated by I(2)1n , and Proposition 13 shows that

I
(2)
1n = Op

�
nhd=2b

�
under H(2)

1 . The local power can be easily obtained from the proof of Proposition 13.

Finally, Proposition 16 shows that v(2)2n = �(2) + op(1) under both H
(2)
0 and H

(2)
1 . So the proof is

complete.

Proof of Theorem 9. This proof is similar but more tedious than the proofs of Theorem 7 and 8. Note

that � (z) is a continuous function. By Pólya�s theorem, it su¢ ces to show that for any �xed value of z 2 R,���P �T (`)�n � zjFn
�
� �(z)

��� = op (1).

For the �rst test, let

D�
i = x

0
i
b� + x0ib�1 (qi � b
)� x0ib�� � x0ib��1 (qi � b
�) ;
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where
�b��;b��; b
�� is the least squares estimator using the data fy�i ; xi; qigni=1. Then

I
(1)�
n = nhd=2

n(n�1)
P
i

P
j 6=i

�
D�
iD

�
j + u

�
i u
�
j + 2u

�
iD

�
j

�
Kh;ij

� I
(1)�
1n + I

(1)�
2n + I

(1)�
3n :

The theorem is proved if we can show that I(1)�in jFn = op (1) for i = 1 and 3 and I
(1)�
2n =v

(1)�
n jFn ! N (0; 1)

in probability. The �rst part can be proved as in the proof of Theorem 7, and, for the second part, see the

discussion below.

For the second test, denote m�
i = byi and de�ne bm�

i and bu�i by
bm�
i =

1
n�1

P
j 6=im

�
jLb;ij

. bfi;
and bu�i = 1

n�1
P

j 6=i u
�
jLb;ij

. bfi:
Then using be�i = y�i � by�i = m�

i + u
�
i � (bm�

i + bu�i ), we get
I
(2)�
n

= nhd=2

n(n�1)
P
i

P
j 6=i
1�i 1

�
j

�
(m�

i � bm�
i )
�
m�
j � bm�

j

�
+ u�i u

�
j + bu�i bu�j + 2u�i �m�

j � bm�
j

�
� 2bu�i �m�

j � bm�
j

�
� 2u�i bu�j	Kh;ij

� I
(2)�
1n + I

(2)�
2n + I

(2)�
3n + 2I

(2)�
4n � 2I(2)�5n � 2I(2)�6n .

The theorem is proved if we can show that I(2)�in jFn = op (1) for i = 1; 3; 4; 5; 6 and I
(2)�
2n =v

(2)�
n jFn ! N (0; 1)

in probability. The �rst part is similar to that of Theorem 8 under H(2)
0 . However, note that m�(�)jFn as

de�ned above satis�es H(2)
0 even if m(�) is from H

(2)
1 ; see Gu et al. (2007) for a similar analysis in testing

omitted variables. But there is some di¤erences in showing the second part.

First, because u�i jFn are mean zero and mutually independent and have variance be2i ,
nhd=2

n(n�1)
P
i

P
j 6=i
1�i 1

�
j u

�
i u
�
jKh;ij =

2nh1=2

n(n�1)
P
i

P
j>i

1�i 1
�
j u

�
i u
�
jKh;ij �

P
i

P
j>i

U�n;ij

is a second order degenerate U -statistic with conditional variance

2hd

n(n�1)
P
i

P
j 6=i
1�i 1

�
j be2i be2jK2

h;ij = v2n:

Because U�n;ij depends on i and j, we use the central limit theorem of de Jong (1987) for generalized quadratic

forms rather than Hall (1984) to �nd the asymptotic distribution of I(2)�2n . From his Proposition 3.2, we know

I
(2)�
2n =v

(2)
n jFn ! N (0; 1) in probability as long as

G�I =
P
i

P
j>i

E�
�
U�4n;ij

�
= op

�
v
(2)4
n

�
;

G�II =
P
i

P
j>i

P
l>j>i

E�
h
U�2n;ijU

�2
n;il + U

�2
n;jiU

�2
n;jl + U

�2
n;liU

�2
n;lj

i
= op

�
v
(2)4
n

�
;

G�IV =
P
i

P
j>i

P
k>j>i

P
l>k>j>i

E�
h
U�n;ijU

�
n;ikU

�
n;ljU

�
n;lk + U

�
n;ijU

�
n;ilU

�
n;kjU

�
n;kl + U

�
n;ikU

�
n;ilU

�
n;jkU

�
n;jl

i
= op

�
v
(2)4
n

�
:

It is straightforward to show that

G�I = Op

��
n2hd

��1�
; G�II = Op(n

�1); G�IV = Op(h
d);
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see, e.g., the proof of Theorem 2 of Hsiao et al. (2007), so the result follows by v(2)4n = Op(1). Next, it is

easy to check that E�
h
v
(2)�2
n

i
= v

(2)2
n + op(1), and V ar�

�
v
(2)�2
n

�
= op(1). Thus I

(2)�
2n =v

(2)�
n jFn ! N (0; 1) in

probability. The analysis for I(1)�2n is similar.

Supplement B: Propositions

Proposition 1 b
 � 
0 = Op(h).

Proof. We apply Lemma 4 of Porter and Yu (2015) to prove the result. By Lemma B.1 of Newey (1994),
we have

sup
2�

��� bQn (
)�Qn (
)��� = Op

�p
lnn=nhd

�
p�! 0 ;

where

Qn (
) =
R " R 0�1RKx (ux;x) k� (uq)m (x+ uxh; 
 + uqh) f (x+ uxh; 
 + uqh) duxduq

�
R 1
0

R
Kx (ux;x) k+ (uq)m (x+ uxh; 
 + uqh) f (x+ uxh; 
 + uqh) duxduq

#2
f (x) dx :

Let Nn = [
0 � h; 
0 + h] and 
n = argmax
2�Qn (
); then it is easy to show that sup
2�nNn
Qn (
) =

O
�
h2
�
. But for 
 2 Nn, the result is di¤erent. Speci�cally, let 
 = 
0 + ah, a 2 (0; 1) : Then

Qn (
) =
R 264

R 0
�1
R
Kx (ux;x) k� (uq) g (x+ uxh; 
 + uqh) f (x+ uxh; 
 + uqh) duxduqR �a

�1
R
Kx (ux;x) k� (uq) (1; x

0 + hu0x; 
 + uqh) �0f (x+ uxh; 
 + uqh) duxduq

�
R 1
0

R
Kx (ux;x) k+ (uq) g (x+ uxh; 
 + uqh) f (x+ uxh; 
 + uqh) duxduq

375
2

f (x) dx :

The di¤erences of the �rst and the third terms in brackets are still O
�
h2
�
, so the second term will dominate.

With Assumption I, we have
R
x

�R
Kx (ux;x) (1; x; 
0)

0
�0f (x; 
0) dux

�2
f (x) dx > C. Under Assumption K,

if a 2 (0; 1), then
R �a
�1 k� (uq) duq � 1 and

R �a
�1 k� (uq) duq is a nonincreasing function of a for a 2 (0; 1).

As a result, Qn (
) is a nonincreasing function of a for a 2 (0; 1) up to O
�
h2
�
. Similarly, Qn (
) is a

nondecreasing function of a for a 2 (�1; 0) up to O
�
h2
�
. So Qn (
) is maximized at some 
n 2 Nn such

that Qn (
n) > sup
2�nNn
jQn (
)j+ C=2 for n large enough. The result of interest then follows.

Proposition 2 b
 � 
0 = Op

�
(n=h)

�1=2
�
.

Proof. We apply the standard shelling method to obtain the result. Speci�cally, for each n, the parameter
space is partitioned into the �shells�Sl;n =

n

 : 2l�1 � (n=h)1=2 j
 � 
0j � 2l

o
with l ranging over the inte-

gers. If (n=h)1=2 jb
 � 
0j is larger than 2L for a given integer L, then b
 is in one of the shells Sl;n with l � L.

In that case the supremum of the map 
 ! bQn (
)� bQn (
0) over this shell is nonnegative by the property
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of b
. Note that
P
�
(n=h)

1=2 jb
 � 
0j > 2L�
� P

 
sup

2L<(n=h)1=2jb
�
0j<(n=h)1=2h
�
1
n

Pn
i=1

b�2i (
)� 1
n

Pn
i=1

b�2i (
0)� � 0
!
+ P (jb
 � 
0j � h)

�
P 1

2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

b�2i (
) � 1
n

Pn
i=1

b�2i (
0)
!
+ P (jb
 � 
0j � h)

�
P 1

2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

b�2i (
) 1 (�i > 0) � 1
n

Pn
i=1

b�2i (
0) 1 (�i > 0)
!

+
P 1

2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

b�2i (
) 1 (�i < 0) � 1
n

Pn
i=1

b�2i (
0) 1 (�i < 0)
!

+ P (jb
 � 
0j � h)

=: T1 + T2 + T3:

As T3 converges to zero by Proposition 1 and T2 is similar to T1, we only use T1 to illustrate the derivations

in the following discussion. Since

T1 �
P 1

2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

�b�i (
)� b�i (
0)� 1 (�i > 0) > 0
!

