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Appendix A: Analysis for DPTR

This appendix considers a similar and possibly more severe problem in applying within-regime first-differencing
in DPTR than that in Section 2l We then discuss how to build CRE models for DPTR.

Within-Regime First-Differencing in DPTR
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since when D (y) = 0, 7 () is not well defined. Our calculation in Appendix D takes this into account
explicitly.[l;g] Our construction of S, (v, 8) seems harmless since at least all data points are used in S,, (v, §);
if DijE (v) = 0, all observations of individual 7 fall in one regime. However, in DPTR, different data points
are used for different ~’s, which implies that first differencing in the usual dynamic panel model is not even
applicable.

Specifically, to cancel ay;, when ¢;; < v, we need to subtract y;; by y;-, where 7 is the largest time index
such that 7 < t and ¢;; < 7, and when ¢;; > 7, we need to subtract y;; by i+ where 7/ is the largest time
index such that 7 < ¢ and ¢;; > 7. So the response variable is

Ay (7) == Wi — Yir) 1 (@it <) + Wit — Yir) 1 (gt > 7v),t=2,--- ,T.
Only when v = 7,

E[Ayi (7) |Xi] = (xit — Xir) Bil (gt < ) + (Xit — Xirr) B2l (qie > ),

BIn S (4), p* () = P (DE (1) 2 1),




so we might expect that the objective function

N T
Z Z { Yit — Yir — (Xit — Xir)lﬁl]z 1(gir <)+ [yie — yir — (xit — Xir/)/52]2 1 (qis > 7)}

=1 t=2

would generate a consistent estimator of v. However, given a v value, for the i’s such that D, (y) =1 or
D () = 1, Ay (7) is not defined for some t = 2, - -+, T. In other words, Zthz [yir — yir — (Xt — Xir)’ 61]2 1(qit <7)
in Sy, (B,7) should be
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where note that 7 and 7’ depend on + (and ). The case with D (7) = 0 can be handled similarly as in
SPTR. However, for any v value, P (D;t (v) = 1) > 0 if T is fixed. More importantly, for different v values,
the sets of i’s such that D (y) = 1 are different; in other words, for different ~’s, different observations are
used in S, (8,7). As a result, S, (8,7) is not well defined, and the usual first-differencing method cannot
be applied in DPTR. For the same reason, [Seo and Shin| (2016)’s FD-GMM method or Ramirez-Rondéan
(2016)’s ML method cannot be applied here either.

CRE Models for DPTR

In DPTR, assume
R : T _ t] _
i = 20 + Teyio + ag; with E [(I@i|Xi ] =0,and E [um|Xi] =0,

where z, = (X},z;) with X, = T%rl > i—o Xy controls the time-invariant effect, y;o controls the initial condition

effect, and a typical case of ay; is that it is i.i.d. with mean zero. Such a specification of «ay; dates back at
least to the dynamic, nonlinear panel data models in |Wooldridge| (2000, 2005). Now,

E [y | Xt = S0, (X5Be + z5be + moyio) 1 (ve—1 < @it < ve)

o (25)
= ZE:l thefl (72—1 < Qit S 75) at = 17 ce 7T7

and the error term takes the same form as , where X;; 1= (x},,2},yi0)’, and 6, = (62,1/)2,7@)'. When
t =1, the y;o term in x,8; and the initial condition effect 7,10 can be collected but we do not need to do
so; there is the multicollinearity problem when 7' = 1, but not when T > 1.

All the results in Sections and |5| can be applied here, with X;; and 6, redefined as above and (z;, yio)/
and (d’ZﬂT(Z)/ playing the roles of z; and ), respectively, so we omit the details here. We provide more
rationalization to support our objective function in correctly specified models with wg; = opug. If

Wit) Xy Yit—1, Yirt—2, - s Yio ~ N (0,1), ap;| X, 950 ~ N (0, 032) and s, ay; and ag; are independent of each



other, then the likelihood function of (y;r, - - - ,y“)fil given X;, ;0 is
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where ay; = 04,0}, 9 = (0',0,0%) with ¢’ = (01,02) and 0/, = (04,,04,), and @ (-) is the cdf of N (0,1). If
o1 =09 =0 and ay; = ag; = a; = 0ga} with af ~ N (0, 1), then the likelihood function reduces to
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where e; = y; — Li<y © (XifB1 + 17 (¥12i + T1yi0)) — Lisy © (Xif2 + 17 (Y52 + mays0)) with © being the
element-by-element product,
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and if a degenerates to a point mass at zero or o, = 0, then the likelihood function further reduces to

N T 1 yir— (X5, B+  zi+m19i0 ) 1(qie <) — (X} Ba+952i+72yi0 ) 1(qae >) 2
Ln(ﬁ):ni_lnt_lmexp{_( (kB O G ) 1
which is equivalent to S, (6) in the estimation of §. In other words, the extra efficiency introduced by the
general likelihood function beyond S, (0) lies in 01 # o2, a1; # ag; and the nondegeneracy of ag;. Our
objective function loses some information but is more robust because it does not rely on any distributional

assumptions concerning ag;.

Appendix B: Proofs

Define Ay = N'72%, Let ~ signify weak convergence over a compact metric space and 2 mean equality in
distribution.



Proof of Theorem |1 I. First, under H( )

lc »
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+ N-1/2 Zf\; Z?:l [iitl (qie <) — M\( )M 1X”} i
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where the last step needs further clarification. Under Assumption 2(ii), M- M by the WLLN because
E [HZ;‘F:I XX}, } < Z;‘ll E [H)Vcltﬂﬂ < oo. Under Assumption 2, M (y) = M (v) uniformly in v € T' by

applying a Glivenko-Cantelli theorem because {23:1 XX, 1 (qir < 7) |y € F} is a VC class of function with

. T o g
the envelope function Hztzl XX},

whose L1 norm is bounded. Similarly,
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uniformly in v € T'. To show the weak convergence of N~1/2 Zf\]:l Zthl [)”(itl (gt <) — ]T/[\(fy) M\*liit] %y,
note that

— — N=V2SN ST %ed1 (g < )
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so by Slutsky’s theorem we need only show the weak convergence of (N—1/2 Ziv 1 Z?:l %1 (qie <),
N—1/2 Zf\il ZtT:l %;ied,). Because {(Zz;l X1 (g <), Zt 1 thezt> Iy € F} is a VC class function

with the envelope function Hthzl %;e%,|| which satisfies
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by Assumption 2(ii), where the first equality is from the Bahr-Esseen inequality and the second one from

the Cauchy-Schwarz inequality, the weak convergence follows by a Donsker theorem. In summary,

N T — —
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with the covariance kernel being
T . 3., -1y 0 ) o —lyg. 0\’
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Next, it is standard to show that under H fc), 6, is consistent to 0, and, applying a Glivenko-Cantelli theorem,

we have

!/
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i> H(717V2)7

uniformly over (y1,72) € I' x I'; which implies i, (v,7) N H(~,~) uniformly over v € I" under H£C), so the
results of the theorem follow. m

Proof of Corollary Because Z(v) is tight, the upper a’th quantile of g (TO) F(l) ! (1 — @), is finite.
Because H(vp) > 0 by Assumption 2(v), M (y0) — M (vo) M~ M (v9) > 0 by Assumption 2(iv), we have
H(y)™Y2 [M (y Ayo) — M () M~ M (v0)] is nonsigular for v = ~o. Because H(v)~"/2 [M (y A ~yo) — M (v) M~*M (vo)]
is continuous in v by Assumption 2(iii), there is a neighborhood of v such that H ()2 [M (y Ayo) — M (fy) M~1M (y0)]
is nonsingular for 7 in that neighborhood. As a result, g = Op (N'72%) if §; = ¢y N ™" from the proof of
Theorem [I] so that

P (g,(ll) > Fo(l)71 (1- a)) — 1.

In other words, our test is consistent against the alternative §; = ¢y N~ forany c 0 and 0 < Kk < 1/2. =

Proof of Theorem |2 l. Conditional on the original data, m. (*y) is a zero-mean Gaussian process with
covariance kernel Hn('yl,vg). From the proof of Theorem |1 l H,(v,72) Ly H (71,7y2) uniformly over
(71,72) € T x T under Hl(i) Also, H,(y) -2+ H(y) uniformly over v € T under Hl(i) As a result,
T () ~ H(y)"Y22(y) = T° (y) in £ (T') such that sup,cp FV () — Fél) (t)‘ 25 0 by Pélya’s Theorem,

n

where ~~ signifies weak convergence in probablhty, see Yu (2014, Section 2.2) for the precise definition. It
follows that ( (U) - F(l) ( (1))’ 5 0 such that p(l)* 1-— F(l)* ( (1)) — 1 - F(l) ( (1))

If 9 = ey N~ % with ¢ #0 and 0 < k < 1/2, then 9 is stlll consistent to 6,. As a result, it still holds that
T () ~ T () in £ (T'). From the proof of Corollaryl g = =0, (N'7%%),s0 ‘F,(Ll)* ( %1)) (1) ( )‘

0 implies F,Sl)* (g,(ll)) 24 1 because Fé ) ( (1)> 2.1 =

Proof of Lemma The proof is similar to that of Proposition 2.2 of GP with proper notational

adaptation, for example, that arg min 0 }S (7) is unique and argmin 40} Jeo (1) is unique

ve{rQ, re{~9,
are equivalent, G () = M (-), Z1Z, = Zfil Zthl %:4%X5,1(qie <), pe = 0y — 04—1, and the normalization
rate for S, (9) (after subtracting sum of squared errors) is N'=2% instead of N, etc. Note that it is key to
assume E [ay;|X;] = zi1)y, taking a linear form; otherwise, the least squares regression is further misspecified

and need not provide coverage one of the threshold points, as shown in |[Yu| (2015b)). =

Proof of Corollary 2l The proof is a straightforward extension of those of Theorem [I] and Corollary
Because & N 79, it can be replaced by 49 throughout the proof without any asymptotic effect. Note
that although 9(2 D and 97(12’2) are applied to two nonoverlapping subsamples, they are not asymptotically
independent. This is because

E ¢ (1) 2P (32)]

ZZE [l (qie <m) — M () M %1 (qie < 7?)] [%ir1 (’Y? < Gir <y2) =M (’Y?ﬁz) My "% 1(qir > ’7?)} ezote?r]

t=1 T#t

need not be zero because ()“(’-t7 e?t) and ( el ) are not independent for 7 # ¢, where 1 € I'; and 75 € I's.

Note also that Hl( ) assumes a threshold effect in the second regime, so only T(2 2)(-)

term [M (7?,7/\70) - M ('yl,*y) My M (71,72)] c¢. Under Assumption 1 with m = 2 and Assumption
2(iv), gﬁf’l) = O, (1) while 9(2 2 — =0, (Nl_z”), so g( ) — max {g,(f 1)797(12’2)} =0, (Nl_%). As a result,
P =1-FP (gﬁ)) 0. m

Proof of Corollary The proof is a straightforward extension of that of Theorem The only new

contains the drifting



task is to show the covariance between 7\ ’1)(71) and m{>? (72) is maintained. Note that conditional on

the original data,

N
Cov (MEV* (1), MED* (12)) = N2 308D (31) 822 (39)' L B¢ (1) (2 (1))
=1

as required. m

Proof of Lemma This proof is similar to that of Proposition 2.4 of GP after adapting notation. We
only provide two comments here. First, to show the probability limit of .S, (’yﬁm) /N725 is the same as
that of S, <7|7(()1)) /N1'=2% we require only the consistency of 5" instead of the N-consistency of (1),

Actually, we show in the future that (1) is only N'=2* consistent. Second, the parameter spaces I'; and T'
should be the truncated version instead of the original version of b, ﬁ(l)] and [/7\(1),7} , as mentioned in the

main text. m

Proof of Theorem We first show that P (m < mg) — 0. From the proof of Corollary [} we need only
show that gf(f) =0, (N1_2"“) forl=1,---,mg— 1. We take [ = 1 to illustrate. From the Proof of Theorem
[ under ST,

N T
N_1/2 Zi:l Zt:l iité\?tl (QZt S 'Y)
N T — — m
= Ny S [iitl (it <) — M (7) M*liit] [Zzzl %L,001(qie < 9) + ei’t]
N0, (ST [M (v A% = M () M7M (49)] ) + Oy (1),
So g = 0, (N1=2%) only if
Zil [M (v A~)) = M (v) M~ M (7¢)] ce # 0 for some v € T.

We know when v =9, M (yA~f) — M (v) M~*M () is nonsingular, so as long as there is some ¢, # 0,
Sy [M (v AA)) = M (v) M—'M (79)] ce # 0. We next show P (i > mg) — 0. Note that

mo+1
P(@>mp) < Y P (ggmo+1,e> S C%nom) .
(=1
Aot — i i (mo+1) ~
But we know gy, = O, (1) if the true number of thresholds is mg and ¢y, — 00, s0 P (m > myg)

indeed converges to zero. m

Proof of Theorem First, 6 = arg ming S, (6) implies

=)
3

= (AW G-, N2 (2-0,))

. v u
arg mlr; {Sn (’yo + E’QD + ]\71/2> =Sy (’70790)}

(v,u

= arg mhin {M,, (k) + 0,(1)},

where from Lemma
1 1
M, (h) = Eu'lMlul + §’LL/2M2’U/2 — W, (u) + Cp, (v),



and (W, (u),Cy, (v)) is defined there. Now, we apply Theorem 2.7 of Kim and Pollard (1990) (KP hereafter)
to derive the asymptotic distribution.

(i) M, (h) ~ M (h) = fui Myuy + subMouy — W(u) 4+ C (v) € Cuin (R%), where
C(0) = 1D (c+2c_) v + VIVieBi(|v]), . p_ v+ @=Bi(jv]), ifv <0, (26)
1D (c—2ci)v+ /' VacBs(v), | Ay |+ ELBa(v),  ifr >0,

(E)bEE)
Wy Q1 Qo

Chnin (R?%) is defined as the subset of continuous functions z(-) € Bioe (R%) for which (i) z(t) — oo
as ||t|| — oo and (ii) x(t) achieves its minimum at a unique point in R%, and Bj,.(R%) is the
space of all locally bounded real functions on R%, endowed with the uniform metric on compacta.
The weak convergence is proved in Lemma @ We now check M (h) € Cpin (R%). Because u and
v are separable in M (h), we can check M; (u) := %u’lMlul + %u’QMguZ —u'W € Cuin (Rdi) and
M (v) := C (v) € Cuin (R) separately. First, My (u) € Cuin (R?%) because it is continuous, has a
unique explicit minimizer and lim, | M1 (u) = oo with probability one given that for each value
of W, M (u) is a quadratic function in u. Second, My (v) € Cpin (R) because it is continuous, has
a unique minimum (see Lemma 2.6 of KP), and lim|,|_,oc M2 (v) = oo almost surely which follows
since lim|,| 00 Be (v) / [v] = 0 almost surely by virtue of the law of the iterated logarithm for Brownian

motion.
(i) Aw(3 —0) = Op(1) and NV/2 (8- 6,) = O,(1). This is shown in Lemma
Then appealing to Theorem 2.7 of KP, we have
~ Sy, W
NY2 (G- 0,) 5 sw = | el
= So,0,W2

and
“lu ol + EBI(l), v <0,
—spy vl + T Ba(v), ifv >0,

where Spg =diag{M;, My} =:diag{Se,s,, Se,0, }, and the last equality can be derived from the general results
in Proposition 2(i) of Yu (2019). m

AN(?—%)iwrgmgX{ =w-C(p,9),

Proof of Theorem By the continuous mapping theorem (CMT),

S (0) =82 @) = (Su (10:8010)) = 5 (10,80)) = (S (3.2) = S (30,0)

1
%, min {;UIS%U — u’W} — min {QUISQQU —u'W+C (v)}

uU,v

_1, —B it o< 0
max {~C @)} Lmax] ~2¢- I VEB), o <0,
’ o | —Lus ol + @EBa(v),  ifo >0,

= 1*(p,9),

where the last equality can be derived from the general results in Proposition 2(ii) of Yu (2019), n®> = @w_/u_,
and the distribution of £(p, ¢) is derived in Proposition 2(iii) of Yu (2019). The required result follows by



Slutsky’s theorem. m

Proof of Theorem [6} By the CMT,

Sn (70, 8Y1) — Sn (7-)7’ 311)
= (Sn (70,5(1)17512 (70, 8%1) 0 (’Y)) =S (707@0)) - (Sn (3@) - Sn (’YO,QO)>

1 1 1
4y min {2u'125912912u12 — oy Wi + =u5Sg,0,u2 — U/QWQ} — min {QU/Sgeu —UW+C (v)}

U12,uU2 2 u,v

1o o |
= 5 WiaS 50, Wiz + WS, 5, Wi + max {~C (v)}

012012
-1 ! -1
d 1 Wll (17 _Sﬁ119125912912) (17 _55119128912012) Wi n 9
- 5 ~ n f(@7¢>7
5311,311
where
S8 SBiio Wi\ = .
So,0, = R e Wi = 7Sﬁ11511 = 5511511 - 551191259129125912ﬂ117
3912/311 5912912 W12
and