+
P 1

2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

�b�i (
) + b�i (
0)� 1 (�i > 0) < 0
!
;

we focus on the �rst term because the second term is easier to analyze given that �i > 0. To simplify

notations, 1 (�i > 0) is neglected in the remaining proof. Notice that

1
n

Pn
i=1

�b�i (
)� b�i (
0)�
= 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
yjK


�
h;ij � yjK


+
h;ij

�
� 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
yjK


0�
h;ij � yjK


0+
h;ij

�
= 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
mjK


�
h;ij �mjK


+
h;ij

�
� 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
mjK


0�
h;ij �mjK


0+
h;ij

�
+ 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
ujK


�
h;ij � ujK


+
h;ij

�
� 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
ujK


0�
h;ij � ujK


0+
h;ij

�
=: D1 +D2;

where mj = gj+
�
1; x0j ; qj

�
�01 (qj � 
0) with gj = g (xj ; qj). Suppose 
0 < 
 < 
0+h, then for some C > 0,

we have

D1 = 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i gj

�
K
�
h;ij �K


0�
h;ij

�
� 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i gj

�
K
+
h;ij �K


0+
h;ij

�
+ 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
1; x

0

j ; qj

�
�0

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0)

� �C
�

�
0
h

�2
with probability approaching 1 by calculating the mean and variance of D1 in its U-projection, where

the di¤erence of the �rst two terms contribute only Op

�
j
 � 
0j

2
�
, and the third term contributes to

�C
�

�
0
h

�2
because for each i, K
�

h;ij covers Op (n (
 � 
0)) terms less than K

0�
h;ij given that 
 > 
0 and

13



k� (0) = 0. In consequence, for � � h,

P

 
sup

j
�
0j<�

1
n

Pn
i=1

�b�i (
)� b�i (
0)� > 0
!
� P

 
sup

j
�
0j<�
D2 > C

�

�
0
h

�2!
:

Next,

D2

= 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0) +

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K

0+
h;ij �K


+
h;ij

�
1 (qj > 
)

+ 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K
�
h;ij +K


0+
h;ij

�
1 (
0 < qj � 
)

=: P1 + P2 + P3;

(30)

and we can apply Lemma 8.4 of Newey and Mcfadden (1994) to bound D2. Since the �rst two terms are

similar, we just check the �rst term and the last term. For the �rst term, set

mn (zi; zj) = uj

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0) ;

where zi = (ui; x0i; qi)
0, and mn (zi; zj) = 0 for any i = j. So we have

n�2
Pn

i=1

Pn
j=1mn (zi; zj) = P1 ;

E [mn (zi; zj)] = 0; Ei [mn (zi; zj)] = 0; E [jmn (z1; z1)j] =n = 0 ;

and

E
h
kmn (z1; z2)k2

i
= E

�
E

��
uj
hd
Kx

�
xj�xi
h ; xi

� h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i
1 (qj � 
0)

�2
jxi
��

= E
�
E

�
u2j
h2d

Kx
�
xj�xi
h ; xi

�2 h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i2
1 (qj � 
0) jxi

��
= E

�
1
h2d

R 
0
�1
R
x

R
u
u2jK

x
�
xj�xi
h ; xi

�2 h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i2
f (uj jxj ; qj) f (xj ; qj) dujdxjdqj

�
= E

�
1
hd

R 0
�1
R
ux
�2 (xi + uxh; 
0 + uqh)K

x (ux; xi)
2
h
k�
�
uq +


0�

h

�
� k� (uq)

i2
f (xi + uxh; 
0 + uqh) duxduq

�
� C

hd

�

0�

h

�2
under Assumption I and the fact that

��k0� (�)�� <1 and Kx (�) <1 over their supports, where Ei [�] = E [�jzi],
�2(xj ; qj) = E

�
u2j jxj ; qj

�
. Hence, by Proposition 1,

�
E
h
kmn (z1; z2)k2

i�1=2�
n � C

���
0�
h ��� 1
nhd=2

= Op (1)Op
�

1
nhd=2

�
= op (1)

under Assumption H. As a result,

P1 = 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0) = n�1

Pn
j=1 E [mn (zi; zj) jzj ] + op (1) ;

14



where
Ej [mn (zi; zj)]

=
uj
hd
1 (qj � 
0)

h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i R
x
Kx

�
xj�xi
h ; xi

�
f (xi) dxi

=
uj
h 1 (qj � 
0)

h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i R
x
Kx (ux; xi) f (xi � uxh) dux

� C
uj
h 1 (qj � 
0)

h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i
f (xi) :

Hence,

V ar (P1) = V ar
�
n�1

Pn
j=1 Ej [mn (zi; zj)] + op (1)

�
� n�1

R 
0
�1
R
x

R
u
C
u2j
h2

h
k�
�
qj�

h

�
� k�

�
qj�
0
h

�i2
f (xj)

2
f (uj jxj ; qj) f (xj ; qj) dujdxjdqj

� C 1
nh

R 0
�1
R
x
�2 (xj ; 
0 + uqh)

h
k�
�
uq +


0�

h

�
� k� (uq)

i2
f (xj ; 
0 + uqh) f (xj)

2
dxjduq

� C 1
nh

�

0�

h

�2
:

Similarly for P3, we can set

P3 = 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K
�
h;ij +K


0+
h;ij

�
1 (
0 < qj � 
) = n�2

Pn
i=1

Pn
j=1mn (zi; zj)

with

E [mn (zi; zj)] = 0; Ei [mn (zi; zj)] = 0; E [kmn (z1; z1)k] =n = 0 ;

and

E
h
kmn (z1; z2)k2

i
= E

�
E

��
uj
hd
Kx

�
xj�xi
h ; xi

� h
k�
�
qj�

h

�
� k+

�
qj�
0
h

�i
1 (
0 < qj � 
)

�2
jxi
��

= E
�
1
hd

R 
�
0
h

0

R
ux
�2 (xi + uxh; 
0 + uqh)K

x (ux; xi)
2
h
k�
�
uq +


0�

h

�
� k+ (uq)

i2
f (xi + uxh; 
0 + uqh) duxduq

�
� C

hd

���
0�
h ���3 :
By Proposition 1, we have�

E
h
kmn (z1; z2)k2

i�1=2�
n � C

���
0�
h ���3=2 1
nhd=2

= Op (1)Op
�

1
nhd=2

�
= op (1)

under Assumption H. As a result,

P3 = 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i uj

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0) = n�1

Pn
j=1 Ej [mn (zi; zj)] + op (1)

with
Ej [mn (zi; zj)]

=
uj
hd

h
k�
�
qj�

h

�
� k+

�
qj�
0
h

�i
1 (
0 < qj � 
)

R
x
Kx

�
xj�xi
h ; xi

�
f (xi) dxi

=
uj
hd

h
k�
�
qj�

h

�
� k+

�
qj�
0
h

�i
1 (
0 < qj � 
)

R
x
Kx (ux; xi) f (xi � uxh) dux

� C
uj
hd

h
k�
�
qj�

h

�
� k+

�
qj�
0
h

�i
1 (
0 < qj � 
) f (xi) :
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Hence,

V ar (P3) t V ar
�
n�1

Pn
j=1 Ej [mn (zi; zj)]

�
� C 1

nh

R 
�
0
h

0

R
x
�2 (xj ; 
0 + uqh)

h
k�
�
uq +


0�

h

�
� k+ (uq)

i2
f (xj ; 
0 + uqh) f (xj)

2
dxjduq

� C 1
nh

���
0�
h ���3 :
Since, conditional on xi, the three summations on the right hand side of (30) are independent, we obtain

V ar (D2) = V ar (P1) + V ar (P2) + V ar (P3)

� C 1
nh

��

0�

h

�2
+
���
0�
h ���3� � C (
�
0)2

nh3

uniformly for j
 � 
0j < �. In consequence,

P

 
sup

j
�
0j<�

1
n

Pn
i=1

�b�i (
)� b�i (
0)� > 0
!

� CE

24 sup
j
�
0j<�

D2

!235,�
C
�

�
0
h

�2�2
� C (
�
0)2

nh3

.
(
�
0)4
h4 = Ch

n(
�
0)2

by Markov�s inequality. So

P 1
2 log2(nh)

l=L P

 
sup
Sl;n

1
n

Pn
i=1

�b�i (
)� b�i (
0)� 1 (�i > 0) > 0
!

�
P

l�L
Ch

n
�
2l=
p
n=h

�2 = C
P

l�L
1
4l
! 0

as L!1. The proof is completed.

Proposition 3 For v on any compact set,

E
h
nh
� bQn (
v0)� bQn(
0)�i = �v2E [�f (xi)�if(xi)jqi = 
0] fq(
0)k

0
+(0) + o(1);

Cov
�
nh
� bQn (
v10 )� bQn (
0)� ; nh� bQn (
v20 )� bQn (
0)��

= 4E
h
�2f (xi)f

2 (xi) (�
2
+(xi) + �

2
�(xi))jqi = 
0

i
fq(
0)v1v2�(1) + o(v1v2);

and

1q
V ar(nh( bQn(
v0)� bQn(
0)))

�
nh
� bQn (
v0)� bQn(
0)�� E hnh� bQn (
v0)� bQn(
0)�i� d�! N (0; 1) ;

where 
v0 = 
0 +
vp
n=h
.

Proof. Note that

bQn (
v0)� bQn(
0) = 1
n

Pn
i=1

�b�i (
v0)2 � b�i (
0)2� = 1
n

Pn
i=1

�b�i (
v0) + b�i (
0)��b�i (
v0)� b�i (
0)� :
By Lemma B.1 of Newey(1994), we can show that

��� b�i (
v0)��f (xi)��� p�! 0 uniformly in i and v, where

�f (xi) := (1; x
0
i; 
0) �0f(xi; 
0) = Op(1). So

��� b�i (
v0) + b�i (
0)� 2�f (xi)��� p�! 0 uniformly in i and v . Next
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we focus on the other term. For simplicity, let v > 0. Now,

b�i (
v0)� b�i (
0)
=
�

1
n�1

Pn
j=1;j 6=i yjK


v0�
h;ij � 1

n�1
Pn

j=1;j 6=i yjK

v0+
h;ij

�
�
�

1
n�1

Pn
j=1;j 6=i yjK


0�
h;ij � 1

n�1
Pn

j=1;j 6=i yjK

0+
h;ij

�
=
�

1
n�1

Pn
j=1;j 6=i yjK


v0�
h;ij � 1

n�1
Pn

j=1;j 6=i yjK

0�
h;ij

�
�
�

1
n�1

Pn
j=1;j 6=i yjK


v0+
h;ij � 1

n�1
Pn

j=1;j 6=i yjK

0+
h;ij

�
=: 1

n�1
Pn

j=1;j 6=i (T1ij + T2ij + T3ij + T4ij + T5ij + T6ij) ;

where
T1ij = g (xj;qj)

�
K

v0�
h;ij �K


0�
h;ij

�
;

T2ij = �g (xj;qj)
�
K

v0+
h;ij �K


0+
h;ij

�
;

T3ij = uj

�
K

v0�
h;ij �K


0�
h;ij

�
;

T4ij = uj

�
K

v0+
h;ij �K


0+
h;ij

�
;

T5ij = �
�
1; x0j ; qj

�
�0K


0�
h;ij 1 (
0 � h � qj � 
0) ;

T6ij = �
�
1; x0j ; qj

�
�0K


v0�
h;ij 1 (


v
0 � h � qj � 
0) :

By Lemma 1, we have
1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i 2�f (xi) (T1ij + T2ij) � 0;

by Lemma 2, we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi) (T3ij + T4ij)

� 2
nh

Pn
i=1�f (xi) f (xi)ui

h�
k�
�
qi�
v0
h

�
� k�

�
qi�
0
h

��
�
�
k+
�
qi�
v0
h

�
� k+

�
qi�
0
h

��i
;

and by Lemma 3, we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi) (T5ij + T6ij)

� 2
nh

Pn
i=1�f (xi) f (xi) (1; x

0
i; qi) �0

h
k�
�
qi�
v0
h

�
1 (
v0 � h � qj � 
0)� k�

�
qi�
0
h

�
1 (
0 � h � qi � 
0)

i
:

Combining results we have

nh
� bQn (
v0)� bQn(
0)�

= 2
Pn

i=1�f (xi) f (xi)ui

h�
k�
�
qi�
v0
h

�
� k�

�
qi�
0
h

��
�
�
k+
�
qi�
v0
h

�
� k+

�
qi�
0
h

��i
+ 2

Pn
i=1�f (xi) f (xi) (1; x

0
i; qi) �0

h
k�
�
qi�
v0
h

�
1 (
v0 � h � qj � 
0)� k�

�
qi�
0
h

�
1 (
0 � h � qi � 
0)

i
+ op (1)

=: S1 + S2 + op (1) :

Hence,

E
h
nh
� bQn (
v0)� bQn(
0)�i t E [S2 (v)]

= 2n
R
xi

R 
0

v0�h

�f (xi) f (xi)
�
1; x0j ; qj

�
�0k

�
�
qi�
v0
h

�
f (xi; qi) dqidxi

� 2n
R
xi

R 
0

0�h

�f (xi) f (xi)
�
1; x0j ; qj

�
�0k

�
�
qi�
0
h

�
f (xi; qi) dqidxi

= 2n
R
xi

R 0
vp
nh
�1�f (xi) f (xi) (1; x

0
i; 
0 + uqh) �0k

�
�
uq � vp

nh

�
f (xi; 
0 + uqh) duqdxi

� 2n
R
xi

R 0
�1�f (xi) f (xi) (1; x

0
i; 
0 + uqh) �0k

� (uq) f (xi; 
0 + uqh) duqdxi

� �v2fq (
0)E [�f (xi)�if (xi) jqi = 
0] k
0
+ (0) ;
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where the �rst equality comes from the zero conditional mean property of the error term, and the last one

applies jk0�(0)j = k0+(0). By Lemma 4 and Lemma 5, as well as the exogeneity property of error term ui, we

have

Cov
�
nh
� bQn(
v10 )� bQn(
0)� ; nh� bQn(
v20 )� bQn(
0)��

= Cov (S1 (v1) ; S1 (v2)) + Cov (S2 (v1) ; S2 (v2)) + Cov (S1 (v1) ; S2 (v2)) + Cov (S1 (v2) ; S2 (v1))

� 4E
h
�2f (xi) f

2 (xi)
�
�2+ (xi) + �

2
� (xi)

�
jqi = 
0

i
fq (
0) v1v2�(1):

Roughly speaking, S2(v) contributes to the mean process of nh
� bQn (
v0)� bQn (
0)�, and S1(v) contributes

to the variance process.

To show the weak convergence, we apply the Lyapunov CLT by checking the Lyapunov condition. Specif-

ically, we show that

Pn
i=1 E

�
�4f (xi) f (xi)

4
u4i

h�
k�
�
qi�
v0
h

�
� k�

�
qi�
0
h

��
�
�
k+
�
qi�
v0
h

�
� k+

�
qi�
0
h

��i4�
= Op

�
nh
(nh)2

�
= op (1)

as n!1:

Proposition 4 b� (
0) d�! �.

Proof. By standard arguments, we have

1
n

Pn
i=1 kh(qi�
0)�

2
f (xi)f

2(xi)u
2
i

1
n

Pn
i=1 kh(qi�
0)

� E
h
�2f (xi)f

2(xi)(�
2
+(xi) + �

2
�(xi))jqi = 
0

i
p�! 0

and
1
n

Pn
i=1 kh(qi�
0)�f (xi)�if(xi)

1
n

Pn
i=1 kh(qi�
0)

� E [�f (xi)�if(xi)jqi = 
0]
p�! 0:

So all we need to show is

1
n

Pn
i=1 kh(qi � b
)b�2i (
0) bf2(xi)bui (
0)2 � 1

n

Pn
i=1 kh(qi � 
0)�2f (xi)f2(xi)u2i

p�! 0

and
1
n

Pn
i=1 kh(qi � 
0)b�2i (
0) bf�1(xi; 
0) bf(xi)� 1

n

Pn
i=1 kh(qi � 
0)�f (xi)�if(xi)

p�! 0;

which are implied by

bf(xi; 
0)� f(xi; 
0) p�! 0; b�i(
0)��f (xi) p�! 0; bf(xi)� f(xi) p�! 0 and bui (
0)� ui p�! 0

uniformly in xi 2 X :
In the following, we take bui (
0) � ui

p�! 0 for illustration since others are easier to show. By Lemma

B.3 of Newey (1994),

supxi

��� 1
n�1

Pn
j=1;j 6=iKh (xj � xi) k�h (qj � 
0) yj � E

�
yj jxi; 
�0

�
f(xi; 
0)

��� = Op

�p
lnn=nhd + h

�
= op (1) ;

which implies

supxi jbm� (xi; 
0)�m� (xi; 
0)j
p�! 0:
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As a result,

supxi;jqi�
0j�h jbui (
0)� uij
= supxi;jqi�
0j�h jyi � bm� (xi; 
0) 1 (qi � 
0)� bm+ (xi; 
0) 1 (qi > 
0)� uij
= supxi;jqi�
0j�h j[m� (xi; qi)� bm� (xi; 
0)] 1 (qi � 
0) + [m+ (xi; qi)� bm+ (xi; 
0)] 1 (qi > 
0)j
� supxi jm� (xi; 
0)� bm� (xi; 
0)j+ supxi;jqi�
0j�h jm� (xi; qi)�m� (xi; 
0)j
p�! 0:

Proposition 5 b�� b� (
0) p�! 0.

Proof. To derive the result, we need to show

1
n

Pn
i=1 kh(qi � b
)b�2i (b
) bf2(xi)bu2i � 1

n

Pn
i=1 kh(qi � 
0)b�2i (
0) bf2(xi)bui (
0)2 p�! 0

and

1
n

Pn
i=1 kh(qi � b
)b�2i (b
) bf�1(xi; b
) bf(xi)� 1

n

Pn
i=1 kh(qi � 
0)b�2i (
0) bf�1(xi; 
0) bf(xi) p�! 0:

Take the �rst result for illustration since the second is simpler. First, we show that

1
n

Pn
i=1 kh(qi � 
0)b�2i (b
) bf2(xi)bu2i � 1

n

Pn
i=1 kh(qi � 
0)b�2i (
0) bf2(xi)bui (
0)2 p�! 0: (31)

Since
supxi

��� bf (xi; b
)� bf (xi; 
0)���
=
��� 1
n�1

Pn
j=1;j 6=iKh (xj � xi) kh (qj � b
)� 1

n�1
Pn

j=1;j 6=iKh (xj � xi) kh (qj � 
0)
���

=
��� 1
(n�1)h

Pn
j=1;j 6=iKh (xj � xi)

�
k
�
qj�b

h

�
� k

�
qj�
0
h

�����
= O

�
vp
nh

�
= op (1) ;

(32)

and, by a similar argument as that in (32),

supxi

��� bm� (xi; b
) bf� (xi; b
)� bm� (xi; 
0)
bf� (xi; 
0)��� = op (1) ;

we have

supxi

��� b�i (b
)� b�i (
0)���
� supxi

��� bm� (xi; b
) bf� (xi; b
)� bm� (xi; 
0)
bf� (xi; 
0)���+ supxi ��� bm+ (xi; b
) bf+ (xi; b
)� bm+ (xi; 
0)

bf+ (xi; 
0)���
p�! 0:

(33)

With the results in (32), (33) and 1 (
0 < qi � b
) = Op

�
1p
n=h

�
= op(1), we have

supxi jbui � bui (
0)j
= supxi jbm� (xi; b
) 1 (qi � b
)� bm� (xi; 
0) 1 (qi � 
0) + bm+ (xi; b
) 1 (qi > b
)� bm+ (xi; 
0) 1 (qi > 
0)j
� supxi jbm� (xi; b
)� bm� (xi; 
0)j 1 (qi � b
) + supxi jbm� (xi; 
0)j 1 (
0 < qi � b
)
+ supxi jbm+ (xi; b
)� bm+ (xi; 
0)j 1 (qi > b
) + supxi jbm+ (xi; 
0)j 1 (b
 < qi � 
0)

p�! 0:

(34)
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Combining (32)-(34), (31) is obtained.