(1’ 7‘951191259_11912) Wi
5511511
. _ _ _ /
Since (1, _55119125012012) Wi ~N (0, (1, —5'5119125912912) Q1 (1, —5/3119125911912) ), we have

Uil =

Wi (17 _5511912551;012)/ (]-7 _551191254;11912) Wiy~ (17 _Sﬁn@mseilielg) 931 (17 _551191259711912)/X%'

As a result,
— _ /
(1, 75611912 5912912) O (17 *S511912S‘91i«912)

d
LR, (v0,B{;) — =
25511ﬁ11772

Xi +&(p, 8)

which is sum of a scaled x? distribution and &(¢, ¢), where the x? distribution and £(¢, ¢) are independent.
[

Proof of Theorem [7} By the CMT,

Sy (70@) -5 (%a)
(S0 (30:8) = S0 (0.8)) ~ (8 (5.8) ~ S0 (0.8,
4, %ﬂ’S@a —a'W — nungl {;U/SQQU —u'W+C (v)}
= max {-C(v)} 4 n*E(e, ¢),

and the rest of the proof is the same as in the proof of Theorem where 4 = arg min,, {%u’S@u —uW+C (v)} =
arg min,, {3u/Sppu — w'W}. Next,

Shn (7075?173711) —Sn (/')7’ 31175711)
= (Sn (30 8%0:811) = Sn (90,00)) = (Sn (3:Br1.8-11) = 5 (20, 60))



d 1 R _y
5“1259129121“2 - U'12W12 +

iuéngequ — WhWso — min {2u’599u —uW+C (v)}

1 R . N N
= _55/311[311u%1 = U1Sp,101, U2 + U Wi + max {=C (v)}

_ / —
_ Wll (lv _551191250;012) lwll . } (1’ _55119125911912) Wi
5511511 2 Sﬁuﬁll/sﬁnﬁn
d
+max {-C(v)} =g(W1) + (e, ),

- 55119125‘9_11912 (7‘9912511 ) I) Wl]

where

o .1 1 _ _

(U17U2) = argg{lung {2u'159191u1 - ’LL/1W1 + 5’&/259292’&2 - ’LL/2W2} = (591%91W1’ 592192W2) ’
with

—~ (la _55119125;19 ) Wi

i = 10 12012 and

8511511
—1
~ 1
U2 = (8912912 - 59125115B115115311912) (_59125117 )Wl = 012912 ( 3912511’1) Wi

(Sisors + Sorkons 01255,y 81001250,k ) (= Stz D W

= Spron Wiz = Sj0., 900280 Wit = .., 900280155, 51, 9811015, h0,, 0280 Win
8520129012801 S5, 51, SB11012 S oy, W2

Sk W12 + 55,201,500 55, 500 811012 Sinona Wiz = (T 85,201, 5012801 55,21 1012 ) Sisony Soram Wit

The rest of the proof is similar to that of Theorem [0 m

Appendix C: Lemmas

This appendix collects lemmas for consistency, convergence rates and local approximation. First, some
notation is collected for subsequent reference. The letter C is used as a generic positive constant, which
need not be the same in each location. The subscript 0 indicates the peudo-true value, e.g., 6y = (’yo, Qg)/ =
(Y0,9),0%)'. Py is the empirical probability measure, and Gy f = /n (Py — P) f is the empirical process
indexed by f. Define w; = (yit,iit)z;l, and

T
v - 2
s (wil6) = = (yir — b1 1(gie <) — Xp021(qie > 7)) ;
t=1

[\D\P—‘

then
Sn (0) = NPys (w;]0) .

Since

(wz\e) IS (g1 (Rie) — %001 + enie)? Lqie < /\70) + 3500 (g2 (Rir) — %5402 + e200)* 1(gie > 7V 70)
F1 307 (g1 (Rae) — %502 + enie)” 1y Ao < qie < 0) + 3 Zt L (g2 (Rir) — %5401 + €20)* 1(70 < qie <7V 70),



where g (X;1) = 227“1 i;téél(’yg—l < gt < 72) + X} 0m+y1, and ga (Xit) = ZZmﬁ»l iétéel('?’g—l < Gt <

) + X041, we have

= thl [(91 )v(it) X5, 91+61°) %% (010 — 61) + (010 — 01)' % nem] 1(git <7 A0)

+ Zthl [(gz (Rit) — Xy %) %%y (020 — 02) + (020 — 02)' % zt62zt} 1(gst > vV y0)

+ 300 [(91 (Rie) — %5, 22292 %E (610 — 02) + (610 — 02) Xirerie] 1(y Avo < qie < Y0) (28)
+Zt 1 [( (Xit) — X5y 92°+91) Xy (620 — 01) + (020 — el)xitEQit} 1(vo < ¢it <V o)

=30 T (wie]01,010) 1(gie <7 Ay0) + iy T (wir]02,020) 1(gie > vV 70)
+ 3 2 (wiel02,010) 1(y Ao < gie < 70) + 3oy 22 (wie]01,020) 1(v0 < gt < 7V 70).

v v, 6 2] 9] ~/ v/ 010—06 . o o
Here ¢1 (Xit) — ;t% = g1 (Xir) — Xj;,010 + X}, 205, with g1 (X4¢) — Xj,010 equal to

mi
X0 =X}, <5m1 -M (%)71 ZM (’Ygfp’yg) 5Z> = N""%jc_

(=1

~

for g;+ in the left neighborhood of 7o; and go (Xit) — X}, 02+92° = g2 (Xit) — X}, 020 + X, % with go (Xit) —
X.,020 equal to

m

X0y 1= Xy <5m1+1 —M(’YO)_l Z M (7?_1,%?) 52) = N""Xjcq

l=mq+1

for g;; in the right neighborhood of ~o; also g1 (X;¢) — i;t% = g1 (Rit) — X}, 610 + X}, 9102_92, and g9 (Xi¢) —

)‘2/ 920+91 = g9 (th) _X1t920 —‘,—X/ 920 01
Lemma 3 Under Assumption 4, N* (52 — 950) =0, (1).

Proof. Take 9\1 as an example. Recall that

-1
N T
< X0 L <A
SO ND I ATTEC) IS S SIS
—1 m
N T N T
(CL X s <9) (S0, 50w (o tnts <o <o)+ %0+ ) 16 <),

=1
S0
-1
—~ N* 1 N r o, ~
" (91 - 910) = ( Zz 1 Z thxnl Qit < 7)) N1/2 <Nl/2 Zi:l thl Xiveq (g < 7))
1 =N T N P 1 N T n
* (N Zi:l Zt:1 Xirky L (i < 7)) Z <N Zi:1 Zt:1 %X, 1 (V01 < qie < A 7)) ¢!
=1

=M (v0) ZM ’Ye 1»%

The first term is o, (1) because by Condition (iv) and (v), + SN SF %,%/,1 (g <7) = M (10),
ﬁ val Zthl %i1€%1(gir <7) = Op(1), and 0 < K < 1/2, and the difference of the second and third
terms can be shown to be o, (1) by applying a Glivenko-Cantelli theorem and using ¥ — v =0, (1). =

Lemma 4 Under Assumption 4, Ay (7 —70) = O, (1) and N*1/? <§f QO) =0, (1).

10



Proof. Since 5 depends on N, we apply the proof idea in Theorem 3.2.5 in Van der Vaart and Wellner
(2023) (VW hereafter) to establish this result. Define dy (0,600) = ||0 — 8ol + |0~ /|7 — Yol| for 6 in a
neighborhood of 6y, and

Qn () = 3 (S0 (0) = Su (B0) = 57 iy (s s (wsl6) — s (wildo))

b v 1 i 1 T (wit61,610) Wgie <vA0) + 3o S S T (wit|fa, 030) 1(gse > vV 70)
+ AN Zﬁ 1 Zt 1 21 (wit|02,010) 1(y Ao < qie < 70)
+ e 2 0 22 (wirlfr, 020) 170 < qit < vV )
=T(0)+T2(0)+T5(0)+Tu(0).

For each NV, the parameter space (minus ) can be partitioned into the "shells” S; v = {9 12071 < \/Ndy (0,6,) < 2j}

with j ranging over the integers. Given an integer J,

P (dy (0,00) > 27) < P (
32 J]|0=0, || <M 15|l v =0l <n

P28 = boll = Mlon ]l 21y =0l =),

eelngQn( ) < 0)

(29)

where M and 7 are small positive numbers. The second term on the right hand side of converges to
zero as N — oo for every 7 > 0 and M > 0 by Lemma [3| and the consistency of 5, so we can concentrate on
the first term.

HGSJ N GGS]‘,N oe gy

P (inr @0 >so)gp<sup Qu(6) ~E[Qu®)]| > inf |E [an)n)

< El sup |Qn(9)_E[QH(9)]|1/ inf [E[Qn(0)]] < 24? El sup [T}, (0) — E [T (9)]]/ inf |E[Qn(0)]],

0eS; N b€S;, N k=1 €S N

where the second-to-last equality is from Markov’s inequality.
Note that 6:¢ satisfies
T

E {th %t (91 (Xir) — Xi010) 1(qie < '70):| -0,

and similarly 6o satisfies

T
E {Z Xit (92 (Xir) — %iy020) 1(qie > 70)} =0.

t=1
So E[T3 (0)] ~ C L |61 — 610]|*, and E [T (0)] ~ C - ||92 - 920\\ From the analysis after (28) and the fact
that o mlmmlzele[ (wi]0) — s (wil6o)], E [T3 (9)] L 6n 1 1y = voll, and B [Ty (6)] ~ C - ||5NH I =l

where note that because 619 — 09 = dy and ||6, —6‘40H < M||dn]| so that |6y — 20| = O (||on]]) and
1620 — 61]] = O (||6n]])- As a result,
. . 4
,dnf E[Qu(0)] = int |, E(Ti ()]
. : 22 2
= 028, C 35 18 = all 55 WowIF I = oll| = gt C 5 6,60 2 057 = O

k=1 0eS;, N
For this purpose, we need to obtain an envelope F' of s (w;|0) — s (w;|6p) over S; n. It is not hard to see that

4
To bound > E | sup [Ty (6) —E [Tk (0)]|1 , we apply a maximal inequality (e.g., Theorem 2.14.1 of VW).

11



we can choose F' = sup F with
OESJ'.’N
F=Y, <|91 (%it) — %4,010] 1%t ]| 1010 — 01 ]| + 3 1020 — 6117 %5e]|* + (010 — 64 ||>Vcit€1it||> L(qit <v A7)
T
+ Zt:l lg2 (X
+ 3700 (191 (i) — %i10] 1%iel| 1010 — B2l + & 1610 — 021 [Zatl|” + 11610 — O] [IRseeriell) 1 (v Avo < qie < o)
(

T
+Zt:1 |92
=" (kiveli‘el

it) — XlyOa0] %t ]| 020 — Oa]| + & (1020 — O2]” 1%ie ]| + 11020 — Oa| [[Ssvezell ) 1 (gie > 7 V %0)
%it) — Xly020] | %] 1020 — 011 + & 1020 — 01| [%ael|” + 11620 — 01 [Sseeaiel| ) 1 (o < i < ¥V %)
)+ Fa (Xi, €2:02) + F5 (X3, €14|02,7) + Fu (Xi, €2:]01,7) ,

so by Conditions (iv) and (viii), and letting N large enough such that ||#¢ — 6¢]] < 1 and ||1o — 62| <1 in

, we have

2 EL:};P F1(5€ue1i|91)2]+E|:8€s;p Fy(%;,e14]02)2 sup ||9 8 ||
_ < N 3.N _ €5
LE S0P T3 (0) —E[Ti (9)]|| < C waTFTE VAT
E LESEJPNFS (*i761i|927’¥)2] gupN\/H@w—%\/ [v—o0l o NP I3 /Ty =0l
— ’ 5, 4
. bes x 10 B Ol < C VNlon® =¢ VN[on] = O T

Sup [0~ 1N/ 17v="0l

Similarly, E | sup |74 (0) —E [Ty (0)]]| < cE fllt? P . As a result,
0eS; N
1 sup dn (0,60) ,
0eS; N 2]/\/ 27
E | sup [T} (0) —E[Tk (0)]|| < C— <C =C—.
; 68N VN [|ox ] VN [onl* A

In summary,

R~

5 P(SUPQn >0><Cz< /22j><cj2J

20 )|0-8, || <Mlox Iy —ol<n N €N =

which can be made arbitrarily small by letting J large enough. So vV Ndy (57 90) = Op(1), which implies
An (5 = 70) = O,(1), and N'/2 @— QO) =0,(1). =

Lemma 5 Under Assumption 4, uniformly for h:= (v,u') := (v,u},ub) in a compact set,
1, 1,
Sp{v+1— )\N 200 + Nl/g = Sn (70, B0) = §U1M1U1 + §U2M2U2 = Wh (u) + Cp (v) +op (1),
where Wy, (u) = Wi, (u1) + Way, (ug) with

N T N T
u] us
\/JIVZZ Xiteritl (qir < 70) and Wap (u2) 2NN Kieaird (4> 0) s

i=1 t=1 =1 t=1

Wln U1

%

and

Cn(v) = Sp (’Yo + )jjv,ﬁo) — S (70, Bo)

12



N T . N T
Zzzml <’Yo+)\N < Qi S’Yo) *Zzzzitl <’Yo < it <70+>

A
i=1 t=1 i=1 t=1 N
. 1¢r » “/ 9] “/ ! o~ 1¢r » “/ 9] “/ ]~
with 215 = 50NXuX 0N + 0_X; X[, 0N + OnyXirerir and 2o = 50Xy X 0N — 04 XX, 0N — OyXireoir.

Proof. From the decomposition of s (w;|0) — s (w;|6p),

Su (30 + 3580 + %3 ) = Sn (20, 00)
N

T (wit|6ro + 755z, 010) Waie <70) + 2o T (w20 + 53, 020) 1(gie > 70)
i=1

— 2 2 T (wit]bi0 + 5555 610) 1(70 + = Ao < it <)
i=1i=1

T

+ Z > 2o (wit|910 + ﬁyem) 1(v0 < git <0 + 50 \/70)
T (wit]f20 + 53, 620) 1(0 < @it < Y0 + 5% V)
Jr

T2 (UQ) + T3 (UQ,’U) — T4 (ul,v) +T5 (ul,v) — TG (’U,Q,’U) .

Check each term in turn. The analyses for T (uz),T5 (u1,v) and Tg (ug,v) are similar to Ty (uq1), T5 (uz,v)
and Ty (u1,v), so we concentrate the latter three terms below.

First,
LY AN o
Ty (u) =2 > {5 N1i/2 Xltxzt N1/2 + (91 (Xit) — Xitelo)xzt N1/2 - Wxitelit} 1(git <70)
i=1t=1
1,7 1 NZ o g/ u NI v v 9% u N I -
= Juy {N >0 XX (g < 70)] ur + vz 2o 2o X (91 (Xir) — X4010) Laie < %) — vz 2o 2 Xareriel(qie < 7o)
i=1t=1 i=1t=1 i=1t=1
, N T
= %ullMlul — Null/z Yo > Rireritl(qie < o) +0p(1),
i=1t=1
where 0,(1) is from the LLN, and the fact that
T
E lz Xit (91 (Xir) — X31010) 1(qie < ’70)] = 0,
t=1
T
Var (Z Xt (91 (izt) — i;telo) 1((]”5 < ’YQ)) = 0 (N72n) =0 (1) .
t=1
By a similar analysis, when v < 0,
v, N T
T (u1,0) = 4B [0 %aXip 100 + 5% < aie < %0)] w1 — 54 s 2 X %uerl (o + 5 < g <) +0p(1)

Gn (Zt 1 Xierit (0 + ,\U < @it < ’Yo
= o0p(1) —uj
+VNE [Zt 1 Xieril(vo + )\ < @it < ’YO

13



where the o,(1) in the first equality is from a Glivenko-Cantelli theorem, and

N T
1 . . 2 —K
E N1z Zz;xit (g1 (%it) — Xiyb10) 10 + — )\ < @it < Wo)] = 0 (Nl/QN //\N) =o(1),
i=1 t=
1 L v
Var <N1/2 Zzin (91 (Rit) — X}4010) (0 + pye < g < 70)) = O(N2/y)+0(N"2/Ay) =0 (1)
i=1 t=1

by Conditions (iv), (viii) and (A9) of Hansen| (1999), and the first 0,(1) in the second equality is because

T T

,l) ~ ~ p— ga—
E D %uXi1(yo + T < qit <0 1 = ‘TN| > E[%i¥lai =7 £ (),

t=1

for some ¥ between o + 3% and 7o, which is which is o (1) by Conditions (iv) and (viii), and op, (1) in the
third equality is because by the stochastic equicontinuity of v — Gy (Z;l Xierinl(y < g < 70)),

Gn (Zthl Xireritl(vo + 5% < qit < 70)) =GN (Zthl Xiteriel(v0 < qie < 70)) +0p(1) = 0,(1)

and

T ] v
\/N]E |:Zt—l Xitel’it]-(,yo + E < qit S ’yo):| = 0.

Finally, when v < 0,

Il
M=
=

s
I
—
o~
Il
N

T3 (uz,v) 21 (wit]b20 + 732, 6010) 170 + 35 Ao < it < %0)

I
1=
M=

(610 — (620 + %))/iitiét (610 — (020 + 72) ) 1(00 + 3% < qit < 70)

N
Il
-
o~
Il
-

+
M=
\g|

s
Il
-
o~
Il
-

g1 (Xit) — X},010) Xy (610 — (620 + %)) (0 + 3% < @it <)

_|_
=
M=

s
Il
_
~
I
—

010 — (020 + 7%z )) Xureri1 (0 + 3% < it < Y0)

N|—=

N
Z > oKX on1(y0 + ﬁ < git <)

s
Il
—
~
Il
-

N T
+3ub | 2 20 XX 1(v0 + 35 < dir < 70)
=1i=1
N ' N T
+ 20 >0 - XX on1(vo + 5% < @it <o) — Z Z o-XiXjual(vo + 5% < @it < 0)

@
Il
—
~
Il
_

r
Z el (Yo + 5% < gt < Y0)

ul

nXireril(vo + 5% < @it < 0) — N{“/ _

Mz

_l_
=l
M=

<
Il
—

t=1

T
> OnXuXion1(v0 + 3% < qit < 0) + 01)(1)
=

I
[ I
M=

Il
N
~

XX, 0N L1(70 + 3% < @it < Y0) +0p(1)

_l’_
M=
MH

s
Il
-
o~
Il
-

_l’_
=
M=

SnXiteritl (0 + 3% < gt < Y0) + 0p(1)

Q
Il
-
o~
Il
-

Il
=]
M=

z14t1 (’Yo + 57 <@t < ’YO) + op(1).

s
Il
_
-
Il
—
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The 0,(1) in the fourth equality needs careful analysis. The second term

N T

1
\/» Z Zéletxztugl(’yo + )\7 < qit <) = 0p(1)
i=1 t=1

by the stochastic equicontinuity of v — G, (ZtT:l XX ul(y < g < 'yo)> and

T . v v| VN |6 T 9 _ _
VESE | xukuatn + 3 < g <) < PP oo ST 1l =) 1),

which is o (1) since VN ||6n]| /An = /\17\,1/2, the third term

T
Z XX (v + 5% < qit < 70)] us

zZ|=

i Mﬂ\l M=

XX (0 + 5% < it < ’YO)] uz + 0p (1)

—UQIE{
N )+0p(1)=0p(1),

—0(A

ZH

the fifth term

N T
N7 ZZ XX unl (o + )\— < it <70) = 0, (1)

by similar analysis as in the second term, and the last term is o,(1) is by the stochastic equicontinuity of
T
7= Gy, <Zt:1 Xiteriel(y < git < 70))- L]

Lemma 6 Under Assumption 4,
W (u), Cp (v)) ~> (W (u),C (v)),

where W (u) = /W with W defined in and C (v) is defined in (26). Furthermore, W and C (v) are
independent of each other.

Proof. First, for any v € [—,0] with 0 < 7 < oo,

N T
ZZ(;NX”X”(sN]‘ 'YO + E < qit < ’}/0) —) dDc- |'U|

=1 t=1
Because
N - Var <§j ShFukly w10 + 5% < it < %)>
<N.CE [naNn 5 Il 100 + 55 < <20
— 0 (Mol <||5N\| )=o),
we have
N T N T p
;; On%iXi, 0N (0 + /\— <qi <o) — ¢ [N ;;E {thxnl Yo + T < git < VO)H ' —0,
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where

N T
_ O u (% v O o _ _
N DR [X“ng“”‘) oy s 70)] = AN % STE [%iXlai = 7] fi (5) 2 ¢/ De- o]
t=1

=1 t=1

by Condition (vi). By the the same arguments as in Lemma A.10 of Hansen (2000), the convergence is
uniform over [—,0]. Similarly, uniformly over v € [—0, 0],

N T
v
ZZ(S XX, 0n1(v0 + o < git <) — ¢ De- vl
i=1 t=1 N
and uniformly over v € [0, 7],
N T o g gl v Py
Doic1 2= OnXitXi0n1(v0 < gt <0+ 5%) — ¢/ De- v,
N T v v
Zi:1 thl 51&-Xitxgt5N1(70 < @it <+ ﬁ) o CQ-DC -,

We next analyze the random parts in W, (u) and C,, (v) by applying Theorem 2.11.24 of VW. First, for
v1 < 0 and vy > 0, define

T T
S1i=N7"c Y Xye14li (v1),S2s = N7 Y Xjreain A (v2)
i=1

t=1

T T !
Sz = ﬁ (E Xite1itl (¢t < Y0) ,t; Xiteir 1 (qir > ’Yo)) ,

where A; (v) = A; (0 +v/An) = (g < vo+v/ M) —1(g < 7o) and Ss; is the asymptotic random component
in E For a fixed v,

2 2
E [(Zi\il Slz) :| == )\NE |:(Zt 1 C theml(’Yo + )\ < qit = < 70)) :|
— ¢ S E %Xl e lai = 0] fi (o) - |vi] = ¢Vie- |l

where the cross terms with ¢ # 7

ANE [C/Pv(iteml(% + 35 < git < 70)Kire2ir 10 + 35 < gir < 0)

= AvE [C/iitigq—celitelw (0 + 3% < git <70)1(v0 + = < ¢ir < 0)

< el (E [l ] B {15 1] B [erae ) & [jenir!]) o

)\NP 70+)\ <ta<’70,0+;\)1<%<70))—>0

by (A.9) of Hansen| (1999). Similarly, we can show

N 2
(Z Sgi> — ' Vac - vs.
i=1

16



Also,

N N N N
E [(Zi:l Sli) (Zi:l S2i>] = Zi:l Zj:l E [Sli52j]
=N~ Doitj ZtT:1 23:1 E {C/iitelitl('}/o + 35 <aqi < ’Yo)} E {C/iite%tl('}/o < gr <+ %)}
—N—2% Zf\il Z#T E {C/iitigq—celiteﬂ'rl('yo + 3t <qi < 70)1(v0 < ¢ir < Y0 + %)}
— 0,

where the first term is zero and the second term converges to zero by similar arguments as in . Finally,

N
ZSSZ‘ 5w,

=1

by a CLT, and

E |%ie1il(v0 + 2 < gir < vo0)Xirerirl (qir <
E Z[\i Sli Z]\i Sgi _ 7N7H71/2 Z]\i ZT_ ZT_ 1t €14t (’VO by qit _'70) a7 CliT (q’LT _’70)
=1 =1 =1 t=1 T=1 ™ U1 )

E [d'%iteritl (0 + 5 < ¢t < Y0)Xire2irl (gir > 70)

=O (NN=""12/AN) =0 (N*71/2) = 0(1);

similarly, E vazl Sai Zi\; S3;| — 0. In summary, the finite dimensional distributions of (W, (u), Cy, (v))
matches that of (W (u),C (v)).

Second, we show stochastic equicontinuity of the random part of C,, (v) since stochastic equicontinuity
of W,, (u) is obvious. Take v < 0 as an example:

N T

5 v
3D dnkiernd <“Yo o < < ’Yo) =Gy (Tzn (v))

i=1 t=1

where Ty (v) = \/NZtT:l OyXireritl (70 + ﬁ < @it < 70>. Since {T5n(v): —00o < =T < v <0} is a VC-
subgraph for each N and the VC-index bounded by some constant independent of N (see, e.g., Example
2.11.26 of VW), the uniform-entropy condition holds. It remains to show condition (2.11.23):

() PFG = 0(1), (i) P*F31 (Fx > nvVN) =0, ¥ >0,

and
(iii) sup P (Tsn(v1) — Tsn(v2))® = 0, ¥y 1 0,
[v1—va|<nn
where P* signifies outer probability, Fy is the envelope function of {T3nx(v) : —00 < =T < v < 0} and can

be taken as
T

v v
Fy = VN S 8wl Il levil 1070 — 5= < aie < 0)
N

t=1

(i) First, we have

T Yo
P*FZ% < NZ/ E[”51\7”2||iit|‘2e§it|qit:| fe(qir)dg+0(1)
t—1 J70—T/AN
N on]’
N 9 2 2
< o O , o _
= ¢ AN ;ngj?f{ft(ry)ﬁ‘ [”th” €15l dit ’Y}} O(1),
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where the cross term is o (1) by (30), and N is a neighborhood of 7o. (ii) Second,

PFF21 (FN > n\/ﬁ)

_ T
v o 77

< N}:E 5 i o S sl T el !
< ” NH ||Xt|| em ( Y. < Qi 70) <t§_:1||Xt|| \61t|> |5N||> +0()
< CON|s 2§ E[ii eﬂ“l( oy < )] (n)
< ON ol | allend™™ 1 (0= 5 <o <0 )|/ (50

N |on? & n Y

N o 24€

< vy E | (%]l exs it = T
< O t:li’élﬁ’f{ft(”) [l 1) ”H/<||6N|>
— 0,

where the convergence is from Conditions (iv), (vi) and (viii). (iii) Finally, suppose v; < vy < 0,

sup E (Tsn(v1) — Tsn (”2))2

[v1—v2|<nn

T
21w 112 U1 V2
= s NYE Il Il et (o 1 <an <0t 12 )] 4ol

[v1—v2|<nn

N6 §
< ¢ sw {|v1v| N o] Zsup{f [|x1-t||2ei-t|qv}}}
[v1—vz|<nn —1 YEN
— O,VT]N\LO.

Appendix D: Details of Calculation in Section

Static Panel Threshold Regression

When ¥ < Yo,

Uiz (7) = o100ty (7) Wair <),

~t o ST e1il(v<qir <70)+30F | @2:1(gir >70) ]
Yit (7) ] [all ZZ‘ 1(q”>'y) (7 < git < 70)
1(y<qir< 1(qix
+ gy — ST enil(v<g - vo)+ZT 1 22i1(gir>70) 1(gie > 7o)
L =1 1(qir>7)
YT o1ouir 1(7<qir <o)+ E 10'20'“4171(q17>"/0):| 1 <
+ 10Ut o ( ST 1)(%5” ( ) (v < ait <)
2721 010%ir 1(v<qir <70)+3 54 g20%ir 1(gir >0
+ |o20Uit T (g on) L(git > o)

— 21 1(9<gir<v0) ) > 1(v<gir<70) )
= |90 = da W} Ly < gie <70) = da =510, 5y L@ > 70)

S wir1(v<qir <70)
+ 020U1t( )+ Oottiy — G =k am o ] 1(y < @it < 70)

Uit 7/T<
+ O‘Q()’u;g( ) 5y ZleT 1(v<gq ’70)} 1(git >'YO)

L 1(qir>7)
~ T 1 ir <
= o0y (7) 1ait > 7) +a { (v < qit <70) — —Z“f_l(z(fg»;;w} Hqit > )
T UiT i< B
+ 0y [uz‘tl(’Y < git <Y) — PBEE lT i((’;iiw) ’YO)} 1(git > )

o0, (7) L >7) + [%Lt (%70) + ot (%70)] 1(git > ).
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So

T
Z [yn (gt <)+ T3 ()1 (qie > 7)}

e
=2

I
WE

N
Il
—
~
Il
—

Il
M=
M=

s
Il
-

~_ 2 ~ 2
[0t (307 1 (qse < ) + oo (1) (e > )]
t

Il
=

3

whose probability limit is

—

_ 2 _
daLit (7, 70) + dotlis (77'70)} + 2020 [5(111'1‘, (7:70) + oty (%’Yo)} u (V)} 1(git > ),

'ﬂ \

T
S() = Z (o (1) L(aie < 7) + oo (9)° 1 (e > )]

+
Nl =
M=~

E[62] E [Lt (7:70)" 1 (gie > 7)}

o~
I
—

Nl =
B

+ [53E [ﬂit (7:7%0)% 1 (qie > 7)} + 202006 E [t (7,70) Ug (7)1 (qie > W)H :

~
Il
-

Simiarly, when v > ~o,

Yir () = o10ty; (7) Lgie <) — [%Lt (Y0,7) + 0o it (’Yoﬁ)} (gt <),
Ui (v) = o20ty () Lgie > ),

[ﬂft (V)1 (qir <)+ 75 (1) 1 (gae > v)}

s
Il
—
~~
Il
—

(30 (1 1 (g > ) + iz (1)1 (e < 7))

5

2

Il
- 3-
M= 1M
NREINGE

@
Il
-
~
Il
-

_ N 2 _ N o
+ { [5a1it (70,77) + bothie (’Yoﬁ)} — 2010 {5041“ (70, 77) + it (Y0, 7)} Uy (’Y)} 1(git <),

whose probability limit is

H \

T
Z ootz (17 1 (@ <) + oo (1)° 1 g > )]

+
N[ =
M*ﬂ

E[5] E [zt(’Yo’ 7)? 1(%3’7)}

-
Il
-

N[ =
M=

+ {fﬁE [ﬂit (0, 7)1 (it < 7)] — 201006 E [Wir (Y0, 7) Uz (7) 1 (g < )] } ;

t

1

~ T 1 ir < ~ T uirl ir <
where 151 (70,7) = 1(70 < git < ’7)—%, and it (70,7) = uil(v0 < qir < 7)—2”21;%; 1((’;5;)_7).

Note that in the objective function we condition on D; (y) > 1 and D; (y) > 1 in the summation

S U ()21 (g <) and 31—, 5k (1)° 1 (g > ), where Dy (v) = S°7_, 1 (i <7) and D () = 3272, 1 (qie > 7)-
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So we first condition on D; (y) > 1 and D;r (7) > 1 in calculating the expectations, and then multiply
P(D; (1) 21)=1-F ()" =1=(1=9)" =p~ (y)and P (D} (1) 2 1) =1=F ()" =1—4" = p* (v),
respectively. Hence,

S E [ () g <) 1D7 () 2 1]

=E[ST w2 1(ge <ID; () > 1] +E ST 1 (g < (Siwrtasr )| by s g
= Zt:l Uzt (ta = 'Y)| ; (7) = + Zt:1 (ta = ’7) ( T 1(q1;T<'y))2 i ('Y) =

Uir 1(qir <

_2E[%Zt 1uzt1(Qn<’7)‘D (7>> 1}
T _, 1(qir < — TF
—E[SL Uaw < ID7 () 2 1] ~E[E59=50 pr () 2 1) = TR0 1= D,
and similarly,
T Ja—
~ TF(v) T(1-7)
E i (7 1@ > ) IDF () 21] = ——r -1 = =1,
; ¢ 1—F ()" 1—4T

where F (v) =1 — F (7). When v < 7,

i [ it (1:70)" L (@i > ) 1D (7) = 1}
1(v<gqir<
— B[S, 10 <an S IDF ()2 1] 4B | T, 1w > ) E 02020 i ) > 1
—QE[th 11 < gt SVO)‘Dj(V) >1

Q7r>’)’)
‘Df () > 1] =A(v,7%) = B(v,7)

— Z(’)’ ,VO) _ ]E |: (erl 1(7<q17§70))2

T—1 Uqir>7)

T B [ﬂ” (7:70)* Lgie > 7) D} (7) = 1}
T, wir 1(7<qir < 2
=F [Zf 1 u?tl(’y < @it < ’YO)|DZ+ (v) > 1} +E [Zthl 1(qi > ) (Ef(_lT 1((’; 17))’20)) ‘D:‘ () > 1}
T=1 T
_9E [ZT i i =0) SO (y < g < 70)’ Df () > 1}

1(‘177—>’)’)
J— T 77_< I
=A(%Vo)—E[w Df (v )>1} =A(v,7%) - A7),

=1 1(Q1T>7)

and

S E [T (1,%) @ (9) 1 (gie > ) [DF () > 1]

23:11‘1'71( <qir < ) Zq— '“'7-7'1( i > )
=E [ZtT—l uf1(y < giw < 0)ID; (v) = 1} FE ST 1> ) 7( - 710(q)£>w>)1 o) ’ Df(v) = 1}

Uir iT T Uit QT
~E [27? Wi 29) S~ wgg (v < g < 70)| D () = 1] -E {ET T RS Y il (g > 7)‘ Dr () = 1}

]_(q,”,>’y) 1(QM'>'Y)
i< I
& {w D (7) > 1} =A(7,7%) — A7) -

T Wqir>7)

A(,7) =E [Cr (v,7%) |Df (v) > 1] =31 _, [CT (v,70)| D (v) = k] P (D () = kID () > 1)

T T k. T—k
F( F 1-F 1—
= Ci H | UFO ) — = 5k e

— %= T0—y) _T’YO ol
1,,Y 1— "/T T7
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with Cr (7,7) = 23:1 1(y < ¢ir < ) following the Binomial(k, %}5@) distribution given D} (y) =

T
k, and Zlek ( f ) (1 —7)k~yT_k =T —7),

_ Cr(v,7)
Ay,7) = E | S

DY (1) 2 1] = o1, E [ 92422 Df (7) = k| P (DS () = kID] (3) = 1)
F(y0)—F T 1-F(y)*F(y)T—* T
F(yo)—F(v) ( M) F(v) -r

o=y [ 1) @yt
= 1—v ]{j 1_,YT

:Zk 17 1=-F(v) k 1-F()T
B e B € e e e A
1—~ 1—~T 1—

T
with ST7_, ( L > (1—7)f4T=*k =1—-~T and

2 2
B (7,7%) = E[ S48 DF (9) 2 1] = ©T_, E [ 924225 Df (1) = k] P (D () = KID} () 2 1)

= yT | | Fao-FO) 1-F) +,€(F(70)—F(v>)2 T} a-retrep™*
k=1 —F() 1-F(9) 1-F(v) k 1-F(y)T
2 T k. T—k
T 1 — 1
= ML411wﬁqﬂ<k><mv

10=11=70 4 (2=} TU=) _ (e=m=10) | _To—)>
1—y 1—7T (1—9)? A=) (1—T)"

Note also that the first terms (i.e., k = 1) of A (v,70), A (7,7) and B (v, 7o) are the same as expected. Since
Y E [ait (7:70)° L (gie > ) |D; () = 1} =S E [Tt (7,70) @y () 1 (gie > ) |Df (v) = 1], we can col-
lect terms by noting that 62 + 20206, = 02 + 26,. In sum, when v < 7,

T
S() = 7 O E [ohi (021 (g <)+ ot ()1 g > )

m(’Y Y0) *B(’Yﬁo)] pt (7)) + =" [A(7,7%) *A(%’YO)] pt(7)
V) +T () + T3 (7).