Secondly, we show��� 1nPn
i=1 kh(qi � b
)b�2i (b
) bf2(xi)bu2i � 1

n

Pn
i=1 kh(qi � 
0)b�2i (b
) bf2(xi)bu2i ���

=
��� 1nPn

i=1 (kh(qi � b
)� kh(qi � 
0)) b�2i (b
) bf2(xi)bu2i ���+ op(1)
= Op

�
1p
nh

1
nh

Pn
i=1 1 (jqi � 
0j � h) b�2i (b
) bf2(xi)bu2i�+ op(1):

Hence the required result is derived.

Proposition 6 b
 � 
0 = Op(h).

Proof. The proof mimics that of Proposition 1. By replacing Assumption K, G and H with K0, G0 and H0,
we now have

sup
2�

�����2n bQn (
)�Qn (
)��� = Op

�p
lnn=nhd

�
p�! 0;

where Qn (
) contains only the middle term in Proposition 1, and the �rst and third terms disappear because

their di¤erence is O
�
h2s=�2n

�
= o (1). Now, for 
 2 �nNn, sup
2�nNn

Qn (
) = o (1). For 
 2 Nn, Qn (
) is
a nondecreasing (nonincreasing) function of a for a 2 (�1; 0) (a 2 (0; 1)) up to o (1) and sup
2Nn

jQn (
)j =
O (1). So Qn (
) is maximized at some 
n 2 Nn such that Qn (
n) > sup
2�nNn

jQn (
)j + C=2 for n large

enough. The result of interest is then derived.

Proposition 7 b
 � 
0 = Op
�
(n�2n)

�1�.
Proof. This proof mimics that of Proposition 2 with the term

p
n=h replaced by n�2n; Suppose 
0 < 
 <


0 + h, now we have

D1 = 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i gj

�
K
�
h;ij �K


0�
h;ij

�
� 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i gj

�
K
+
h;ij �K


0+
h;ij

�
+ 1

n(n�1)
Pn

i=1

Pn
j=1;j 6=i

�
1; x0j ; qj

�
�n

�
K
�
h;ij �K


0�
h;ij

�
1 (qj � 
0)

� �C�n
���
�
0h

���
for some C > 0 with probability approaching 1 by calculating the mean and variance of D1 in its U-projection,

where the di¤erence of the �rst two terms contribute only Op (j
 � 
0jhs), the third term contributes to

�C�n
���
�
0h

���. Since �n=hs !1, for � � h,

P
�
supj
�
0j<�

1
n

Pn
i=1

�b�i (
)� b�i (
0)� > 0� � P
�
supj
�
0j<�D2 > C�n

���
�
0h

���� :
With a di¤erent kernel function in Assumption K0 and the same formula of D2, we now have

V ar (P1) � C 1
nh

�

0�

h

�2
; V ar (P2) � C 1

nh

�

0�

h

�2
and V ar (P3) � C 1

nh

���
0�
h ��� :
As a result,

V ar (D2) = V ar (P1) + V ar (P2) + V ar (P3)

� C 1
nh

��

0�

h

�2
+
���
0�
h ���� � C

nh

���
0�
h ���
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uniformly for j
 � 
0j < �. In consequence,

P
�
supj
�
0j<�

1
n

Pn
i=1

�b�i (
)� b�i (
0)� > 0� � CE
��
supj
�
0j<�D2

�2��h
�n

���
0�
h ���i2
� C

nh

���
0�
h ���. �2n �
0�
h �2
= C

n�2nj
�
0j

by Markov�s inequality. So

Plog2(nh�2n)
l=L P

�
supSl;n

1
n

Pn
i=1

�b�i (
)� b�i (
0)� 1 (�i > 0) > 0�
�
P

l�L
C

n�2n�2l=n�2n
= C

P
l�L

1
2l
! 0

as L!1, and the proof is completed.

Proposition 8 On any compact set of v,

E
h
nh
� bQn (
v0)� bQn(
0)�i = �2k+(0)fq(
0)Dn jvj+ o(v);

Cov
�
nh
� bQn (
v10 )� bQn (
0)� ; nh� bQn (
v20 )� bQn (
0)��

=

(
�nv2 + o (v2) ;

0;

if v1 � v2 � 0 or v1 � v2 � 0 ,
otherwise,

and

�n =

(
16k2+ (0) fq (
0)Vn1;

16k2+ (0) fq (
0)Vn2;

if v � 0;
if v > 0;

and the �nite-dimensional limit distributions of nh
� bQn (
v0)� bQn(
0)� are the same as those of C (v), where


v0 = 
0 +
v
n�2n

, and C (v) is de�ned in the proof of Theorem 6.

Proof. We mimic the proof of Proposition 3. Now,
��� b�i (
v0)��f (xi)��� p�! 0 uniformly in i and v, where

�f (xi) := (1; x0i; 
0)�nf(xi; 
0) = Op(�n). Decompose b�i (
v0) � b�i (
0) into the same six terms as in the
proof of Proposition 3 only with �0 replaced by �n. By Lemma 7, we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi) (T1ij + T2ij) � 0;

by Lemma 8, we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi) (T3ij + T4ij)

� 2
nh

Pn
i=1�f (xi) f (xi)ui

h�
k�
�
qi�
v0
h

�
� k�

�
qi�
0
h

��
�
�
k+
�
qi�
v0
h

�
� k+

�
qi�
0
h

��i
=: S2(v)=nh

and by Lemma 9, we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi) (T5ij + T6ij)

� 2
nh

Pn
i=1�f (xi) f (xi)

�
1; x0j ; qj

�
�n

h
k�
�
qi�
v0
h

�
1 (
v0 � h � qj � 
0)� k�

�
qi�
0
h

�
1 (
0 � h � qj � 
0)

i
=: S1(v)=nh:
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As a result,

E
h
nh
� bQn(
v0)� bQn(
0)�i � E [S2 (v)] � 2k+ (0) fq (
0)E ��2i f (xi; qi) f (xi) jqi = 
0

�
v=�2n:

Combining these results and the fact that k�(0) = k+(0), we obtain the �rst equation in the proposition.

By Lemma 10 and Lemma 11, we have

Cov
�
nh
� bQn(
v10 )� bQn(
0)� ; nh� bQn(
v20 )� bQn(
0)��

= Cov (S1 (v1) ; S1 (v2)) + Cov (S2 (v1) ; S2 (v2)) + Cov (S1 (v1) ; S2 (v2)) + Cov (S1 (v2) ; S2 (v1))

� �nv2:

Just as in Method II, S2(v) contributes to the mean process of nh
� bQn(
v10 )� bQn(
0)�, and S1(v) contributes

to the variance process.

To show �di convergence, we apply the Cramér-Wold device, combined with the Lyapunov CLT. Specif-

ically, we check the Lyapunov condition that

Pn
i=1 E

�
�4f (xi) f

4 (xi)u
4
i

h�
k�
�
qi�
v0
h

�
� k�

�
qi�
0
h

��
�
�
k+
�
qi�
v0
h

�
� k+

�
qi�
0
h

��i4�
= Op

�
nh�4n
nh�2n

�
= op (1)

as n!1. Then the proposition is proved.

Proposition 9 e
 � 
0 = Op (h) :

Proof. The proof is similar to that of Proposition 6. But now

Qn (
) =

" R 0
�1
R
Kx (ux;xo) k� (uq)m (xo + uxh; 
 + uqh) f (xo + uxh; 
 + uqh) duxduq

�
R 1
0

R
Kx (ux;xo) k+ (uq)m (xo + uxh; 
 + uqh) f (xo + uxh; 
 + uqh) duxduq

#2
;

and we require �o=hs !1 to make the proof go through.

Proposition 10 e
 � 
0 = Op
�
(nhd�1�2o)

�1� :
Proof. The proof is the same as that of Proposition 7. We only pay attention to the role that �o ! 0 plays

to make the proof go through.

Proposition 11 On any compact set of v,

E
h
nhd

� eQn (
v0)� eQn(
0)�i = �2k+(0)f (xo; 
0)2 jvj+ o(v);
Cov

�
nhd

� eQn (
v10 )� eQn (
0)� ; nhd � eQn (
v20 )� eQn (
0)��
=

(
�o (v2) v2 + o (v2) ;

0;

if v1 � v2 � 0 or v1 � v2 � 0 ,
otherwise,

and the �nite-dimensional limit distributions of nhd
� eQn (
v0)� eQn(
0)� are the same as those of Co (v),
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where 
v0 = 
0 +
v

nhd�1�2
o
,

�o (v) =

(
16k2+ (0)�

2
� (xo) f (xo; 
0)

3
�2;

16k2+ (0)�
2
+ (xo) f (xo; 
0)

3
�2;

if v � 0;
if v > 0;

and Co (v) is de�ned in the proof of Corollary 4.

Proof. Mimic the proof of Proposition 8. Now,

eQn (
v0)� eQn (
0) = b�o (
v0)2 � b�o (
0)2 = �b�o (
v0) + b�o (
0)��b�o (
v0)� b�o (
0)� :
By Lemma B.1 of Newey (1994), we can show that

��� b�o (
v0)��f (xo)��� p�! 0 uniformly in i and v, where

�f (xo) := (1; x0o; 
0)�0f(xo; 
0) = Op(�o), so
��� b�o (
v0) + b�o (
0)� 2�f (xo)��� p�! 0 uniformly in i and v.