[
@

Similarly, when v > 7,

S E L (70,7)* 1gie <) Dy (v) = 1| = A (70,7) — B (7,7)
S E |G (70,7)% 1 (gie <) Dy (7) > 1

and
T

D E [t (30,7) @y (1) 1gie <7) D7 (7) 2 1] = A(70,7) = A (70,7)
t=1
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where

k
T T ~F( )Tk _
A(P)/O,’Y) Zk=17770 k -1 "/)T - ’y’y’)’o’
T _ B 2 T k(] _a)T—F
B (10,7) = > k=1 {7 R+ k (%) B %
2
— Y=Y X 8 it Ty _ 2(y—0) T(y=0)*
- vovOJr( WO) 1-a-nT et y[1-1 07)]
Hence
1 T
SM) = 5> Elofoun (1)1 (g <) +050uh (1)1 (g > )]
t=1
1 — ~
+7 2E 02 B [T 0,971 0 < )
}
+r Z{ E [@it (70,7)" 1 (qie < 7)] = 20106 [Gie (v0,7) Uze (1) 1 (qie < 7)] }
_ T(1-
= [? ( 1>p (7)+(%—1>p+(7)}
v
2 _ 52 + 05 + 205
7 [A(0,7) mm)]p () — [A(70,7) = A(v0,7)] P~ (7)

( Y+ T (v) + T3 (7).

Probability Limits

Probability Limits

Figure 6: S() and its three components for various 0, and d, values: o990 =1, 79 = 0.7, T = 2

We next report the counterparts of Figure [[]when 7' = 2 or vy = 0.5. Figure []shows the case with 7' = 2
and Figure [7] shows the case with 79 = 0.5. Obviously, the conclusions in the setting of the main text still
apply here.
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Probability Limits

Probability Limits

Figure 7: S(v) and its three components for various o99 and d, values: o190 =1, 7% =05, T =5

When T' — oo, both p™* (7) and p~ () converge to 1, ij’ﬁo) — Yo—", LWT‘)’W) — Y—Y0, B(WT’WO) — (VO_W)Q,

1=y
2
B(VTOW) — (7_,70) , and both A(A%VO) and A(WTE”A’) converge to 0, so

2
o2+ (1 =7)+ 02 (0 =) — 222 | + (24 20,) (0 =) if v < 7o,

S(’Y) _>Soo ('Y) = 1777 2 )
o2y + (1= 7) + 62 |(y —70) — O220 | — (82 +26,) (v —0). 7>,
82 (0 — ) — (ro—)?  ifa <
:C+ (0 ) 1—x lf’)/_’}/()’ _C_i_Tloo(,-y)’

62 | (v —n0) = L2} if oy > 0,

where the constant C = 1 + ((5?, +25g) ~vo. As argued in the main text, argmin, Ti (7) = 70, SO
arg min,, So () = 7o.

Panel Structural Change Models

We next consider panel structural change models where ¢;; = ¢; ~ U [0, 1] and is fixed. Now, P (Di_ (v) > 1) =
P (D,L+ (v) > 1) = 1 by the assumption that v must stay away from the boundary of [0,1]. So

ST R, (1)1 (g <7)| =Ty -1,
ST E|E; ()2 1 (g >9)| =T (1 —7) -1,

and o -
A7) =T (v =), AM0,7) =T (v — ),
A7) = 355 A (h0,7) = 52,
T (vo—)? T(~v—n~0)?
B(’Ya’YO) = qofyaB(rYOa’Y) = Wa
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which mimic the limit case in SPTR when 7" — co. In sum, when v < g,

S(y) =7 ot (Ty =1+ (T(1—9) - 1)]

=T
+

2 )2 2 _
F |7 G0 — ) = TGS 4 e [T (00— 7) - 37
=T +T(v)+T5(7),
and when v > 7,
S() =1 lofy (T’y—l)+(T(1—72—1)]2
b _ 62425, _
+ 5 [7 (= 0) = TOGRE] - S |7y — ) — 252

=Ty +Ti(v)+T5(7).

Figure [8] shows S () for the same specifications of ¢, and 4, as in Figure |1l When 6, = 0, T5 () does
not depend on 7, so argmin, S (y) = 0. When 6, # 0 and 0, is small, argmin. S (y) is achieved at the
boundary of I'. When 7" — oo, S () has a same limit as in the PTR case, so argmin, S (7) = 7o still
holds.

5, =0,0, = 0.3

o
)

I
~

o
o

Probability Limits

Probability Limits

Figure 8: S(v) and its three components in the panel structural change model for various og and 4§, values:
0'10:1, 7020.3,T:5

Linear Panel Models

Finally, we consider the linear panel model in Section There are many ways to eliminate «; besides the

usual demeaning operation. For example, let

Yit (B)

Zzzl Yirl (l'ir < 6)

= |Yit —

iy (e < B)

]Nlﬁ'tﬁﬁ)*‘

24

Yit —

Z;ijl yz‘rl (xi‘r > 7)

2

T
T=1

1 (mi'r > 7)

1(zi > )



= 0y (B) 1 (2 < B) + 755 (B) 1 (zir > B),

which tries to mimic the WRD operation in the last subsection. This demeaning can eliminate «; because
a; does not change over t. For any value of 8 € B = [¢,1 — €] with € € (0,0.5),

Uit (B) =21 (B) Bol (zir < B) + 55?2 (B) Bol (xix > B) + 1y, (B) 1 (zsr < B) + 172; (B) 1 (st > B).
So only when 8 = §y
E [§i: (B8) 1Xi] = 7 (8) B1 (wir < B) + T35 (B) B1 (i > B) (31)

with
it (Bo) — E [7it (Bo) [X4] = 1z, (Bo) 1 (zir < Bo) + ugy (Bo) 1 (wir > Bo),

do we expect least squares based on the objective function
N T ) 5
8 (8) =323 {15 ()~ T (B) B 1 (wae < ) + [ () — T (8) 8] 1 (e > )}
to deliver a consistent estimate of 3, where X; = (z41,--- , xir)’, Eﬁ (8) and ﬂf; (8) are similarly defined as

@E‘E (8), and Sy is the true value of 3.
The objective function of least squares

so the probability limit of S,, (8) /n is

IIMH

{ ) (Bo = B) + i (B)])* 1 (wie < B) + (5 (8) (Bo — B) + @ ()1 (wr > B) }

SB) = 72 L(wie < B)] (Bo — B TZ (z:e > B)] (Bo — )
1; xzt<ﬂ T; Q?ltgﬂ)]

As in the example of Section we actually condition on D] (8) > 1 and D () > 1 in the terms related
to 5, (8) and 7 (B) respectively, where D} (8) = S1_, 1(zs < B), and D} (8) = S1_, 1z > f).
Now,
T ~ 2 _
S E (7 (8 1w < B) D] (8) > 1
— — T_l Tirl(xir < 2
= YL E[e31 (v < B)ID] (8) 2 1] +E | D} () (E=prfe=t)
r Tir x.;7.< —
2B [ S, il (o < §) Bl pr () > 1]
_ T zal(zie<B 2 —
=E [23:1 a1 (zy < B)|D; (B) > 1] -E = D_—((,@) ) ‘Di (B) = 1]
= I B[S0 231 (e < 8)|D; (8) = k| P (D] (8) = kID; (8) = 1)

— > i E {(Zf_l Tyl (x4 < 5))2 D7 (8) = k} P(D?(B):Z\D;(a)zl)
(

3 T k T—k 3 2\ 2 T k T—k
B8*(1-8) T B B 1 B8*(1-8)
: ( k ) T k=l [kd +h(k=1) (7) } k ( k ) 1-(1-8)T
3 3 4
:@Tiﬁ_i_ﬂf{jf —1}=:A‘(6),

Dy ()21

I
]
=5
&

o~
&‘Q
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and

similarly,
S E (7 (8)° 1w > 8)IDF (8) 2 1]
_ 33 T _a\kgT—k 43 52\ 2 T _a\kgT—k
~stae (7)o o up e enoon ()1 ( ) et

1-g°7-p) _ 1-8° _ (1=5")" [T .
R A (E) B _ =5 “_BT) 71} — A+ (B),

and

S(B) =414~ (B)p~ (B)+ AT (A)p* (B) (Bo— B + + [(=5r — 1)~ )+ (552 = 1) p* (8)]

Brg_ By _ B (T3 — - X .
=7 +=270 _35)5_ 1}fp+((ﬁﬁ)) _ ‘21(5’?)2 (; (1(6_))5) ot ) ] (Bo — B)* + 1 — BT (B)
[ %“7%&"*(%3,%4 e -
= | (=a-p (=80 [ (=8 prs | (Bo—B)+1— BB
+ 3 - 1 — ( — 1 ) -
=D (B)(Bo— B)> +Tx (B).

where p~ (8) =1— (1 — B)T, and pt (8) = 1 — BT. Ty (B) is generated from 3 (3), and this is similar to

Ty () in the last subsection where we show that Tj (7) is generated from @ (y). Note that neither 7% ()
nor ﬂlif (7) is a part of the original model, and they are actually generated by the demeaning operation . It
is only because the demeaning operation depends on 8 or v that we have the extra term T () or Ts (),
which biases the least squares estimation. Of course, we do not have the T3 term here because there is no
threshold effect in the error variance, but the T5 term alone is enough to make our estimator inconsistent in
both models.

When T — oo,

S(B) — g8y (1—533)(1—,3) B (1—/32):(1—,8) (Bo—B)2 +1=:C(B)(Bo—B)?+1= S (8),

3 4

where C' (8) = limy_,o, D (8), and T» (8) — 1. Since

dS
=0 ¢ (8) (50— 5" + 20 (5) (9 - o).
which achieves zero at 8 = By, we expect arg ming S, (8) = Bo, which is justified in the right panel of Figure

Bl
If the demeaning does not depend on § but on a constant ¢ € B, i.e., let 8 = ¢ in g (8), then least

squares is based on
E [7i¢ (¢) |Xi] = T3, (¢) BL (mir < ) + T (¢) B (wir > ¢)
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and
N T
=33 [0 (@) =T (9 8) L (ww < ) + (57 (€)= 75 () )1 wa > )]
=1 t=1

The probability limit of the objective function as N — oo is

5°(8) = thl [ (0 L@ <)) (o= ° +  TLLE [ (0" Laa > )] (50 - B
RS E [T (07 1w < 0)] + 2 ST B[ (01 (2 < o)
g5 (5-9)52

2 ~(c t(e
= | =)0 (=)o (1o (=) prg | B0 B+ 1- B9
+ 3 o 4 B 3 1 T

=D () (B—Bo)’ +Ta(c).

Because the coefficient before (Gy — 5)2 is positive, argming S¢(5) = Bo, as shown in the right panel of
Figure [3

Appendix E: Details of CI Construction for v and

This appendix provides more extensive discussion of the CI construction for v and 5. First, we give the
LRy, statistics more detailed analysis. Second, we provide algorithms for the CI construction based on the
LR,, LRy, and LR,, statistics.

Analysis of the LR, Statistics

First, the LRy, statistics can be explicitly expressed as

Sn (.8 S, (7(0
LRu, (7) = (v.8(v))— 772( (@), (’v))’ ) o )
LRy, (v, B11) = Sn (7,811 B (1.811))=Sn (7 (Q_n(’%fu))ﬁu(Q_u(’)’7511)),Q_11(’Y7511))7

where 7 (E (7)) is the threshold estimator when 8 is set at E(*y)7 and (? @_11 (7, ﬁn)) ,[/3\11 @_11 (v, 611)))
are defined by a similar procedure. Specifically, given r € I'; the concentrated B\n (E—n (v, 511)) is

~ ~ Zil ZtT:l let (yit - iftuam (7, ﬁn)) 1(git < 1) I
Pri(r0_ 11 (7, P11) ) = 19
B ( e ) Zz 1Zt ) (z zt) (gt <)

and we then search r over I' to minimize

N T
= Z Z [yz‘t - [wbﬁn (Tv/é—ll (%511)) +3,V 01 (%511)] 1(qie < 1) —%3,02 (7)1 (qie > T)]Z;

i=1 t=1

the minimizer 7 is 7 (9 1 (0 511)> and B ( 11 (7,511)) B ( 11 (%511))

Theorem 8 Under Assumption 4,
d
LRln (70) — 5(807 (b)a

19 Although f11 (r, 5711 (7,611)) depends only on 812 (v, B11) rather than ?Q\,u (v, B11), we maintain this notation to avoid

confusion.
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and

1 S 11711
LRy, (70,611) 255 2 01103 + €0, ),

where 011, X3 and (o, @) have the same definitions as in Theorem @

Proof. By the CMT,

Su (10:2(30)) = 5u (7 (2(30)) 2 (0))
= (Su (10:8(10)) = S (30.60)) = (S0 (3 (8(20)) .8 (20)) = S (30.60))
LN 10/ Spoti — W'W — min, {30 Sgetu — @'W + C (v)} = max, {—C (v )}in2§(4p,¢),

which is the same as in S, (70) — S (7), and the rest of the proof is the same as in the proof of Theorem

where U = argmin,, {$u/Spgu — w'W }. Next,

S, (707,5?1@\—11 (“YOa 7/3?1)> — Sn (rY\ (E—n (VOMﬁ?l)) 7311 @\—11 (’70775?1)> @—11 (’YOa :5?1))
= (Sn (VOa 75(1)1@711 (’707 75?1)) — S (’YO,QO))

- (Sn (ﬁ (E—n (707,5?1)) 511 ( —11 (’YO»aBM)) —11 (’YOa »ﬁn)) - Sh (WO»QO))

d 1/\/ o~ ~/ ~/ ~ -~/
— §ul25912912u12 - U12W12 + §UQS‘9202UQ - UQWQ

2

U11,v

. 1 - 1. N N 1. ~ N
— min {25511511’“%1 + u115511912u12 + 5“’/1259129121“2 —unnWi — u'12W12 + 7u’2592292u2 - ’U’IQWQ +C (U)}

1 . ~ ~ -
= _55/311,311“%1 - u115511912u12 +unWi + n’léiX {_C (U)}

— / —1
i EWI/ (17 _53119125612612) (17 _5511‘9125012012) W

2
5 S +n°E(p, 9),

where

1 ! /
—1 1
“U5Sh,0,U2 — UsWo p = (5912912W12, 59292W2) ,

PO . 1, '
(U2, U) = arg min {2u125¢912912u12 —ujsWia + 5

Ui2,u2

and .

(1’ _5/3119125912012) Wi
5511511

The rest of the proof is the same as in the proof of Theorem [0} =

U1l =

The CIs for v and 117 can be similarly constructed as those that are based on the LR, statistics,
but the calculations are more involved. Although inverting LRy, () is still practically feasible, inverting
LRy, (7, B11) is too time-consuming since we need to grid search the 811’s (this is because {S11|LR1y, (git, f11) < Cia}
need not be an interval anymore, where ¢y, is the new critical value); that is, the test statistic LR1, (7, 511)
only has theoretical value in this paper. Note that Sg, 3, > 5511 g1, where the equality holds only if
Spy,0,, = 0, which is generally impossible since X; tl contains T, := T Zt , 71 In other words, the coeffi-
cient before the x? distribution is smaller than that in Theorem @
Comparing with Theorems |5 and @ we can draw some interesting conclusions. First, replacing /Q\(fy\)
by E(Vo) in LR, () or E—u (?, 311) by /Q\_n (70, 8Y;) will not affect the asymptotic distribution of 5 and

thus the £(¢, ¢) component in the LR, statistics. Second, replacing 5—11 (fy\, 311> by é—n (70,B?1) indeed
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affects the asymptotic distribution of 311 and thus the coefficient before the x? distribution in the asymp-
totic distribution of LR, (70, ﬁ?l). Actually, from the proofs of Theorems |§| and B\ll (@711 ('yo, 6?1)) in

LR, (70,,8?1) is more efficient than ,5’\11 in LR, (7o), which is mainly because 311 (E_ll (70,691)) uses
the information ;7 = BY; in the null. This sharply contrasts the 5 case where the null information

v = 7o will not improve its first-order efficiency; see Banerjee and McKeague (2007) for a scenario where
the null information v = =y indeed has material content. Third, note that LRy, (y) < LR, (vy) with

ming LRy (7) = ming LRy (v) = 0 because S, (3(2(1).8() > 8, (3.8(3)) and Sy (1.8()) >

Sn (’y\ (@ ('y)) ,E('y)) with both equalities holding when v = 7, and similarly, LR1, (7, 811) < LR, (7, f11)
with min, g,, LR1, (7, $11) = min, g,, LR, (7, $11) = 0. Since the critical values for LRy, () and LR, ()
are the same, LRy, (y) would result in a wider CI for . On the other hand, the critical value for LRy, (y, 811)
is smaller than LR, (v, $11), and thus the CI resulting from LRy, (v, $11) need not be wider than that from

LR, (v, B11)-

Algorithms of CI Construction for 5 and v

To simplify notation we neglect the constant 1/2 in S,, (#). Correspondingly, all critical values are multiplied
by 2.

CI Construction Based on LR,

In constructing the CI for 811 based on LR, (v, f11),

Sn (git, B11) — Sn (;)77 511)
!/
= (yf(h’t - Xlﬁ%tﬂll) M2§<ht (yﬁfht - Xlﬁqnﬂll) + y/>fI7th>(Iity>(1it,
~Y<sM<3y <5 — ¥isMaqy 5
= (X1§/¢Iit MQSQitxlSQit) 5%1 -2 (XIS/Qz‘t MQSQit ygqit) 511
Y0 M2 Y <ai + Y50 Mg Y500 — YesMagy<s — yosMsgyss,
where M2S“/ is the annihilator of {i;ll(qir < ’y)}iﬁ, M, and M, are annihilators of {%;-1(gir < 'Y)}i,T
and {X;r1(gir > 7)}; ,» Y<y and y, are vectors stacking {yi-1(qir <)}, , and {yir1(gir > )}, ., XL, is
the vector stacking {x%Tl(qiT < 7)}1 sand i =1+ N7 =1,---,T in all vectors and matrices. Note
that ylgq,;,,Mzgqitygqn + y’>qitM>qity>qit is the SSR when the threshold is set at ¢;; and the regressors in
the left regime are only )“([Tl; we denote it as S1, (¢it), so the constant term of Sy, (git, S11) — Sn (ﬁ, B11> is
S1n (git) — Sn (7). As a result,

{B11|LRy (i, B11) < Ca}
{<X1§q“7xl§qn> 6%1 =2 <X1§qu7y§q'it> 611 + Sl" (Qit) - S" (a) < 6‘1;\]2}

(XL, Y<a )=V Do) (Xiy. y<a;,)+v/D(gi,) .
(xt, XL, ) ; (xt, XL, ) if D (git, ) >0,
<a;¢ " <a;¢ <q;¢ 77 <a;¢ .
0 otherwise,
)

where the inner product (-,-) on R™ is defined as (z,w) = Z/Mzgq”w, and D (g, ) := <X1§q“,y§q”>2 —

<X1§q“7 Xlgq”> (Sln (qzt) - Sn (7}/\) - /c\aﬁ2)~
When there are variables without threshold effects, we need only slightly adjust the procedure above.
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For p11,
S (git, B11) = (y — X Bu) M2 (y — X'511),

where M? is the annihilator of {( Xiirs Xbi 1(qir < qit), Xbi 1(qir > qit) )} with X1;, being x1;;

v, T

deleting x114-, X! is the vector stacking {x11- and y is the vector stacking {y;r}. . Now,
g @, T

@7

{B11|L Ry, (qit, B11) < Ca}
{<X17X1>ﬁ%1 -2 <X17Y> /811 + <Y7Y> - Sn (:Y\) < /C\aﬁ2}
) B DB g2,

(X1,X1) ’ (X1,X1)
0 otherwise,
)

where the inner product (-, -) is defined as (z, w) = 2’ M?w, and D (g;;, ) := <X1,y>2—<X1, XY ((y,y) = Sn (3) — Cal?).
For 121, in LR, (qit, B121), only redefine M? as the annihilator of { ( Xiirs Xbi 1(qir < qit), Xb 1(qir > qit) )} ,

)

and X! as the vector stacking {z21ir1 (qir < qit)}, ., where Xg;, is Xo;, deleting xo1;, whose coefficient in

7,7

the left regime is B121.

CI Construction Based on LR,

In constructing the CI for « based on LR1, (7),

S (10) = 5u (7(8() .2 ()
=SS (e %8 ) (e %8 ) |16 (@) < e <)

+N s (yn — %/,0 (7))2 - (yn — X0, (7))2 Iy <qu<AH @ (v))),

~

where note that 7 (@ ('y)) depends on ~. In practice, we can calculate S, (7,@(7)) —Sp (’V (E (’V)) »E(’V))
directly rather than based on this decomposition.
In constructing the CI for 811 based on LRy, (v, 511), we can still collect the intervals of 11 for each
git € I':
) <Al
qutel“ {511|LR1n (qit; B1) < Ca} )

where ¢, is the level « critical value for LRy, (70, 5(1)1). For each ¢q;; € T,
Sn <Qm 511,5—11 (Qitvﬁll)) - 5 (? (E_n (qit, 511)) ,511 (é_n (%‘nﬂll)) 75_11 (ql'taﬂll))

!
= (YSQit - Xlgqmﬁll) M2§qu, (YSQit - Xlgqitﬁ11> + y’>qitM>Qity>Qit ,
- (Y§§ - X1§5912 (it 511)) Mlg; (Y§§ - X1§5912 (it ﬂn)) - ()’>ﬁ — X500 (%‘t)) (Y>§ — X507 (Qit)) ,

where 7 := 5 (@_11 (qit,ﬂll)) depends on i1, M1§7 is the annihilator of {x%Tl(qiT < fy)}”, X is the
matrix stacking {X;,1(qir > )}

1,77

512 (Qit’ ﬁll) = (XQSIQMXéQn)_l (Xzﬁlq“ (yS(Jm - Xlﬁthtﬁll)) ’
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with X%V being the matrix stacking {i;ll(q” < 7)}1 _» and

é\2 <Qit) = (X;qitX>qii)_1 (X;qity>qu)

depends only on ¢;;. Because 7 depends on $11 in a nonlinear way, we construct {B11|LR1n (it, f11) < €4}
by a grid search.

When there are variables without threshold effects, we need also to adjust the procedure above slightly.
For B11, Sy, (qmﬁuﬁfu (Qitaﬁll)) is the same as in LR, (7, f11), and

Sn, (W (E—n (Qit,ﬂn)) ,311 (E_u (Qit,ﬁn)) ,E_u (%&7511))
= (Y - (le{%%j{iq) (BL1; (gie, Br1)", 012 (gt Brr)', B2z (qz'uﬁu)/)/)

MY (y = (X0 X35, %25 ) (Blas (g, B10)' 012 (s 1) 022 (s 1)) )

!

where 7 := 7 (5711 (qit,ﬁll)) depends on (11, M is the annihilator of {211ir 4 1 (Xl, Xéﬁ,f{iﬁ) is the

matrix stacking {( Xiiry Xbir1(qir <7), Xboirl(qr >7) )} , and B, is B deleting (B11. For fBia,
0T

Sy, (Qit,5121,§_121 (it 6121)> is the same as in LR, (v, f121), and

Sn (3 @7121 (Qit75121)) , P11 @7121 (Qit,5121)) 0 15 (Qit”@’ml))
~ 9] ~ ~ !/
= (y - (Xla X2§§7X2>5) (B (Qit>5121)/ ) é\172121 (Qit»ﬁlm), , 022 (qit75121)/)/>

M (y - (XhXZg:,, Xia) (B (git Br21) 07301 (gir, Brz1) . B2z (g, 5121)/)/) )

where ¥ := 5 (@_121 (Qit,ﬁuﬂ) depends on B121, M?! is the annihilator of {xQUT}i,T’ (thég,xig) is

the matrix stacking {( X1irs Kb 1(qir <), X5 1(gir >7) )} , and 012, is 012 deleting B1a1.

CI Construction Based on LR,

In constructing the CI for v based on LRa, (7),
N =T o )2 o 21
= i1 2o (v = X601 ) — (yie — X},02 1y < aqi <)
N T L A\ 2 ., 2 R
+ 2 i 2 | (Wit — %02 ) — (i — X601 1y < qi 7).

In practice, we can calculate Sn(%é) - S, (?,E) directly rather than based on this decomposition.

In constructing the CI for $1; based on LRa, (v, 311), we can still collect the intervals of 11 for each
qiw €T

Uq,.ter {/BlllLR2n (qihﬁll) S /C\i} .
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For each ¢;; €T,

Sn (qmﬁu, ) — Sn (:Y\y 311@711)
<q;

i
- Xéqitﬁll - Xzﬁqité\l—ll) (yﬁqit - Xléqu/gll - Xzﬁqité\l—H)
o / o ~ N
Y>aqir — X>‘Zit 62) (y>‘ht - X>qu92) —Sn (7)
=XY XL pB% —28,XV X2, 04 ,,) + -x2 0, S <L
<qit “*<g;t P11 118 Lg \ Y<ait <gj¢’—11 Y<aqit <gqj¢’—11 Y<aqir <gqj¢’—11
o ~\'/ o ~ 5%
(y>‘1£t - X>Qit 92) (y>Qit - X>‘1it92) — S (’Y)
= XYy, XLy, B = 280 XY, (Y<au = X2, 0000 ) + Sin (gie) = S (7).

and

7,7

where XQS"/ is the matrix stacking {)“ci_Tll(q” < ’y)}i’T, )u(>7 is the matrix stacking {X;;1(g:;r > v)}
01, is 61 deleting B11. As a result,

{511|LR2n (git, B11) < 5?1}
! ~ S

{(Xka Xhgie) B = 2 (X y o = X2, 010) Ba + 1 (a1) = S () < i7"}

[<x<qty<qt X2, 0L11)—/D(air,0) <x<qt Y<ay, X2, 0011 )+/Dlair,a)

if D (git,) >0
<X1<q t Xl<q f> <XI<q t X1<q f> :| Othlel"WiSE 7
0, ’

. 2
where (-,-) is the usual Euclidean inner product on R"™, and D (g, «) := <X1Sqm,y§q“ — X%Qit0£11> —

<Xl<q t’Xlﬁqn> (Sln (Qit) — Sn (a) o Eiﬁz)
When there are variables without threshold effects, we need also to adjust the procedure above slightly.
For 6117

Sn (Qiuﬁu@fll - S, (/7\, Br1,0_, )

~ / ~ 2 -~ P
= (y o Xl’Bll o (Xl’ Xzﬁ‘]it >th) 0 11) (y B Xl’Bll o (Xl’ XZSQ t’ X2>qlf) Q—ll) — Sn (7) ’
which is quadratic in 11, so

{B11|LR2n, (qit, B11) < T2}

X! y—(X!,X2 4 X2 q 0_1,)—/D(qit, x! X' X2 a; X2 4 )0-11)+ it 3
_ |:< y ( < t<X1>)ét1)> 11> (g )’ < ( < t(X;)&tlg 11> D(a ):| if D (qit,a) >0,
0 otherwise,
where D (git, a) = <X (Xl X2, X%, ) g 11> —(X1,X") (S1n (git) — Sn () — €an?) with Sin (qie) =

( (Xl X2<q” >q”) (R 11) ( (X1 X2<q o X2>q f) @_11>. For B121,in S, (Qit, 511@_11)7 only replace
( X2<q iy >q“) ( <q . >q f), and redefine X! as the vector stacking {2214, 1 (gir < qit)}z‘,T and
o~ li
6_

11 @8 (»31791 121»922) Le, 0 excluding 5121

Appendix F: Analysis in Simplified Models

This appendix consisers two simplified versions of our CRE model. We first provide simplified formulae for
the asymptotic distributions of 7, (9\@, LR, (), and LR, (’yo, 6?1) in correctly specified error components
models, and these simplified formulae can also be extended to the asymptotic distributions of LR1, (7o),
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LRy, (70, 6?1), LRy, (7o), and LRa, (70, B‘fl). We then consider the case where some variables do not have
threshold effects on ¢, i.e., their coefficients remain the same over different regimes. This simplified case will
be used in our empirical application. We finally discuss testing for unobserved individual-specific threshold
effects based on the asymptotics in Section 4 and provide some detailed analysis for the claims in Section
4.2,

Formulae in Correctly Specified Error Components Models

When the model is correctly specified, eg;; = €pit = gy + ugit. In practice, researchers often assume the error

components structure on ey, e.g., assume (ai;, az;, {ui}i—q) and X; are independent and wuy, t =1,--- , T,
are independent across regimes and i.i.d. in each regime, and then 02, o, ¢, V4,2, and ;2 can be simplified.
First of all, because ¢+ = 0 in correctly specified models, w = 5&32, =1, and n? = Cc,,‘g:

In such a case, E [¢Z,|X;] = E [e},] =E [a},] + 07 := <} with E [u},,] = al?]E [esiterir|Xs] = E [af;] =
ce, and E [eqje0:,|X;] = Elaysa9;] := c12 for t,7 = 1,--- ;T and 7 # ¢ such that
Ve(v) =<iD (),
Qo =7 [(1— pe) My + pe¥y],
Qg = c12¥y2,
which implies

st/ De, ¢ = 63/s, n* =i, and

S o= [(1 — po) M, + /’ZM[l\IJZM[l] )

w

where py = ¢/ gez is the correlation between ey;; and ey;-, and
T T !
U, =K (thl Xitl (qie < 70)) (thl Xl (g < ’Yo)) ;

!
Uy =L (Zthl Xl (qir > ’Yo)) (Zthl Xitl (qir > Vo)) ;
T . u
W12 =3 0 D E XX 1 (gt < 70) 1(gir > 0)]-
Note that ¥, # ng[l as in cross sections When ay; = ap;, we need only set ¢, = 0 in w and set

A1, = 94 in W,Qg and 912.
In the error components model, the formulae of ﬁg and ﬁlg in Section can be simplified:

Q=3 {(1 — pe) My + ﬁz\i’e} and Qp = E19W1s.

Here, in ﬁl,
T N T o ~ T . R
Uy =%, (thl Xl (qie < ’Y)) (Zf:l %51 (g < 7)) ,
~ N T PO P
= n% Dic1 2o €1l (g <7), 1 = &1 /T,

20Because z, includes 1, E[agz;] = 0.

21In [Hansen| (1999), El and EQ are also correlated, but in the homoskedastic case, such a form of simplification is indeed
available. A key difference between the fixed effects estimator and the CRE estimator of 8 is that 81 and 82 cannot be estimated
using separate data in the former, which greatly affects the formulae of the asymptotic variance estimator of 3 on pages 352-353
of [Hansen| (1999).
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where n; = Zf\il ZtT:l L(git <7),

~ N >y €riterir 1(qie <A)1(qir <7)
1= 3y L T : 1(Ty; > 2)
1 N (ZF @e1(ae<7)) =37, €35, 1(ait <7)
- N Zi:l ( ' Tu(;u—l) = 1 (Tu Z 2)

with Ny = Zil 1(Ty; > 2) and Ty, = Zthl (gt < 7). In ﬁg, @2, ¢% and py are similarly defined but
replace g;; <7 by it > 7% and €y by €. In Qyo,

T o (g, <7 T 5 5
Big = Nim Zfil (=i, eml(an’YT)l)igwm,:leznl(qq,f,>'y)) V(T > 1,To; > 1),

T 1 N T g ~ T o ~)
Uio = 5D imt (Zt:l Xitl (gir < 7)) (Zt:l Xl (qit > 7)) )

N . ~ ~
where N12 = Zi:l 1(T12 Z 17T2i Z 1) with Tli = Zz:l 1(% S ’}/) and Tgi = Zz:l 1(q1t > ’}/)
In the proof of Theorem [6] if the model is correctly specified with an error components structure,

(1’ _55119125511012) Wi ~ aN (07 (17 _Sﬁ11012S;11012) [(1 - pl) M, + pl\Ijl] (17 _Sﬁ119125511912)/)

d =~ _ _ /
=ahN (07 |:(1 - pl) 5611,311 +m (17 _5,3119123911912) vy (17 _56119128012912) })

and n? = ¢Z, so

a 1
LR” (’yoaﬂgl) — 5911)(% +€(@a¢)7

where ,
-1 -1
o11=01-p1)+m . _551191250120122\111 (L =5511012 S51201,) )
Sﬁllﬂll

and the estimator of g1 can be constructed based on py and ¥y by noting that SB118113 581161, a0 Sp 50,5
are components of M;. Different from the cross-sectional case where ¥y = M; such that ¢1; = 1, the
coefficient before x? here is not 1. The same p1; appears in the asymptotic distribution of LRy, (fyo, B?l).
In the asymptotic distribution of LRa, ('yO, B?l), just note that the asymptotic variance matrix of Wy, Qq,

can be simplified.