We then only need to focus on the other term. For simplicity, let v > 0. Now,

b�o (
v0)� b�o (
0) =: 1nPn
j=1 (T1j + T2j + T3j + T4j + T5j + T6j) ;

where fTkjg6k=1 are de�ned similarly as in Proposition 8, only with K

�
h;ij and K


+
h;ij replaced by K


�
h;j and

K
+
h;j , respectively. By Lemma 13, we have

1
n

Pn
j=1 2�f (xo) (T1j + T2j) � 0;

and by Lemma 14, we have

1
n

Pn
j=1 2�f (xo) (T5j + T6j) � �2k+ (0) v

nhd
f (xo; 
0)

2
:

So

nhd
� eQn (
v0)� eQn(
0)�

= hd
Pn

j=1 2�f (xo) (T1j + T2j) + h
d
Pn

j=1 2�f (xo) (T3j + T4j) + h
d
Pn

j=1 2�f (xo) (T5j + T6j)

= op (1) + S1 (v) + S2 (v) :

Hence, with the zero mean assumption of the error term, we have

E
h
nhd

� eQn (
v0)� eQn(
0)�i = E [S2 (v)] = �2k+ (0) f (xo; 
0)2 v + op (v) :
By Lemmas 13, 15 and 16, and the exogeneity property of the error terms, we have

Cov
�
nhd

� eQn(
v10 )� eQn(
0)� ; nhd � eQn(
v20 )� eQn(
0)��
= Cov (S1(v1); S1(v2)) + Cov (S2(v1); S2(v2)) + Cov (S1(v1); S2(v2)) + Cov (S1(v2); S2(v1))

t �onv2:

To show the weak convergence, we apply the Lyapunov CLT by checking the Lyapunov condition. Speci�cally,

we show that

Pn
j=1 E

�
h4d�4f (xo)u

4
i

h�
K

v0�
h;j �K
0�

h;j

�
�
�
K

v0+
h;j �K
0+

h;j

�i4�
= Op

�
nh3d�4

o

nhd�2
o

�
= op (1) :
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Proposition 12 I
(1)
1n is op (1) under H

(1)
0 , and is Op

�
nhd=2

�
under H(1)

1 .

Proof. Note that

I1n =
nhd=2

n(n�1)
P

i

P
j 6=iDiDjKh;ij

= nhd=2

n(n�1)
P

i

P
j 6=i

h
mi � x0ib� � x0ib�1 (qi � b
)i hmj � x0jb� � x0jb�1 (qj � b
)iKh;ij :

Under H(1)
0 , mi = x

0
i�0 + x

0
i�01 (qi � 
0), so that

mi � x0ib� � x0ib�1 (qi � b
)
= x0i

�
�0 � b��+ x0i ��0 � b�� 1 (qi � b
 ^ 
0)

+ x0i�01 (b
 < qi � 
0)� x0ib�1 (
0 < qi � b
) :
As a result, I1n has ten terms with a typical term of the form

T1 =
�b� � �0�0 h nhd=2

n(n�1)
P

i

P
j 6=iKh;ijxix

0
j

i �b� � �0�
or

T2 = �00

h
nhd=2

n(n�1)
P

i

P
j 6=iKh;ijxix

0
j1 (b
 < qi � 
0) 1 (b
 < qj � 
0)

i
�0:

Given that b� � �0 = Op(n
�1=2), b� � �0 = Op(n

�1=2), and b
 � 
0 = Op(n
�1), it is easy to show that T1 =

Op(h
d=2) and T2 = Op(h

d=2) since 1
n(n�1)

P
i

P
j 6=i

Kh;ijxix
0
j = Op(1) and 1

n(n�1)
P
i

P
j 6=i

Kh;ijxix
0
j1 (b
 < qi � 
0) 1 (b
 < qj � 
0) =

Op
�
n�1

�
.

We now analyze I1n under H
(1)
1 . There are three cases. Let�

�0o; �
0
o; 
o

�0
= arg inf�;�;
 E

h
(y � x0� � x0�1 (q � 
))

2
i
:

If �o = 0, then m(x; q) = x0�o and the model degenerates to the case analyzed in Zheng (1996). If

�xo = 0 and ��o + 
o�qo = 0, then m(x; q) takes the CTR form of Chan and Tsay (1998). It follows

that b� � �o = Op(n
�1=2), b� � �o = Op(n

�1=2), and b
 � 
o = Op(n
�1=2). If �xo 6= 0 or ��o + 
o�qo 6= 0,

then b� � �o = Op(n
�1=2), b� � �o = Op(n

�1=2), and b
 � 
o = Op(n
�1). See Yu (2017) for these results. We

concentrate on the last case. Now,

I1n =
nhd=2

n(n�1)
P

i

P
j 6=i (mi �mi) (mj �mj)Kh;ij(1 + op(1));

where mi = x
0
i�o + x

0
i�o1 (qi � 
o), so we need only calculate E [(mi �mi) (mj �mj)Kh;ij ], which is equal

to R
(mi �mi) (mj �mj)Kh;ijfifjdxidqidxjdqj

�
R
(mi �mi)

2
Kx(ux; xi)k(uq)f

2
i dxidqiduxduq

=
R
(mi �mi)

2
f2i dxidqi;

The result follows.

Proposition 13 I
(2)
1n is oPm (1) uniformly in m under H(2)

0 , and is Op
�
nhd=2b

�
under H(2)

1 .
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Proof. Given that bf�1i = f�1i + op(1) and fi is bounded uniformly over (xi; qi) 2 X � �,

I1n

= nhd=2

n(n�1)
P

i

P
j 6=i 1

�
i 1
�
j (mi � bmi) bfi (mj � bmj) bfjKh;ij

� bf�1i bf�1j �
� nhd=2

n(n�1)3
P

i

P
j 6=i
P

l 6=i
P

k 6=j 1
�
i (mi �ml)Lb;il1

�
j (mj �mk)Lb;jkKh;ijf

�1
i f�1j

= Op

�
nhd=2

n(n�1)3
P

i

P
j 6=i
P

l 6=i
P

k 6=j 1
�
i (mi �ml)Lb;il1

�
j (mj �mk)Lb;jkKh;ij

�
;

(35)

Mimicking the proof of Proposition A.1 of Fan and Li (1996), we can show that under H(2)
0 , I1n =

Op
�
nhd=2b2�

�
= op(1). The only new result we need to employ is that jE1 [(m2 �m1)Lb;21]j = Op (b

�),

which is accomplished in Lemma 18.

We now analyze I1n under H
(2)
1 . It can be shown that the case where i; j; l; k are all di¤erent from each

other dominates in the formula of the second equality of (35), so

I1n � Op
�
nhd=2E

�
1�1 (m1 �m2)Lb;121

�
3 (m3 �m4)Lb;34Kh;13f

�1
1 f�13

��
:

Because h=b! 0, we can treat (x1; q1) = (x3; q3). Speci�cally,

E
�
1�1 (m1 �m2)Lb;121

�
3 (m3 �m4)Lb;34Kh;13f

�1
1 f�13

�
= E

"
1�1 (m1 �m2)Lb;12f

�1
1

R
1 (q1 + uqh 2 �) (m((x1; q1) + uh)�m4)

1
bd
Lx
�
x4�x1�uxh

b ; x1 + uxh
�
l
�
q4�q1�uqh

b

�
Kx (ux; x1) k (uq) du

#
� E

�
1�1 (m1 �m2)Lb;12 (m1 �m4)Lb;14f

�1
1

�
= E

n
1�1f

�1
1 fE1 [(m1 �m2)Lb;12]g2

o
=
R 




R �R
(m(x1; q1)�m(x2 q2)) 1

bd
Lx
�
x2�x1
b ; x1

�
l
�
q2�q1
b

�
f(x2; q2)dx2dq2

�2
dx1dq1

� O
�
b2�
�
+
R 
0+b

0�b

R �R
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0�b

R " R 1
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+
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0)
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where u = (ux; uq). Under H
(2)
1 ,
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0+b

0�b
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0�q1
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+
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i2
dx1dv
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R
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2
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�R 1
v
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dv;

where m0
�(x) = lim


!
0�
@m(x; 
)=@
, and m�(x) = lim


!
0�
m(x; 
). The result follows.

Proposition 14 I
(1)
2n

d�! N
�
0;�(1)

�
and I(2)2n

d�! N
�
0;�(2)

�
.
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Proof. We only prove the second result since the �rst is proved in a similar way.

I
(2)
2n = nhd=2

n(n�1)
P

i

P
j 6=i 1

�
i 1
�
j uiujKh;ij

� nhd=2

n(n�1)
P

i

P
j 6=iHn(zi; zj) � nhd=2Un;

where Un is a second order degenerate U-statistic with kernel function Hn. We can apply theorem 1 of Hall

(1984) to �nd its asymptotic distribution. Two conditions need to be checked: (i) E[H2
n(z1; z2)] <1; (ii)

E[G2
n(z1;z2)]+n

�1E[H4
n(z1;z2)]

E2[H2
n(z1;z2)]

! 0 as n!1;

where Gn(z1; z2) = E[Hn(z3; z1)Hn(z3; z2)jz1; z2]. Because these checks follow in a similar way to lemma

3.3a of Zheng (1996) they are omitted here to save space. In conclusion

nUn

.p
2E[H2
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d�! N(0; 1):

It is easy to check that
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=
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�
x2�x1
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=
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k2(uq)du
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�4(x; q)f2(x; q)dxdq + o

�
1
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�
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hd

�R
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R
�4(x; q)f2(x; q)dxdq = 1

hd
�(2)

2 ;

so the result follows.