Variables Without Threshold Effects

We decompose X;; into x1;; and Xo;¢, where x1;; do not have threshold effects and x2;; do. As a result,

m—+1
E [yie|Xi] = x3;461 + 22;1 (%h:: 80 + 2i0e) 1(v)_y < qie <7P),

1y (32)
P X8 + 27;1 Xo;10021(77_ 1 < qie <77),

v / SV YA ! / Y Il — -l l
where we decompose X;; as (X};,,X5;,) = (X144, X5, 2;) and 0y as (81, 6}5) = (81, Bia, ¥p), and we assume
in estimation that
9@2 = 97ﬂ+1,2 + 65 with 65 = Nﬁﬁcé7£ =1--,m

Implicitly, we assume the augmented variables z; have threshold effects. In general, we can consider the case
where part of the augmented variables does not have any threshold effect, but this is straightforward and is

not pursue here.
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Sequential Testing

In testing for linearity, the null changes to Hy : 012 = 022 or dg, = 0, where dg, = 019 — 022. Our score test

has the null
T

Zfizit@ftl (qie < 7)] =0foralyel,
=1

H()Z]E

where €9, = y;;— X},0, with 6, being the population coefficient of y;; regressed on X;;. T5, (y) still takes the
form of but redefines

N T
My (7) = N"1/2 Z Z Q'Lt < ’Y)

and

N
:le

=1

[i( (qit <) Xait — Ma () M ) ] [i( (qir <) Xait — Ma (3 )J\/Zliit>€§-’t]

t=1 t=1
with

N T N T
My(y) = NT') 0 " %ou¥)1(qie <7) and M = N"1> S " %;,%],,
=1 t=1

=1 t=1

where €7, has the same definition as in Section Under Hi.: 09, = N -1/ 2¢q,, T, () converges weakly to

H(y) "2 {2(7) + [Mz (v A yo) = Mz (v) M~ Ma (30)] ca, }
on v € I', where Z(7y) is a mean zero Gaussian process with covariance kernel

T

T _ —
H(y1,72) =E l(Ztl(l (qit < m1)Xoi — M2 (7) Mliit)e?t) (Ztl(l (qit < 72) Xair — Mo (v) M~ " %u1)ey,

T v u Y T v u
My (7) = 3y E [KoirXhy, 1 (qie <)), M2 (7) = Zt 1 E[ZouXfy1 (g < )], M =32, B[R], and H(y) =
H(~,v). The simulation procedure in Section can be easily adapted to the current scenario.

In sequential testing, e.g., H(EQ) :m = 1 vs. H{Q) :m = 2, we need only adjust the notations in
! () st (1), (7), and (22 () as above.

Inference on ~y

We assume that there are only two regimes in our estimation, so our objective function now changes to

N T
Z Z [yit — X134B1 — X5340121 (qie < 7) — X340221 (qix > 7)]2 )

i=1 t=1

l\D\H

where 0 = (W,Q/)/, 0 = (81,01, 05,) or (8,41, ¥5) with ' = (8], 812, Bs) being the parameter of interest.
Now, the pseudo-true value of @ is

m+17_1 . ﬁl _ m—+1 , 51 Y m . 0
Vo= ZM M Oro =M ZM Om+1,2 M ZM &

/=1 £=1 £=1

35



— My My By 1 ZT=1 Mfzéé
= M My M, bis s +M o M, 6%
m s
My My, >+ M523
63} S 27:1 Mf25§
= Om+1,2 +M ?:11 M2€25§ )
Omi1,2 > ey 1 M3505
where
o T [ X1it My M1_2 M1+2
M = ZE X2it1 (it < 0) ( Xt Xoi 1 (qit <v0) 5 Xbil (qie > Y0) ) = | My My 0
=1 Xoit1 (qit > 70) MY 0 M
T [ X1it
¢ o o
M = Z]E Xoit1 (¢t < 0) ( X1 1(V0-1 < @ie <9), Ko 1(Vp_y < @i <P) )
=L\ Xairl (gt > 0)
Mi, Mi,
Mfy Mg, | if€=1, m,
B 0 0
M{,  Mf,
0 0 ifl=m;+1,---,m+1
Miy Mg,

with Mfl = Z?:l E [ilitiﬁitl(’ﬁq < @it < 'Yg)]v M2ez = Zthl E [i%ti/zitl(’ygq < it < VE)L My, = Zn:tl Mfl,
My, = ;nzll M1£25 M1+2 = Z?l:tilﬂ Mler My, = anll Méz: M;é = 27:;711-%1 M§2a and My = My, + M1+2
Note that M? is not a square matrix, so M # 27:11 M¢¥, and the B; component of ¥ need not be the true
B1. Note also that if we denote the pseudo-true value in the main text as Elh 5127 512, and 5227 then 311 need
not equal 512, neither of them need equal 31, and 512(522) need not equal #15(f22). This is substantially
different from the scenario in correctly specified models where 511 = 512 = f, 512 = 615 and 522 = @95. The

pseudo-true difference
m /Y
> r—1 Mi305
mi l sl —. —K
=1 M2262 = N Co,
m 0 st
Zé:m1+1 M350,

010 — 020 = (0,1, ~I) I

where
Z}i1 Mfgcg
¢y = (0,1, -T)31 oMb |
ZZ":mlH Mfzcg

which differs from the ¢ component of ¢ in Assumption 4. Furthermore, the new

0 I1 00 E;lleng
= = M ™ Myl
C— ma =1 V122C3 )

0 I O
Zznzml—‘,-lMQZQCg
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e Mioch
0 I 00)\— Zﬁil v
c+ = mi+1 | T M =1 M3y )
Cy 0 01I o 'y
ZZ:m1+1 Mjocs
where note that the 8, components of cy are not zero. In other words, ¢/D (¢ — 2cy) and ¢/ D (¢ + 2¢_)

cannot be further simplified except ¢ = (0’, )" now. On the other hand, ¢/V;c can be simplified with ¢ and

%;; in Vp replaced by ¢y and X,;,. Correspondingly, 72, ¢ and ¢ can be estimated based on

ZtT=1 E [(5'2N>V<2it)2 (yit - i;tﬁl)Q \Qit = ’Yo*} Tt (’YO)

2

n ~ " o =
22?:1 E [(6/2Nx2it) (yit - Xitﬁ) lqit = 70—] fe (70)
oo— > i1 B [(Ogn%ait) (yie = %4,9) laie = 70+] f1 (0)
ZtT=1 E [(5/2Ni2it) (yit - i;,ﬁ) lgit = ’70*] fi ('YO),
¢ Y E [(5/21\/’?2#)2 (e — %4,92)% qie = ’YO*} fi (o)
S E [(5’21\;)“(2#)2 (yir — %,,01)° |qir = 70—} ft (70)

0 I O 0 0 I 0 I/2 1I/2
estimated by their sample analogs.

I I — I
whereéN:(O',(5§N)/7191:< 0 0)19,192:< 0 0)19,and19:< 0 0 )ﬁcanbe

In correctly specified models, ¢’ Dc can also be simplified with ¢ and X;; in D replaced by co and Xo;;. In the
error components model, we still have V; () = ¢2D (v) so that n? = ¢ and ¢ = ¢3 /c?.

Inference on

The asymptotic variance matrix of E changes to

S=M 'OM ", (33)
where M is defined above, and
/
T X1it T X1it
Q=E Z %201 (qie < 70) | €f Z %2il (qi < 0) | €fy
t=1 t=1

X2it1 (git > 70) X2it1 (gt > 0)

We now show the relationship of M and Q with M, Q, and Q15 and simplifications of M and € in the
correctly specified error components model, which implies that the estimators of M and € can be derived
from Section and the last subsection. First, write

My, My, M i _
_ M; M M M
M=| My My 0 |,M= o2 ) and My = P
/ + M12 M22 M12 M22
M12 0 M22

then M1y = My +Mjy with My, = S B [%1,0%, 1 < 70)] = S0 My and My = S E [%10%,,1 (g > 70)] =

m—+1 ¥4 .
> t—m,+1 Mi;. Second, write
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Qn Q9 - -

0 0 of 0
o=\ 0 9 0 ,91:< e )and92:< o )
Qg_l QétQ Q;'_Q

and

then

/
Q1= [(Zt 1 Xlztezt) (Zt 1X11te?t) }
T T T r /
=E (Zt_l X1l (qie < 70) evie + D op—q X1t (qit > Y0) €2it) (thl x13t1 (it < 0) erie + 3y X1atl (qie > 70) 62“)
=05 +Qf, +OF, + 05,
B i
O, = {(Zt 1 Xlzten) (Zt 1 X2irl (gt < 0) elzt) ]
T T T o !
=E (Et_l x1it1 (qit < 70) erit + Dy X1itl (gt > 7Y0) €2it) (Et:l %2it1 (¢it < 70) el“)
=05, + 95,
and
!
Qirz = |:(Zt 1 Xlztezt) (Zt 1 X2t (qn > ’YO) e2zt) :|

/
=E {(Zf_l x1itl (gt < 7v0) e1ie + Zthl x1itl (qit > Y0) 62%) (ZtT:l X2it1 (it > Y0) €2it) }
= Q13F2 + Ql+2+-

In the error components model, write

g, = (Y e ) o (¥ U
Uy Uy ) U U )0
\/ES o \Ili \I/i
\1112 = 11/ 12 and \1121 = \11/12 = :ltll f ;
Ui, U, Un o U
then
On = G [(L=p) My +p,P5],Qf =6 [(1—p2) My + p2 0],
Qﬁ = 012‘I’1$1a9i1 = 012‘I’1i1,
Qnp = §12 [( —p1) M, +:01‘I’12] aQi 012\I’1i27
Qfyr = % [( — p2) M5 + p2¥ ] L = 1207,
Q5 = [(1 —p1) Myy + p1 ¥ 2] Q5 = c12V5,,
Q2iQ = 612\1/2in 932 = §22 [(1 - /)2) MQ-E + P2\I’22]

In testing for unobserved individual-specific threshold effects, we need only pay attention to the changes in

the asymptotic variance estimate of 121\1 — 122.

In adaptive Bonferroni inference on (3, suppose we are interested in (311 and Si21, the first element of
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B1 and B2 respectively. It is not hard to show that the result of Theorem [f] still holds, and we need only
redefine

oy — (1, —S1285) 2 (1, — 8125551
S11m? 7

where for 811, Sio is the first row of M deleting the first element, Sas is the submatrix of M deleting the
first row and the first column, §11 =511 — 81252_215’21 with S1; being the (1,1) element of M, and for B;21,
S12,520 and §11 are similarly defined but replace the position of 811 in M by that of S121. In the two
alternative inference procedures for 3, the results in Theorems [§] and [7] still hold with notations properly
adjusted as above. Appendix E details the construction of Cls for 817 and (121 based on the LR statistics
in finite samples.

Testing for Unobserved Individual-Specific Threshold Effects

The null is ap; = o; for £ = 1,--- ,;m + 1, i.e., there is no unobserved individual-specific threshold effect.
This test aims to assess the validity of the new setup introduced in this paper, which goes beyond those in
the existing literature. When m is consistently estimated, this null implies

Hoii/Jl :wz

in our two-regime model in Section In the general (m + 1)-regime model, the null changes to ¢; =
g = -+ = Yyy1, and the analysis is similar but more involved. So we concentrate on the two-regime model
here. Although Hj is only an implication of the null, it is the only relevant one to our estimation in the
CRE framework. In other words, the null ay; = v is refutable but nonverifiable (see Breusch (1986)) in our
framework. We will carry out the usual Wald test for this hypothesis; the LR test based on the S, function
in is not easy to implement since its asymptotic null distribution is generally non—standard@

The Wald statistic is

W, =N (121 - @2)/ (iﬁl - @Wz - apzwl + ng)il (121 - 122) )

which converges in distribution to Xiw under the null, where iwl and 6#}1#}2 are consistent estimates of
the asymptotic variance matrix of @1 and the asymptotic covariance matrix between 121 and 122 in Section
L and E¢2 and C’¢2¢1 are similarly deﬁned. Because wl and wg are subvectors of 01 and 02, we simply
extract the corresponding submatrices from 21, 22 and 212

Quite often, some elements of 1, are equal while others are not. The Wald test, as an overall test, may
not detect such nuances, so our suggestion is to conduct individual ¢-tests on each element of 1, — 15 if the

Wald test is not conclusive.

Details Supporting the Claims in Section

Section claims that estimation based on Zle E [( fvizt) lgic = 'yo} ft (70) is not valid in misspecified
models. On the other hand, estimation of N=2%¢/V;ic and N~2%¢/Vac based on the formulae in the correctly

specified models is indeed valid.

22When m is underestimated, the 1)-components of ¥; and 192 need not be the same. This is because the y-component of ¥
involves {Bg}Z 1> while the w—component of Y5 involves {ﬂg}Z m1+1, and the B,’s are not equal.

23We can certainly construct the LR test statistics based on the GMM objective functions after writing out the moment
conditions for 6, but this is not pursued here.

24Usually, Sy — Cyy s — Cyorpy + Ly, is invertible, so no generalized inverse is needed.
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The first claim is because

= 2B [(0y%it) (vie — Xi91) |qie = Yo~
= 2E [((%Vizt) (91 (Xit) — 5’(;7491) lgs: = 70_] -0 (N—Qn) ’

and similarly for =23, B [(Sy%ir) (yir — %4,0) lgir = 0+] fi (10) —E {(5&5%)2 |git = ’Yo]~
The second claim is because

T
N=2°Vie = thl E [(53\'*1'1&)2 (yit — igtﬂl)Q lgir = ’YO*} fi (o) + O (N~

T
N7 Vae = Zt:1 E [(5§Viit)2 (yit — i/it192)2 lgit = 70+} fi (o) +0 (N,
where
Z E {((%viit)Q (yit — i;tﬁl)Q |gie = ’Yo—} fe (o) — Ve
!~ !~ 2 2

= > (B {( Nit)” (i — %i91)” @i = 70— ] —-E [(5Nxz‘t) €1it|qi = ’)’o—D fi ()

> E {((%viit)z (g1 (Xit) — igtﬁl)z lgie = 70—} fi(0) =0 (N~%) =0 (N7%),
and similarly for N=2%¢/Vc. So estimation based on 23:1 E {(53\,?(“)2 (yir — %,,00)° |qi = 70,} ft (70),
which is valid in correctly specified models, remains valid in misspecified modelsﬁ

From , if the model is homoskedastic in the neighborhood of ¢;; = 7 in the sense that for all

t=1,--- T,
E [,/ Xi qie = v0—] = 0f and E [e7, 1 5[Xi, gt = y0+] = 03,

then
N=%dVie = of Zt . [ i)’ lai = ’YO_} fe (v0)
2 Vae = (ob Z |: 6]\[th |q¢t = 70+j| It (70)7
and
o7 = E [(yz-t — %91)° |gie = 70—} +O (N7,
Jg = E [(yzt - i;tﬁ2)2 |git = ’70"_} +0 (N#m)

for any t =1,--- ,T. So estimation of N~2%¢/V;c can be simplified.