Proposition 15 v
(1)2
n = �(1) + op (1) under H

(1)
0 and the local alternative and v(1)2n = Op(1) under H

(1)
1 .

Proof. It can be shown that

hd
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P

i

P
j 6=iK

2
h;ijbe2i be2j

= hd
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P

i

P
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2
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2
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2
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K2
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2
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2
i
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h
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h;ijEi
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2
i
Ej
h
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2
ii
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=
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2
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=
R
k2d(u)duE

�
f (x; q)

�
�2(x; q) + (m�m)2

�2�
+ op(1);

where �2i = �2(xi; qi). Under H(1)
0 , m � m = 0. Under the local alternative, E

h
f (x; q) (m�m)4

i
=

O
�
n�2h�d

�
= o(1), and under H(1)

1 , E
h
f (x; q) (m�m)4

i
= O(1).

Proposition 16 v
(2)2
n = �(2) + op (1) under both H

(2)
0 and H(2)

1 .

Proof. By steps similar to the last proposition, we have
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P

i

P
j 6=i 1

�
i 1
�
jK

2
h;ijbe2i be2j =

Z
k2d(u)duE

�
1�i f (xi; qi)

�
�2(xi; qi) + (mi �mi)

2
�2�

+ op(1);
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where mi is rede�ned as Ei [bmi]. Note that E
h
1�i f (xi; qi) (mi �mi)

4
i
is at most O(b) since mi � mi

contributes only for q 2 [
 � b; 
 + b].

Supplement C: Lemmas

Lemma 1 1
n(n�1)

Pn
i

Pn
j=1;j 6=i 2�f (xi) (T1ij + T2ij) t 0.

Proof. For 2�f (xi)T1ij , we have
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1
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0 + uqh) duxduq

� 2�f (xi)
R 0
�1
R
ux
g (xi + uxh; 
0 + uqh)K

x (ux; xi) k
� (uq) f (xi + uxh; 
0 + uqh) duxduq
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+O
�
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�
;

where g(xj ; qj) = g(xj ; qj)f(xj ; qj), g1(xj ; qj) =
@g(xj ;qj)
@xj

and g2(xj ; qj) =
@g(xj ;qj)

@qj
. Since
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=
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;

we have

1
n
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�
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;

1
n
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1
nE
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2
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nO
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1
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1
(nh)1=4

�
= o (1) :

By Lemma 8.4 of Newey and Mcfadden(1994), we have

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i E[2�f (xi)T1ij ] � 2�f (xi) g2 (xi; 
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;
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where the extra terms 1n
Pn

i=1 E[2�f (xi)T1ij jzj ]�E[2�f (xi)T1ij ] and 1
n

Pn
i=1 E[2�f (xi)T1ij jzj ]�E[2�f (xi)T1ij ]

are op(1). Similarly for 2�f (xi)T2ij , we have

1
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and

V ar
�

1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i E [2�f (xi) (T1ij + T2ij)]
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So the result of interest is derived.
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E [2�f (xi)T3ij jzj ]
= 2

hd
uj

�
k�
�
qj�
v0
h

�
� k�

�
qj�
0
h

�� R
xi
�f (xi)K

x
�
xj�xi
h ; xi

�
f (xi) dxi

= 2
huj

�
k�
�
qj�
v0
h

�
� k�

�
qj�
0
h

�� R
xi
�f (xj � uxhj)Kx (ux; xj � uxh) f (xj +�uxh) dxi

� 2
huj

�
k�
�
qj�
v0
h

�
� k�

�
qj�
0
h

��
�f (xj) f (xj)

and

E
h
4�2f (xi)T

2
3ij

i
=
R
xi

R
qj

R
xj

4
h2d
�2f (xi)�

2 (xj ; qj)K
x
�
xj�xi
h ; xi

�2 �
k�
�
qj�
v0
h

�
� k�

�
qj�
0
h

��2
f (xj ; qj) dxjdqjf (xi) dxi

=
R
xi

R
uq

R
ux

8<:
4
hd
�2f (xi)�

2 (xi + uxh; 
0 + uqh)K
x (ux; xi)

2

�
�
k�
�
uq � vp

nh

�
� k� (uq)

�2
f (xi + uxh; 
0 + uqh)

9=; duxduqf (xi) dxi

= O
�
1
hd

vp
nh

�
;

we have

1
n

Pn
i=1 E [2�f (xi)T3ij ] � 2

nh

Pn
i=1 uj

�
k�
�
qj�
v0
h

�
� k�

�
qj�
0
h

��
�f (xj) f (xj) ;

1
nE
h
4�2f (xi)T

2
3ij

i1=2
= 1

nO
�

1
hd=2

1
(nh)1=4

�
= o (1) :
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A similar result can be derived for 1
n(n�1)

Pn
i=1

Pn
j=1;j 6=i 2�f (xi)T4ij and the result of interest is then

obtained.
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A similar result can be derived for 1
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Proof. Without loss of generality, assume v1 � v2 � 0. Then
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where �2�(xi) = E[u2i jxi; qi = 
0�]. So the result of interest is obtained by summing up terms.

Lemma 5 Cov (S2(v1); S2(v2)) = o (v1v2) ; Cov (S1(v1); S2(v2)) = o (v1v2) and Cov (S2(v1); S1(v2)) = o (v1v2) :
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Proof. From Proposition 3, we have
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By Markov�s inequality, the result follows.
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we have
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Proof. The proof is the same as that of Lemma 3.
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where �2+(xi) = E[u2i jxi; qi = 
0+]. Similarly,
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If v1 � v2 � 0, the result is similar except that the term �2+(xi) is replaced by �
2
�(xi).

If v1v2 < 0, then the four terms are all o(v2).

Lemma 11 Cov (S2(v1); S2(v2)) = o (v2) ; Cov (S1(v1); S2(v2)) = o (v2) and Cov (S2(v1); S1(v2)) = o (v2) :

Proof. The proof idea is the same as that in Lemma 5.
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where g(xj ; qj) = g(xj ; qj)f(xj ; qj), g
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By Markov�s inequality, the result of interest is obtained.
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and, similarly,
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the result of interest follows.
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R 
v10


v2
0

R
ui
�2f (xo)u

2
jK

x
�
xj�xo
h ; xo

�2
k+
�
qj�
0
h

��
k+
�
qj�
v20

h

�
� k+

�
qj�
0
h

��
f (uj jxj ; qj) f (xj ; qj) dujdqjdxj

+ 4nhd
R
xi

R 
0+h


v1
0

R
ui

8<: �2f (xo)u
2
jK

x
�
xj�xo
h ; xo

�2 �
k+
�
qj�
v10

h

�
� k+

�
qj�
0
h

��
�
�
k+
�
qj�
v20

h

�
� k+

�
qj�
0
h

��
f (uj jxj ; qj) f (xj ; qj)

9=; dujdqjdxj

+ 4nhd
R
xi

R 
v20 +h


0+h

R
ui
�2f (xo)u

2
jK

x
�
xj�xo
h ; xo

�2
k+
�
qj�
v10

h

�
k+
�
qj�
v20

h

�
f (uj jxj ; qj) f (xj ; qj) dujdqjdxj

� 4k+ (0)2 �2+ (xo) fq (xo; 
0)
3
�2v2

and

4nh2dCov
�
�f (xo)uj

�
K


v1
0 �

h;j �K
0�
h;j

�
;�f (xo)uj

�
K


v2
0 �

h;j �K
0�
h;j

��
t4k2�(0)�2+(xo)f(xo; 
0)3�2v2;

and

� 4nh2dCov
�
�f (xo)ej

�
K


v1
0 �

h;j �K
0�
h;j

�
;�f (xo)ej

�
K


v2
0 �

h;j �K
0�
h;j

��
t4k+(0)k�(0)�2+(xo)f(xo; 
0)3�2v2;

where �2�(xo) = E[e2j jxj = xo; qj = 
�0 ], �
2 =

R
K(ux)

2dux.

If v1 � v2 � 0, the result is similar except that the term �2+(xo) is replaced by �
2
�(xo).

If v1v2 < 0, then the four terms are all o(v2).

Lemma 16 Cov (S2(v1); S2(v2)) = o (v2) ; Cov (S1(v1); S2(v2)) = o (v2) and Cov (S2(v1); S1(v2)) = o (v2).

Proof. The proof idea is the same as that in Lemma 11.

Lemma 17 For any �1; �2 > 0, there exists � > 0 such that

P
n
supjv1�v2j<�

���dnhd � eQn (
v10 )� eQn (
0)��dnhd � eQn (
v20 )� eQn (
0)���� > �1

o
< �2;
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where

dnhd � eQn (
v0)� eQn (
0)� = nhd
� eQn (
v0)� eQn (
0)�� E hnhd � eQn (
v0)� eQn (
0)�i :

Proof. Without loss of generality, assume v1 � v2 � 0. From Proposition 11, we have

limn!1 E
hdnhd � eQn (
v10 )� eQn (
0)��dnhd � eQn (
v20 )� eQn (
0)�i2

= limn!1 E
hdnhd � eQn (
v10 )� eQn (
0)�i2 + limn!1 E

hdnhd � eQn (
v20 )� eQn (
0)�i2
� 2 limn!1 E

hdnhd � eQn (
v10 )� eQn (
0)�i hdnhd � eQn (
v20 )� eQn (
0)�i
= 16k2 (0) f (xo; 
0)

3
�2�2+ (xo) (v1 + v2 � 2v2)

� C jv1 � v2j :

By Markov�s inequality, the result follows.

Lemma 18 jE1 [(m2 �m1)Lb;21]j = Op (b
�).

Proof. We have

jE [(m(x2; q2)�m(x1; q1))Lb;21jx1; q1]j
=
��R (m(x2; q2)�m(x1; q1)) f(x2; q2) 1bdLx �x2�x1b ; x1

�
l
�
q2�q1
b

�
dx2dq2

��
=

�������
R 8><>:

(Qm ((x2; q2) ; (x1; q1)) +Rm ((x2; q2) ; (x1; q1)))

� (f(x1; q1) +Qf ((x2; q2) ; (x1; q1)) +Rf ((x2; q2) ; (x1; q1)))
� 1
bd
Lx
�
x2�x1
b ; x1

�
l
�
q2�q1
b

�
9>=>; dx2dq2

������� ;
whereQm ((x2; q2) ; (x1; q1)) is the (s� 1)th-order Taylor expansion ofm(x2; q2) atm(x1; q1), Rm ((x2; q2) ; (x1; q1))
is the remainder term, Qf ((x2; q2) ; (x1; q1)) is (�� 1)th-order Taylor expansion of f(x2; q2) at f(x1; q1), and
Rf ((x2; q2) ; (x1; q1)) is the remainder term. From Assumption L,

R
Qm ((x2; q2) ; (x1; q1)) (f(x1; q1) +Qf ((x2; q2) ; (x1; q1)))

1
bd
Lx
�
x2�x1
b ; x1

�
l
�
q2�q1
b

�
dx2dq = 0;

so jE [(m(x2; q2)�m(x1; q1))Lb;21jx1]j is bounded by��R Rm ((x2; q2) ; (x1; q1)) f(x1; q1) 1bdLx �x2�x1b ; x1
�
l
�
q2�q1
b

�
dx2dq2

��
+
��R (m(x2; q2)�m(x1; q1))Rf ((x2; q2) ; (x1; q1)) 1

bd
Lx
�
x2�x1
b ; x1

�
l
�
q2�q1
b

�
dx2dq2

��
� Cbs + Cb�+1 � Cb�;

where � = min (�+ 1; s).

Supplement D: Parametric Tests for Threshold E¤ects when In-
struments are present

This supplement discusses the asymptotic distribution of the Wald-type and score-type test statistics under

the null and local alternatives when instruments are available. We also provide implementation details for

the use of Hansen�s (1996) simulation method in the current context.
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For 
 2 �, de�ne


1 (
) = E
�
ziz

0
i"
2
i 1(qi � 
)

�
;
2 (
) = E

�
ziz

0
i"
2
i 1(qi > 
)

�
;

Q1 (
) = E [zix0i1(qi � 
)] ; Q2 (
) = E [zix0i1(qi > 
)] ;

V1 (
) =
h
Q1 (
)

0

1 (
)

�1
Q1 (
)

i�1
; V2 (
) =

h
Q2 (
)

0

2 (
)

�1
Q2 (
)

i�1
;


 = E
�
ziz

0
i"
2
i

�
; Q = E [zix0i] ; V =

�
Q0
�1Q

��1
:

S1 (
) is a mean-zero Gaussian process with covariance kernel E
�
S1 (
1)S1 (
2)

0�
= 
1 (
1 ^ 
2), S =

lim

!1

S1 (
), and S2 (
) = S � S1 (
). S(
) is a mean zero Gaussian process with covariance kernel

H(
1; 
2) = E
h�
zi1(qi � 
1)�Q1 (
1)V Q0
�1zi

� �
zi1(qi � 
2)�Q1 (
2)V Q0
�1zi

�0
"2i

i
:

Given the threshold point 
, the 2SLS estimators for �1 and �2 are

e�1 (
) = � bQ1 (
)0 � 1nZ 0�
Z�
��1 bQ1 (
)��1 � bQ1 (
)0 � 1nZ 0�
Z�
��1 1nZ 0�
Y � ;e�2 (
) = � bQ2 (
)0 � 1nZ 0>
Z>
��1 bQ2 (
)��1 � bQ2 (
)0 � 1nZ 0>
Z>
��1 1nZ 0>
Y � ;
where bQ1 (
) = n�1

Xn

i=1
zix

0
i1(qi � 
) and bQ2 (
) = n�1

Xn

i=1
zix

0
i1(qi > 
). The residual from this

equation is e"i (
) = yi � x0ie�1 (
) 1(qi � 
)� x0ie�2 (
) 1(qi > 
):

The GMM estimators for �1 and �2 are

b�1 (
) = � bQ1 (
)0 e
�11 (
) bQ1 (
)��1 � bQ1 (
)0 e
�11 (
) 1nZ
0
�
Y

�
;b�2 (
) = � bQ2 (
)0 e
�12 (
) bQ2 (
)��1 � bQ2 (
)0 e
�12 (
) 1nZ

0
>
Y

�
;

where the weight matrices

e
1 (
) = 1
n

Pn
i=1 ziz

0
ie"2i (
) 1(qi � 
); e
2 (
) = 1

n

Pn
i=1 ziz

0
ie"2i (
) 1(qi > 
):

The estimated covariance matrices for the GMM estimators are

bV1 (
) = � bQ1 (
)0 e
�11 (
) bQ1 (
)��1 ; bV2 (
) = � bQ2 (
)0 e
�12 (
) bQ2 (
)��1 :
When H0 holds, � = 0, and then the 2SLS estimator for � is

e� = � bQ0 � 1nZ 0Z��1 bQ��1 � bQ0 � 1nZ 0Z��1 1nZ 0Y � ;
where bQ = n�1

Xn

i=1
zix

0
i. Note here that the underlying assumption in this speci�cation testing context

is E ["jz] = 0, so that the 2SLS estimator can be applied. Correspondingly, the GMM estimator for � is

b� = � bQ0e
�1 bQ��1 � bQ0e
�1 1nZ 0Y � ;
and the residual is b"i = yi � x0ib�;
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where the weight matrix is e
 = 1
n

Pn
i=1 ziz

0
ie"2i

with e"i = yi � x0ie�. The estimated covariance matrix for the GMM estimator is

bV = � bQ0e
�1 bQ��1 :
Wald-type Tests

De�ne

Wn(
) =
�bV1 (
) + bV2 (
)��1=2pn�b�1 (
)� b�2 (
)� ; 
 2 �:

The Wald-type test statistic is a functional of Wn(�). Two test statistics are the most popular. The �rst is
the Kolmogorov-Smirnov sup-type statistic

K!
n = sup
2� kWn(
)k ;

and the second is the Cramér�von Mises average-type statistic

C!n =
R
�
kWn(
)kw(
)d
;

where w(
) in C!n is a known positive weight function with
R
�
w(
)d
 = 1. For example, w(�) = 1= j�j with

j�j being the length of �: But if we have some information on the locations where threshold e¤ects are most
likely to occur, we can impose larger weights on the neighborhoods of such locations. The choice of the norm

k�k is also an issue. The Euclidean norm k�k2 is obviously natural, e.g., CH use (the square of) this norm.
Yu (2013b) suggests using the `1 norm in testing quantile threshold e¤ects, and Bai (1996) suggests using

the `1 norm in structural change tests.

The following theorem states the asymptotic distribution of a general continuous functional g(�) of Wn(�)
under the local alternative �n = n�1=2c. The corresponding test statistic is denoted as g!n .

Theorem 10 If �n = n�1=2c, E
h
kxk4

i
<1, E[q4] <1, E["4] and E

h
kzk4

i
<1, then

g!n
d�! g!c = g(W c);

where

W c(
) = (V1 (
) + V2 (
))
�1=2

h
V1 (
)Q1 (
)

0

1 (
)

�1
Q1 (
 ^ 
0)� V2 (
)Q2 (
)

0

2 (
)

�1
Q2 (
 _ 
0)

i
c

+ (V1 (
) + V2 (
))
�1=2

h
V1 (
)Q1 (
)

0

1 (
)

�1
S1 (
)� V2 (
)Q2 (
)0 
2 (
)�1 S2 (
)

i
:

Proof. Under the local alternative �n = n�1=2c, Y = X�
0 (� + �n) +X>
0� + " = X� +X�
0�n + ", so

that

e�1 (
) =
�
X 0
�
Z�


�
Z 0�
Z�


��1
Z 0�
X�


��1 �
X 0
�
Z�


�
Z 0�
Z�


��1
Z 0�
Y

�
= � +Op(1)

1

n

Xn

i=1
zi [x

0
i�n1 (qi � 
0 ^ 
) + "i1 (qi � 
)]

= � + op(1) uniformly in 
 2 �.
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Similarly, e�2 (
) is uniformly consistent for �. As a result,
e"i (
) = yi � x0ie�1 (
) 1(qi � 
)� x0ie�2 (
) 1(qi > 
)

= x0i� + x
0
i�n1(qi � 
0) + "i � x0i (� + op(1))

= "i + op (kxik) uniformly in 
 2 �,

so that

e
1 (
) =
1

n

nX
i=1

ziz
0
ie"2i (
) 1(qi � 
)

=
1

n

nX
i=1

ziz
0
i ("i + op (kxik))

2
1(qi � 
)

p�! 
1 (
)

uniformly in 
 2 � by a standard argument. Similarly, e
2 (
) p�! 
2 (
) uniformly in 
 2 �. Now,

p
n
�b�1 (
)� �� = h bQ1 (
)0 e
1 (
)�1 bQ1 (
)i�1 � bQ1 (
)0 e
1 (
)�1 1p

n
Z 0�


�
X�
0�n + "

��
;

where bQ1 (
) p�! Q1 (
), 1p
n
Z 0�
X�
0�n

p�! Q1 (
 ^ 
0) c uniformly in 
 2 �, and 1p
n
Z 0�
" S1(
): Hence

p
n
�b�1 (
)� �� V1 (
)Q1 (
)

0

1 (
)

�1
[Q1 (
 ^ 
0) c+ S1 (
)] :

Similarly, p
n
�b�2 (
)� �� V2 (
)Q2 (
) 
2 (
)

�1
[Q2 (
 _ 
0) c+ S2 (
)] :

From the arguments above and by the CMT, bV1 (
) p�! V1 (
) and bV2 (
) p�! V2 (
) uniformly in 
 2 �.
Finally, Wn(
)  W c(
) as speci�ed in the theorem, where the second part of W c(
) is the process in

Theorem 4 of CH.