Appendix G: Simulations

This appendix examines the performance of our estimation and inferential methods in finite samples with

either a; # aw; or a; = aw;. To evaluate estimation performance, following [Yu et al.| (2024), we use the

N2
25Estimation of N~=2%¢/Vic can also be based on Zthl E {(6}\,5{“)2 (yit — i;tf}) lgit = 'yO—:| ft (70), which is parallel to

3;1 E [(59\,5&”) (yit - i;tg) |git = 'yo—] Ft (v0) in N72%¢/ D (¢ 4 2c_). Similar results apply to N~2%¢'Vae.
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mean absolute deviation (MAD) to measure the risk for -, and use the usual root-mean-square error (RMSE)
for regular parameters. For comparison, we also show results for the standard fixed effects (FE) estimators
as proposed in Hansen| (1999). For inference on ~, we compare the Cls based on LR, (v), LRy, (v) and
LRy, (7); for inference on [, we compare the Cls by inverting the traditional t-statistic, LR, (v, $11) and
LR, (7, 511), where the CI based on LRy, (v, f11) is excluded because it is not practical. Because the
performance of the hypothesis test in Sections [7] in similar scenarios is available from the literature, we do
not check its performance here. All simulations employ 1000 replications, T' = 2,5, 10, and N = 100, 250, 500.
We consider the following data generating process (DGP):

Vit = (it + a1s) 1gie <) + (qie B2 + @2i) 1(qix > 7) + i, (34)
where
Qe = ;%0 + ai,
(¢i1, " qiry @iy U1, - - -, ui7) are independent of each other and each follows a normal distribution with g;; ~

N (0,1), a; ~ N(0,1), and u;z ~ 0.5N (0,1). This DGP implies an error components model with ¢ =
2 =125 ¢ =cy =cip =1, and p; = py = 1/1.25 = 0.8. We normalize (B2,73) = —0.2 - 1 with 1,,
being a column of ones with length m. The parameters of interest are v and ;. When «ay; = a9;, we set
1 =Yg = —0.2, 7y =0, and f; = 0.2,0.5 and 1, corresponding to small, medium and large threshold effects.
The simulation results are collected in Tables 1 and 2. When «q; # aa;, we set (Bl,z/Jl)/ =A-15, v =0,
and A = 31 in the a1; = ag; case. The simulation results are collected in Tables 3 and 4. Although the two
DGPs contains some special structures, we do not use them in our estimation, i.e., we estimate the models
as if 1 # 5. In our estimation of nuisance parameters in the asymptotic distributions of 3 and B, we use
the error components structure as in Appendix F, but we do not employ a1; = ag; or o1 = o9 for further
simplification.

According to Tables 1 - 4, the performances of the FE estimators are as expected. Specifically, as shown
in Tables 1 and 2, when «ay; = ag; so that the standard FE estimation method is valid, larger 7' and/or N
induce smaller biases and risks (using MADs for 4 and RMSEs for 31) The FE estimators and our CRE
estimators show similar performances in terms of bias and risk. When ay; # ag; so that the FE estimation
method is no longer applicable, the FE estimators of 7y perform fine and similarly to ours when the difference
between aq; and «y; is relatively small (i.e., A = 0.2), but perform poorly when the difference becomes larger
(i.e., A = 0.5, and 1.0) with bias and MAD being noticeably larger than those of ours, as shown in Table 3.
The FE estimators of 8 suffer a more severe performance hit from the presence of heterogeneous individual
effects as shown in Table 4. They perform poorly even when A = 0.2, and show no sign of convergence as
N increases under all settings of A.

As for our CRE estimators, two general results apply to all cases. First, larger T' and/or N induce smaller
biases and risks (MADs for ¥ and RMSEs for Bl) Second, the lengths of the CIs match the coverages (i.e.,
higher coverages correspond to longer Cls), and also match the convergence rates of 4 and 31 (i.e., the Cls
for B shrink at the rate v/N and the CIs for 4 shrink faster for a larger A value). Thus we report only
results that are unique to each case below.

From Tables 1 and 3 we draw the following conclusions. First, the convergence rate of 4 in Table 1 is
usually smaller than N and that in Table 3 is close to N by inspecting the MADs when N = 250, 500, 1000.
This is because the DGPs in Table 3 contain an extra threshold effect from 1, and 5. Second, among the
three Cls for v, LR,,-CI performs the best in coverage, LR;,-CI tends to over-cover, while LR5,-CI tends
to under-cover in some cases. Overall, the coverage of LR,-CI is acceptable as long as n = N7 is not too

small, but LRy,-CI always over-covers with the longest width so is not recommended in practice.
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From Tables 2 and 4 we draw the following conclusions. First, the convergence rate of 31 is roughly
V'N by inspecting the RMSEs when N = 250, 500, 1000. Second, among the three CIs for £y, the t-CI
occasionally under-covers — particularly when threshold effects are small and NT is limited — whereas both
LR,-CI and LRs,-CI tend to over-cover as anticipated, though the extent of over-coverage remains modest.
For small threshold effects and NT', the over-coverage of LRs,-CI is less severe, while for large threshold
effects or NT', the over-coverage of LR,-CI is less severe.

As requested by a referee, we also report the simulated expected length of the CIs conditional on the true
value of the corresponding parameter being covered in Table 5. As expected, for Cls for v, the conditional
expected lengths are overall slightly, yet still noticeably, larger than the unconditional ones reported in Tables
1-4. For the CIs for B, the conditional expected lengths are closer to their unconditional counterparts. In
all cases, we observe that the conditional expected length becomes smaller as the the sample sizes N and T
increase.

We also study the size and power performance of the sequential tests proposed in Section [3| (CRE tests,
hereafter) for determining the number of regimes, i.e., m + 1. The simulated selection probabilities for m
values under a variety of DGPs are collected in Table 6. For comparison, we also present results for the
corresponding tests proposed in [Hansen| (1999) (FE tests hereafter). We set v = 0, 81 = 0.1 and 0.5, and
set 1= —0.4 and 0.4 when «1; # «g;, while keeping all other specifications unchanged from the DGPs used
in the previous simulations. Therefore, in truth m = 1, or, equivalently, the number of regimes is 2. As a
result, probabilities recorded in the “m = 0" columns of Table 6 represent the simulated likelihood of Type
IT errors (i.e., 1—power) in testing Hy : m = 0 vs. Hy : m = 1. And probabilities recorded in the “m = 17
columns represent the size in testing Hy : m = 1 vs. H; : m = 2. As shown in the left sector of Table 6,
when a1; = ao; so that the FE tests are valid, both the FE and CRE tests perform reasonably well, with the
CRE tests providing better size control in some cases where the sample size is small (i.e., 81 = 0.1, T = 2,
N = 250 and 500). When aj; # ag; so that the FE tests are no longer applicable, the CRE tests keep
providing good size control, with most of the probabilities shown in the “m = 0” columns being very close
to or equal to zero, indicating good power performance. In comparison, the FE tests show noticeable size
distortion when T" = 2. For example, in the particular case where 5; = 0.1, 1= —0.4, and T' = 2, there is
severe size distortion (0.566 vs. a targeted size of 0.95) even under a relatively large cross section sample size
N = 1000. Interestingly, when T" = 5, the FE tests seem to perform fine, while the CRE tests still provide
better size control.

In the empirical application of Section[6] the FE test selects m = 2 while the CRE test selects m = 1. The
simulations here show that the CRE test has better size control when the truth is m = 1, so the conclusion
that m = 1 is more reliable. Although the probability that m > 2 (1 minus the probabilities of m = 0 and
1) is small for both tests under the current DGP specifications, the simulations in Table 5 indicate that it is
indeed possible for the CRE test to select m = 1 while the FE test select m > 2 when the individual effect
is heterogeneous. To clarify why this occurs, we provide a brief explanation below based on the DGP ([34)
(which also explains why the FE estimator of «y is more biased than the CRE estimator in Table 3). Assume
first T' = 2 for simplicity. Among the N individuals, there are four cases. First, ¢;1 < 7, and g;2 > 7y, then

Eyi|Xi] = ¢i1Bio+ G0 = g (510 + 1/;10) + %‘2%7
E[yi2|Xi] = ¢i2B20 + G120 = Ga2 (520 + ¢220> + %1%~
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So following the notation of [Hansen! (1999),

Bl X — E [y:11X;] — E [y:2]X5] Y (510 n P10 21/12()) B %72 (520 o — 1/’20) 7

2 2
= (510 + 1o %O s B20 ¢10 ; ¢20) i1 (Y0)
T E [yi2|Xi] ; [yil\X | _ g <5 n Y10 g ¢20> n %72 (520 Yo ; ¢20>
_ <ﬁ10 + Y10 ; 1/1207ﬁ20 _ 7/110 ; q/&0) 5 ().

where x'?l (70) = (qél ) _q§2)la and ‘/1‘3;2 (70) = (_qélﬂ qi2)/' Second, gi1 > "o, and qi2 < "o, then

E[yi1|Xi] = qi1f20 + G20 = (520 + 1/1220> + %2%7

E [y:2]X,]

qi2B10 + G110 = Gi2 (510 + ¢20) + qil%v

SO

Bl X — E [y |X] ;]E[yzz\xz] _ % (520 N Y20 2%0) B qéz (510 2o ; 1/’10) 7

(510 _ Y= %O , Bao + %o g %0) r71 (7))

ElX] — E [yi2|Xi] — [yil\X] _ 4a (5 n ¢20;¢10> L 82 <510_ ¢20—¢10>

2 2 2

_ <ﬁ10 Y0 — 7/’107ﬂ2 1/)20 ; 1/’10) 5 ().

where z}; (70) = (— %2, qél) and z}, (o) = (%2, — % )/. Third, ¢;1 < 70, and g;2 < 79, then

E[yi1|Xi] = ¢i1fio + G0,
Elyi2|Xi] = @210 + G210,
and so
E [y:1|1X;] — E y:2|X; i i
Ely;|Xis] = lyaa [ %] 3 lyiz|Xi] qflﬁm - 2510 = ($10, B20) 1 (70)
Ely|Xs] —ElyalXi _ aa

— 4 42 510 = (B10, B20) xj5 (70) ,

E [y75]X] B 9

where z} (v0) = (%,0) and z% (y0) = (%,O)I. Fourth, ¢;1 > 70, and g;2 > 70, then

E[y:i1|Xi] = ¢i1f20 + G;b20,
E[y:2|Xi] = gi2f20 + G120,
)
E [y:1|1Xs] — Ey:2|X; i s
Ely;lXi] = X 9 w2 gﬂ20 - quﬁm = (P10, B20) 71 (70) ,
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Ey5Xi] = ElyalXi] ;E lya X = —qlﬁ 20 + %520 = (B10, B20) 5 (70) 5

q“;q”),, and z, (70) = (0, L;q“),. In the third and fourth cases, the CREs are the

same for y;; and y;2 (i.e., a1; = aw;), which matches Hansen’s setup. However, in the first and second cases,

where z¥; (7o) = (O7

the coefficients of z}; (v0) and %, (70) are the same (which is good) but different from (810, 820)" (which is
bad) if 110 # 120. In other words, the bias of Hansen’s method comes from misspecifying the coefficients of
x¥; (7o) and x5 (7o) to be the same for all individuals. This implies that a 7 value that is different from ~q
may have a lower SSR; and in this simple example, different ’s indicate that the proportions of these four
cases are different.

The T = 2 case is too simple because there at least exists a common J such that E [y |X;] = 'z, (70)
for all ¢ in each case. Generally, this cannot hold. Consider T' = 3, and the case with max (¢;1,q:2) < 7o,
and g;3 > 9. Then

ElyinlXi] = @i1Bio+7¥10 = ann (510 + ¢30> + zg% +q 1#;07
ElyilXi] = gi2Bio+ Q10 = quw?) + G2 (Bw + 1/}310> + Qi3%>
E[yis[Xi] = aisBeo + Q0 = w3 + qzz% + 43 (520 + d’;")
50
Elyi|X:] = E[ya|Xi] - E [yéz\xi] — E [yi3|X]
= (,310 o %0,,3 wlongo) ziy () + qil (110 = 120) ,
E[ysX:] = 2E [yi2|X] — [y;\xi] — E [yis|X]
— - (g - D) 52 gy g DO 0 (g, D0 )
= </810 - w,ﬂm - ¢1o;¢20) iy (70) + % (Y10 — v20)
Elyy[X = 2E [yis|Xi] — E [y;ﬂxi] — E [yio| X]

_ _4a <51+21/1 311120) Qi2 <5 +21/)10;1/}20> i3 <2ﬁ ¢1o;¢20>

— (ﬂm _ w’ﬁm Yo ; ’1/120) 2% (o) — g1 + Qi2 + Q2 (110 — tha0)

where @} (7o) = (244792, —qg‘)l, 5 (o) = (BLzran —%)/, and z35 (y0) = (—%,2‘%)/. Obviously,
besides Sz}, (v9) with a common ﬁ, there are extra terms in E [y} |X;], i.e., the endogeneity effects of ay;
cannot be completely absorbed by 5’z (7o) with a common 8 even in each case of (g1, ¢i2, ¢i3) values. It
is of course less likely that plim(5) = vp. Given that plim(y) = v # o, say, ¥ > 7o, it seems that the data
with ¢;; < 7 still contain threshold effects, so Hansen’s model selection method may overestimate m. For a
general T, there are in total 27 cases, so analysis is inevitably messy, but the key point is the same as in

this simple example.
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Table 1: Estimation and CI for v (a1; = )

Est. FE Estimation CI: length CI: coverage prob.
T N Bias MAD Bias MAD LR, LR, LR2, LR, LRy, LRa,
pf1 =02
2 250 -0.0075  0.3290 0.0066  0.1785 0.6005 0.6761 0.5591 0.956  0.981 0.905
500 -0.0170  0.2379 0.0016  0.1482 0.4905 0.5052 0.4725 0.973 0.978 0.966

1000 0.0054 0.1740 0.0018 0.1157 0.3858 0.3968 0.3755 0.966  0.977 0.962

5 250 -0.0027 0.1781 -0.0032 0.1424 0.4479 0.4613 0.4336 0.967 0.972 0.958
500 0.0093 0.1328 -0.0141 0.1160 0.3606 0.3674 0.3505 0.970 0.981 0.963
1000 0.0063 0.0949 -0.0052 0.0933 0.2813 0.2861 0.2735 0.952 0.964 0.948

10 250 -0.0032 0.1149 0.0088  0.115 0.3612 0.3723 0.3503 0.966 0.983 0.968
500 0.0045 0.0956 0.0049 0.0873 0.2875 0.2938 0.2805 0.980 0.987 0.979
1000 -0.0047 0.0705 -0.0074 0.0714 0.2216 0.2253 0.2186 0.969 0.971 0.965

B =05

2 250 -0.0159  0.1951 0.0017 0.1282 0.4117 0.4265 0.3981 0.955 0.969 0.934
500 0.0019 0.1390 -0.0068 0.1026 0.3391 0.3472 0.3316 0.981 0.985 0.981
1000 0.0062 0.1061 -0.0026  0.0791 0.2630 0.2679 0.2579 0.972 0.976 0.965

5 250 -0.0075 0.1079 -0.0071  0.0979 0.3062 0.3121 0.3009 0.984 0.985 0.976
500 -0.0018 0.0769 -0.0051 0.0750 0.2486 0.2514 0.2442 0.975 0.973 0.975
1000 0.0028 0.0624 0.0019 0.0613 0.1958 0.1982 0.1908 0.968 0.970 0.953

10 250 -0.0053 0.0747 0.0057 0.0971 0.2514 0.2554 0.2482 0.956  0.963 0.931
500 0.0018 0.0588 -0.0014 0.0470 0.1958 0.1983 0.1925 0.969 0.972 0.956
1000 0.0027 0.0457 0.0009 0.0214 0.1509 0.1523 0.1498 0.945 0.956 0.943

B =10

2 250 0.0067 0.1224 0.0011 0.0877 0.2873 0.2954 0.2803 0.958 0.967 0.939

500 0.0134 0.0906 -0.0004 0.0683 0.2320 0.2350 0.2281 0.989 0.985 0.978

1000 -0.0023  0.0678 -0.0003  0.0548 0.1872  0.1880 0.1848 0.988 0.990 0.984

5 250 0.0089 0.0671 0.0009 0.0643 0.2178 0.2210 0.2142 0.990 0.994 0.986
500 0.0029  0.0554 -0.0043  0.0529 0.1707 0.1721 0.1678 0.985 0.984 0.976
1000 -0.0014  0.0435 0.0017 0.0411 0.1348 0.1357 0.1336 0.970 0.968 0.965

10 250 -0.0015 0.0481 0.0038  0.0490 0.1664 0.1681 0.1652 0.980 0.982 0.980
500 0.0007 0.0389 0.0005 0.0397 0.1342  0.1359 0.1332 0.977 0.990 0.976

1000 0.0022  0.0293 -0.0007  0.0311 0.1068 0.1076 0.1059 0.981 0.982 0.981

Note: The confidence level is targeted at 0.95.
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Table 2: Estimation and CI for 51 (a1; = ag;)

Est. FE Estimation CI: length CI: coverage prob.