Score-type Tests

The score-type tests are based on

Tn (
) =

"
n�1

nX
i=1

�
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi��zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi�0 b"2i

#�1=2
�n�1=2

nX
i=1

h
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1ziib"i; 
 2 �:

Note here that although bQ1 (
) bV bQ0e
�1n�1=2Pn
i=1 zib"i = op(1), zi1(qi � 
) is recentered by bQ1 (
) bV bQ0e
�1zi.

This is because the e¤ect of b� will not disappear asymptotically so the asymptotic distribution of n�1=2Pn
i=1 zi1(qi �


)b"i di¤ers from n�1=2
Pn

i=1 zi1(qi � 
)"i under H0. Recentering is to o¤set the e¤ect of b�. Since only b� is
used in the construction of Tn (�), this type of tests is constructed under H0 and only one GMM estimator

needs to be constructed. This signi�cantly lightens the computation burden. Given Tn(�), we can similarly
construct the Kolmogorov-Smirnov sup-type statistic Ks

n and the Cramér�von Mises average-type statistic

Csn.

The following theorem states the asymptotic distribution of a general continuous functional g(�) of Tn(�)
under the local alternative �n = n�1=2c. The corresponding test statistic is denoted as gsn.
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Theorem 11 If �n = n�1=2c, E
h
kxk4

i
<1, E

�
q4
�
<1, E

�
"4
�
and E

h
kzk4

i
<1, then

gsn
d�! gsc = g(T c);

where

T c(
) = H(
; 
)�1=2
�
S(
) +

�
Q1 (
 ^ 
0)�Q1 (
)V Q0
�1Q1 (
0)

�
c
	
:

Proof. As in the last theorem, we can show b� p�! �, e
 p�! 
 , and bV p�! V under the local alternative.

n�1=2
Pn

i=1 zi1(qi � 
)b"i
= n�1=2

Pn
i=1 zi1(qi � 
)

�
yi � x0ib��

= n�1=2
Pn

i=1 zi1(qi � 
) (yi � x0i�)� n�1
Pn

i=1 zix
0
i1(qi � 
)

p
n
�b� � ��

= n�1=2
Pn

i=1 zi1(qi � 
) (x0i�n1(qi � 
0) + "i)� bQ1 (
)pn�b� � �� ;
where n�1=2

Pn
i=1 zi1(qi � 
)x0i�n1(qi � 
0)

p�! Q1 (
 ^ 
0) c, bQ1 (
) p�! Q1 (
) uniformly in 
 2 �, and
n�1=2

Pn
i=1 zi1(qi � 
)"i  S1 (
). Next,

n�1=2
Xn

i=1
bQ1 (
) bV bQ0e
�1zib"i

= bQ1 (
)� bQ0e
�1 bQ��1 bQ0e
�1n�1=2Xn

i=1
zi

�
�x0i(b� � �) + x0i�n1(qi � 
0) + "i

�
= � bQ1 (
)pn�b� � ��+ bQ1 (
) bV bQ0e
�1 �n�1Xn

i=1
zix

0
i1(qi � 
0)

�
c

+ bQ1 (
) bV bQ0e
�1 �n�1=2Xn

i=1
zi"i

�
;

where the second term in the last equality converges in probability to Q1 (
)V Q0
�1Q1 (
0) c uniformly in


 2 �, and n�1=2
Xn

i=1
zi"i

d�! N (0;
). In summary,

n�1=2
nX
i=1

h
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1ziib"i

= n�1=2
nX
i=1

h
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zii "i

+
�
Q1 (
 ^ 
0)�Q1 (
)V Q0
�1Q1 (
0)

�
c+ op(1)

 S(
) +
�
Q1 (
 ^ 
0)�Q1 (
)V Q0
�1Q1 (
0)

�
c;

and it is not hard to show n�1
Xn

i=1

�
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi��zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi�0 b"2i p�!

H(
; 
) uniformly in 
 2 �, so the results of the theorem follow.

H(
1; 
2) = E
h�
zi1(qi � 
1)�Q1 (
1)V Q0
�1zi

� �
zi1(qi � 
2)�Q1 (
2)V Q0
�1zi

�0
"2i

i
:

To understand S(
) in T c(
), consider a simple case where x = (1; x0)0, q follows a uniform distribution

on [0; 1] and is independent of (z0; x0; ")0. In this case,

H(
1; 
2) = (
1 ^ 
2) 
� 
1
2QV Q0:
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If dz = d, i.e., the model is just-identi�ed, then

H(
1; 
2) = E
h�
zi1(qi � 
1)�Q1 (
1)Q�1zi

� �
zi1(qi � 
2)�Q1 (
2)Q�1zi

�0
"2i

i
= 
1 (
1 ^ 
2)�Q1 (
1)Q�1
1 (
2)� 
1 (
1)Q0�1Q1 (
2)

0
+Q1 (
1)Q

�1
Q0�1Q1 (
2)
0
;

and we can let, for 
 2 �,

Tn (
) =

"
n�1

nX
i=1

�
zi1(qi � 
)� bQ1 (
) bQ�1zi��zi1(qi � 
)� bQ1 (
) bQ�1zi�0 b"2i

#�1=2
�n�1=2

nX
i=1

h
zi1(qi � 
)� bQ1 (
) bQ�1ziib"i; 
 2 �: (36)

Combining these two cases, H(
1; 
2) reduces to (
1 ^ 
2 � 
1
2) 
, where dz = d. In other words,


�1=2S(
) is a standard d-dimensional Brownian Bridge. Now, the local power is generated by [Q1 (
 ^ 
0)�
Q1 (
)V Q

0
�1Q1 (
0)]c = (
 ^ 
0 � 

0)Qc. Of course, the construction of Tn (
) can be greatly simpli�ed
in this simple case, e.g., let

Tn (
) = e
�1=2 � n�1=2 nP
i=1

[zi1(qi � 
)� 
zi]b"i;
which converges to the standard d-dimensional Brownian Bridge. In linear regression, we need only replace

zi in all formula of (36) by xi.

Simulating Critical Values

The asymptotic distributions in the above two theorems are nonpivotal, but the simulation method in Hansen

(1996) can be extended to the present case. More speci�cally, let f��i g
n
i=1 be i.i.d. N(0; 1) random variables,

and set

W �
n(
) =

�bV1 (
) + bV2 (
)��1=2pn�b��1 (
)� b��2 (
)� ; 
 2 �;
and, for 
 2 �;

T �n (
) =

"
n�1

nX
i=1

�
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi��zi1(qi � 
)� bQ1 (
) bV bQ0e
�1zi�0 b"2i

#�1=2
�n�1=2

nX
i=1

h
zi1(qi � 
)� bQ1 (
) bV bQ0e
�1ziib"i��i ; 
 2 �; (37)

where b��1 (
) and b��2 (
) are similarly de�ned as b�1 (
) and b�2 (
) with the only di¤erence being that yi is
replaced by e"i (
) ��i ; more speci�cally,

b��1 (
) =
� bQ1 (
)0 e
�11 (
) bQ1 (
)��1� bQ1 (
)0 e
�11 (
)

1

n

nP
i=1

zi1(qi � 
)e"i (
) ��i� ;
b��2 (
) =

� bQ2 (
)0 e
�12 (
) bQ2 (
)��1� bQ2 (
)0 e
�12 (
)
1

n

nP
i=1

zi1(qi > 
)e"i (
) ��i� :
Our test rejects H0 if g!n (g

s
n) is greater than the (1 � �)th conditional quantile of g(W �

n(
)) (g(T
�
n(
))).

Equivalently, the p-value transformation can be employed. Take the score test as an example. De�ne

p�n = 1 � F �n(g
s
n), and pn = 1 � F0 (g

s
n), where F

�
n is the conditional distribution of g(T

�
n(
)) given the
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original data, and F0 is the asymptotic distribution of g(Tn(
)) under the null. Our test rejects H0 if

p�n � �. By stochastic equicontinuity of the Tn(
) process, we can replace � by �nite grids with the distance

between adjacent grid points going to zero as n ! 1. A natural choice of the grids for � is the qi�s in �.
Also, the conditional distribution can be approximated by standard simulation techniques. More speci�cally,

the following procedure is used.

Step 1: generate
�
��ij
	n
i=1

be i.i.d. N(0; 1) random variables.

Step 2: set T j�n (
l) as in (37), where f
lg
L
l=1 is a grid approximation of �. Note here that the same

�
��ij
	n
i=1

are used for all 
l, l = 1; � � � ; L.
Step 3: set gj�n = g

�
T j�n
�
.

Step 4: repeat Step 1-3 J times to generate
�
gj�n
	J
j=1
.

Step 5: if pJ�n = J�1
PJ

j=1 1
�
gj�n � gsn

�
� �, we reject H0; otherwise, accept H0.

It can be shown that p�n = pn+op(1) under both the null and local alternative. Hence p�n
d�! pc = 1�F0 (gsc)

under the local alternative, and p�n
d�! U , the uniform distribution on [0; 1], under the null. The proof is

similar to that of Yu (2013b, 2016) and so it is omitted here.
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