T N Bias RMSE Bias RMSE LR, LR, LR2, LR, LRi, LR,
B =02

2 250 -0.0141  0.0299 0.0002  0.0210 0.0724 0.1235 0.0942 0.933 0.994 0.970

500 -0.0097 0.0210 -0.0004 0.0146 0.0514 0.0865 0.0668 0.928 1.000 0.969

1000 -0.0052 0.0154 0.0011  0.0094 0.0363 0.0608 0.0471 0.952 0.990 0.975

5 250 -0.0042 0.0145 0.0008 0.0118 0.0472 0.0650 0.0703 0.945 1.000 1.000

500 -0.0030 0.0104 0.0003  0.0085 0.0334 0.0459 0.0500 0.955 0.983 0.990

1000 -0.0024 0.0070 0.0007  0.0062 0.0237 0.0324 0.0353 0.958 0.991 0.995

10 250 -0.0027  0.0093 0.0005 0.0107 0.0427 0.0505 0.0630 0.976 0.981 1.000

500 -0.0023  0.0066 -0.0005 0.0077 0.0302 0.0356 0.0443 0.943 0.990 0.998

1000 -0.0013  0.0047 0.0003  0.0052 0.0214 0.0251 0.0316 0.960 0.993 0.995
p$1=0.5

2 250 -0.0120  0.0293 -0.0003  0.0206 0.0721 0.1215 0.0940 0.946 0.997 0.970

500 -0.0075 0.0194 -0.0006 0.0145 0.0515 0.0856 0.0668 0.928 1.000 0.975

1000 -0.0038 0.0145 0.0010  0.0092 0.0363 0.0602 0.0471 0.950 0.988 0.981

5 250 -0.0028 0.0133 0.0007 0.0117 0.0474 0.0648 0.0705 0.945 0.993 1.000

500 -0.0018 0.0100 0.0003  0.0084 0.0335 0.0457 0.0500 0.956 0.984 0.993

1000 -0.0021  0.0068 0.0006  0.0062 0.0237 0.0323  0.353 0.957 0.990 0.996

10 250 -0.0022  0.0087 0.0005 0.0107 0.0428 0.0504 0.0631 0.970 0.979 0.996

500 0.0017  0.0060 -0.0005 0.0078 0.0302 0.0356 0.0444 0.941 0.990 1.000

1000 -0.0011  0.0045 0.0002  0.0052 0.0214 0.0252 0.0316 0.958 0.989 0.999
pf1=1.0

2 250 -0.0097  0.0269 -0.0004  0.0200 0.0721 0.1202 0.0939 0.936 0.998 0.975

500 -0.0062 0.0182 -0.0006 0.0142 0.0513 0.0849 0.0666 0.935 1.000 0.975

1000 -0.0026 0.0137 0.0009  0.0091 0.0362 0.0598 0.0470 0.955 0.988 0.983

5 250 -0.0016  0.0133 0.0004 0.0115 0.0474 0.0646 0.0704 0.938 0.994 1.000

500 -0.0016  0.0098 0.0003  0.0084 0.0335 0.0457 0.0500 0.959 0.985 0.992

1000 -0.0019  0.0069 0.0006  0.0062 0.0237 0.0323 0.0353 0.957 0.990 1.000

10 250 -0.0017  0.0085 0.0004 0.0107 0.0429 0.0504 0.0632 0.973 0.982 0.980

500 -0.0015  0.0060 -0.0005 0.0078 0.0303 0.0356 0.0445 0.941 0.995 0.996

1000 -0.0009  0.0045 -0.0004 0.0051 0.0214 0.0252 0.0316 0.960 0.995 0.997

Note: The confidence level is targeted at 0.95.
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Table 3: Estimation and CI for v (a1; # a;)

Est. FE Estimation CI: length CI: coverage prob.

T N Bias MAD Bias MAD LRy LRin LRy, LR, LRy, LRy,
A =02

2 250 0.0109  0.3329 0.0476  0.3001 1.2683 2.7688 0.9014 0.946 1.000 0.837

500 -0.0082 0.2684 0.0052 0.2287 0.8458 1.7535 0.6369 0.965 0.992 0.881

1000 0.0057 0.1979 0.0056 0.1322 0.5434 0.8247 0.4522 0.961 0.976 0.910

5 250 0.0200 0.1648 -0.0182 0.2325 0.9989 2.1280 0.7364 0.973 0.990 0.895

500 0.0159 0.1191 -0.0273  0.1336 0.6393 0.9978  0.5027 0.982 1.000 0.933

1000 0.0041  0.0900 0.0011  0.0658 0.3961 0.5080 0.3355 0.961 0.968 0.952

10 250 -0.0181 0.2296 -0.0175 0.2447 0.8081 1.3728 0.6483 0.923 0.983 0.880

500 0.0032  0.1550 0.0017  0.1366 0.5625 0.7390 0.4651 0.937 0.986 0.927

1000 -0.0057  0.0691 0.0073  0.0641 0.3330 0.3896 0.2824 0.981 0.988 0.953
A=0.5

2 250 0.0040 0.2519 0.0268  0.1507 0.6347 1.1172  0.5038 0.953 0.982 0.895

500 0.0074 0.1914 0.0006  0.0809 0.4060 0.5371 0.3469 0.957 0.979 0.956

1000 0.0059 0.1032 -0.0101  0.0417 0.2251 0.2615 0.2032 0.951 0.958 0.939

5 250 0.0205 0.1127 0.0018 0.0987 0.4980 0.6848 0.4056 0.967 0.992 0.925

500 0.0114  0.0848 -0.0024 0.0475 0.2559 0.2982 0.2229 0.985 0.986 0.963

1000 0.096 0.0645 -0.0031 0.0259 0.1464 0.1655 0.1318 0.946 0.955 0.941

10 250 -0.0067 0.0768 0.0057 0.0971 0.3884 0.5177 0.3394 0.956 0.963 0.931

500 0.0070  0.0598 -0.0014  0.0470 0.2426  0.2771 0.2076 0.969 0.972 0.956

1000 -0.0065  0.0565 0.0009 0.0214 0.1144 0.1232 0.1074 0.945 0.956 0.943
A=10

2 250 0.0028  0.1076 0.0063  0.0547 0.2769  0.3697  0.2405 0.921  0.930 0.905

500 0.0023 0.0848 0.0004 0.0314 0.1548 0.1672 0.1414 0.958 0.964 0.957

1000 -0.0029  0.0699 -0.0040 0.0187 0.0770 0.0819 0.0732 0.955 0.961 0.952

5 250 0.0118 0.0875 0.0039 0.0432 0.1891 0.2221 0.1722 0.967 0.978 0.938

500 0.0061 0.0685 -0.0005 0.0164 0.0943 0.1006 0.0884 0.965 0.979 0.960

1000 0.0057 0.0615 -0.0008 0.0102 0.0469 0.0499 0.0447 0.930 0.926 0.925

10 250 -0.0039  0.0588 0.0038  0.0350 0.1662 0.1841 0.1499 0.963 0.980 0.961

500 -0.0043  0.0445 0.0022 0.0149 0.0833 0.0883 0.0797 0.953 0.962 0.939

1000 -0.0031  0.0364 -0.0011  0.0078 0.0403 0.0414 0.0391 0.910 0.913 0.910

Note: The confidence level is targeted at 0.95.
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Table 4: Estimation and CI for 51 (aq; # ag;)

Est. FE Estimation CI: length CI: coverage prob.

T N Bias RMSE Bias RMSE LR, LR, LR2, LR, LRi, LR,
A =02

2 250 0.0865 0.0911 -0.0014  0.1210 0.3687 0.6827 0.4784 0.896 0.991 0.958

500 0.0920 0.0942 -0.0147 0.0783 0.2576  0.4430 0.3352 0.913 1.000 0.963

1000 0.0955  0.0968 -0.0028 0.0473 0.1840 0.3081 0.2374 0.950 0.998 0.989

5 250 0.0556  0.0588 0.0103  0.0609 0.2307 0.3328 0.3509 0.938 0.996 1.000

500 0.0575 0.0589 -0.0033  0.0422 0.1667 0.2321  0.2490 0.941 0.993 0.997

1000 0.0577 0.0584 0.0009  0.0298 0.1180 0.1621 0.1763 0.952  0.995 0.990

10 250 0.0372  0.0397 -0.0041 0.0546 0.2063 0.2502 0.3121 0.945 0.973 0.995

500 0.0379  0.0390 -0.0021  0.0370 0.1495 0.1781 0.2220 0.938 0.982 1.000

1000 0.0386 0.0393 0.0024 0.0261 0.1063 0.1258 0.1570 0.940 0.980 0.993
A=05

2 250 0.1620 0.1655 -0.0049 0.1039 0.3623 0.6125 0.4712 0.922  0.995 0.972

500 0.1681 0.1698 -0.0137 0.0707 0.2558 0.4268 0.3326 0.938 1.000 0.975

1000 0.1715 0.1725 -0.0025 0.0442 0.1818 0.3002 0.2361 0.962 0.997 0.993

5 250 0.0863 0.0884 0.0081 0.0587 0.2339 0.3219 0.3511 0.943 0.994 1.000

500 0.0880 0.0890 -0.0034 0.0421 0.1671 0.2279  0.2490 0.946 0.995 0.996

1000 0.0880 0.0885 -0.0008 0.0302 0.1184 0.1613 0.1766 0.954 0.992 0.995

10 250 0.0528  0.0545 -0.0070 0.0571 0.2114 0.2498 0.3143 0.962 0.967 0.994

500 0.0532  0.0540 -0.0023 0.0372 0.1515 0.1782 0.2232 0.957 0.985 0.995

1000 0.0538  0.0542 0.0026  0.0262 0.1067 0.1254 0.1574 0.946 0.980 0.990
A=10

2 250 0.2872  0.2907 -0.0060  0.0956 0.3604  0.5976  0.4698 0.930 0.995 0.987

500 0.2936  0.2954 -0.0104 0.0689 0.2557 0.4209 0.3322 0.937 1.000 0.985

1000 0.2962 0.2971 0.0005 0.0441 0.1816 0.2976 0.2357 0.961 1.000 0.991

5 250 0.1164 0.1185 0.0093 0.0593 0.2354 0.3209 0.3523 0.962 0.986 1.000

500 0.1182 0.1192 -0.0025 0.0418 0.1673 0.2274 0.2490 0.957 0.995 0.996

1000 0.1181 0.1186 -0.0003 0.0301 0.1185 0.1610 0.1768 0.945 0.993 0.995

10 250 0.0579  0.0595 -0.0070 0.0574 0.2124 0.2502 0.3152 0.961 0.975 0.990

500 0.0583  0.0591 -0.0019 0.0373 0.1516  0.1781 0.2232 0.952  0.983 0.990

1000 0.0587  0.0591 0.0028 0.0263 0.1068 0.1254 0.1575 0.946 0.980 0.992

Note: The confidence level is targeted at 0.95.
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Table 5: Average length of CI conditioned on the true value being covered

Q1 = Qg Qi # oz
CI for ~ CI for 1 CI for ~ CI for 51
T N LR, LRy LRay LR, LRy LRay, LR, LRy, LRay LR, LRy, LRay,
B =02 A=02
2 250 0.6199 0.6838 0.5914 0.0724 0.1235 0.0942 1.3105 2.7841 0.9762 0.3689 0.6827 0.4784
500 0.4982  0.5115  0.4822 0.0515 0.0865 0.0668 0.8631 1.7676 0.6795 0.2577 0.4430 0.3348

1000 0.3936  0.4022  0.3842 0.0365 0.0609 0.0471 0.5549 0.8407 0.4658 0.1840 0.3081 0.2374

5 250 0.4597 0.46716  0.4472 0.0472 0.0651 0.0703 1.0191 2.1444 0.7669 0.2307 0.3328 0.3509
500 0.3663  0.3719  0.3585 0.0335 0.0459 0.0500 0.6490 1.0017 0.5153 0.1665 0.2322  0.2490
1000 0.2907  0.2932  0.2848 0.0237  0.0325 0.0353 0.4053 0.5153 0.3446 0.1179 0.1621 0.1763

10 250 0.3696  0.3772  0.3594 0.0427 0.0505 0.0630 0.8254 1.3775 0.6804 0.2077 0.2507 0.3129
500 0.2907  0.2958  0.2848 0.0303 0.0356 0.0443 0.5690 0.7382 0.4746 0.1493  0.1780 0.2220
1000 0.2259  0.2289  0.2235 0.0214 0.0251 0.0316 0.3347 0.3901 0.2859 0.1063 0.1258 0.1570

Bi=05 A=05

2 250 04241 04354 0.4140 0.0720 0.1215 0.0940 0.6537 1.1316 0.5264 0.3626  0.6125 0.4707

500 0.3441  0.3515  0.3369 0.0516 0.0856 0.0668 0.4132  0.5427 0.3536 0.2558  0.4268 0.3325

1000 0.2672  0.2713  0.2623 0.0363 0.0602 0.0471 0.2272  0.2643 0.2051 0.1818 0.3002 0.2361

5 250 0.3106  0.3157  0.3058 0.0475 0.0648 0.0705 0.5037 0.6894 0.4104 0.2339 0.3219 0.3510
500 0.2524  0.2553  0.2480 0.0335 0.0458 0.0500 0.2572  0.2999 0.2245 0.1672  0.2279  0.2490
1000 0.2003  0.2021  0.1979 0.0237  0.0323  0.353 0.1453 0.1656 0.1306 0.1184 0.1614 0.1767

10 250 0.2541  0.2568  0.2514 0.0428 0.0504 0.0631 0.3946 0.5215 0.3463 0.2114 0.2498 0.3143
500 0.1964  0.1990  0.1931 0.0302 0.0356 0.0444 0.2457 0.2787 0.2100 0.1515 0.1782 0.2232
1000 0.1535  0.1549  0.1525 0.0214 0.0252 0.0316 0.1160 0.1250 0.1085 0.1068 0.1254 0.1574

Bi=1.0 A=10

2 250 0.2062  0.3021  0.2903 0.0721 0.1202 0.0940 0.2818 0.3741 0.2479 0.3609 0.5976  0.4699

500 0.2338  0.2368  0.2308 0.0514 0.0849 0.0666 0.1571 0.1694 0.1437 0.2557  0.4209 0.3322

1000 0.1876  0.1892  0.1857 0.0362 0.0598 0.0470 0.0777 0.0826  0.0740 0.1816  0.2976  0.2357

5 250 0.2187 0.2212  0.2159 0.0475 0.0646 0.0704 0.1907 0.2230 0.1730 0.2354 0.3209 0.3523
500 0.1723 0.1736  0.1703 0.0335 0.0457 0.0500 0.0956 0.1014 0.0896 0.1673 0.2275 0.2490
1000 0.1376  0.1385  0.1369 0.0237  0.0323 0.0353 0.0473 0.0504 0.0451 0.1185 0.1610 0.1768

10 250 0.1687 0.1704 0.1674 0.0429 0.0504 0.0632 0.1684 0.1870 0.1509 0.2125 0.2503  0.3152
500 0.1359  0.1364  0.1349 0.0303  0.0356  0.0445 0.0837 0.0894 0.0801 0.1516  0.1781  0.2232
1000 0.1075  0.1083  0.1066 0.0214  0.0252 0.0316 0.0414 0.0420 0.0402 0.1068 0.1254 0.1575

Note: The confidence level is targeted at 0.95.
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Table 6: Selection Probabilities for m Values (i.e., # of regimes =m + 1)

T N Homogeneity DGPs (i.e., a3; = aa;) Heterogeneity DGPs (i.e., a1; # a2i)
FE CRE FE CRE FE CRE

m=0 m=1 m =20 m=1 m=0 m=1 m=0 m=1 m=0 m=1 m=0 m=1

B1=0.1 f1=0.1and ¢ = —0.4 1 =0.1and ¢; = 0.4
2 250 0.630 0.356 0.284 0.698 0.812 0.176 0.610 0.386 0.114 0.766 0.000 0.980
500 0.310  0.656 0.034 0.960 0.710 0.282 0.256  0.850 0.000 0.896 0.000 0.962
1000 0.062 0.894 0.000 0.946 0.406  0.566 0.028  0.938 0.000 0.920 0.000 0.946
5 250 0.052  0.922 0.034 0.950 0.134 0.834 0.066  0.908 0.000 0.966 0.000 0.952
500 0.000 0.934 0.000 0.946 0.022 0.920 0.000 0.946 0.000 0.972 0.000 0.946
1000 0.000 0.946 0.000 0.956 0.000 0.922 0.000 0.952 0.000 0.922 0.000 0.938

B1 =05 B1=0.5and 1 = —-04 B1 =0.5and 91 =0.4
2 250 0.022  0.940 0.000 0.982 0.096 0.872 0.000 0.988 0.000 0.984 0.000 0.978
500 0.000 0.940 0.000 0.972 0.000 0.936 0.000 0.964 0.000 0.930 0.000  0.960
1000 0.000 0.938 0.000 0.938 0.000 0.936 0.000 0.938 0.000 0.926 0.000 0.952
5 250 0.000 0.966 0.000 0.958 0.000 0.954 0.000 0.950 0.000 0.916 0.000 0.958
500 0.000 0.962 0.000 0.956 0.000 0.960 0.000 0.942 0.000 0.934 0.000 0.948
1000 0.000 0.928 0.000 0.946 0.000 0.930 0.000 0.946 0.000 0.938 0.000 0.956

Note: The significance level is set at 0.05.
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